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Abstract. We derive a residual-based a posteriori error estimator for a discontinuous
Galerkin approximation of the Steklov eigenvalue problem. Moreover, we prove the reli-
ability and efficiency of the error estimator. Numerical results are provided to verify our
theoretical findings.
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1. INTRODUCTION

Steklov eigenvalue problems arise in many applications from mechanics and en-
gineering science. For example, such spectral problems are found in the study of
surface waves [12], in the stability of mechanical oscillators immersed in a viscous
fluid [21], in the vibration modes of a structure in contact with an incompressible
fluid [13]. Moreover, in one dimensional case, they have been applied to the study
of vibrations of a pendulum [1] and eigenoscillations of mechanical systems [28].

Finite element methods are the most commonly used numerical methods for solv-
ing eigenvalue problems, for more details in this subject area please see [10] and
references therein. In particular, the conforming finite element methods for Steklov
eigenvalue problems are mature subjects, see [5], [7], [17] for a priori error estimates,
[8], [14] for a posteriori error analysis, and [36], [46] for multigrid solvers. We also
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refer the reader to [4], [34], [48] for the a priori estimates of nonconforming finite
element approximations, [40] for the corresponding a posteriori error estimates, and
[27] for multigrid methods. We should mention that, in [34], the authors considered
problems in nonconvex domains. In contrast to the standard finite elements above,
to our best knowledge, there exists no work on the discontinuous Galerkin (DG)
method for Steklov eigenvalue problems. This paper shall make a first effort in this
direction. More precisely, we will give a residual-based reliable and efficient a poste-
riori error estimator of DG methods for such problems, this is the main contribution
of our work.

In recent years, DG methods have gained much interest due to their ease of treat-
ment of highly unstructured meshes and inhomogeneous boundary conditions. More-
over they are suitable for hp-adaptive computation. A posteriori error estimates for
DG approximations of source problems have been extensively explored in the lit-
erature, such as residual type [31], [32], equilibrated fluxes type [2], [16], gradient
recovery type [41], and other error estimates measured in mesh dependent energy
norms [11], [24], [38], [39], [43], [44], [47]. Moreover, the authors in [15], [29], [33]
have further studied the convergence of adaptive DG methods. However, a posteriori
analysis of DG method for eigenvalue problems is still very rare, for the standard
Laplace eigenvalue problem we refer the reader to [26], [49]. In this work, we will fur-
ther study the symmetric interior penalty discontinuous Galerkin methods (IPDG)
for the Steklov eigenvalue problem. The main difficulty of the theoretical analysis
stems from the complexity of bilinear forms of the IPDG method and its nonconfor-
mity. For addressing this problem, we rewrite the IPDG method in a nonconsistent
way by introducing a lifting operator, and then decompose the error into a conforming
and nonconforming parts that are estimated separately. Note that these techniques
have been applied for source problems [15] and Laplace eigenvalue problems [26].

The rest of our paper is structured as follows. In Section 2, we first introduce
the model problem and then describe the IPDG method. In Section 3, we present
a residual-based a posteriori error estimator and prove its reliability and efficiency.
Finally, some numerical tests demonstrating our theoretical results are provided in
Section 4.

2. MODEL PROBLEM AND DISCONTINUOUS (GALERKIN METHODS

We consider the following Steklov eigenvalue model problem:

—Au4+u=0 1in Q,
(2.1) Ju

%z)\u onT.
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Here 2 C R? denotes a bounded polygonal domain and I' = 9. The fraction du/0n
represents the outward normal derivative.

We first introduce some notation. Given a polygonal domain D C R?, H*(D)
(s > 0) denotes the standard Sobolev space, equipped with the norm |-||s,p and
seminorm |-|s p. When s = 0, H°(D) is the standard L?(D) space, and the inner
product in L?(D) is denoted by (-,-)p. For convenience, we set V = H(Q).

It is well known that the weak formulation of the Steklov eigenvalue problem is
to find (A, u) € R x V with ||ul|, = 1 satisfying

(2.2) a(u,v) = Ab(u,v) Yv eV,

where

a(u,v) = / (Vu - Vo 4+ uwv) d,
Q

b(u,v):/ruvds, lulls = (b(u, u))V/2.

The corresponding source problem associated with (2.2) reads: Find u € V such that
(2.3) a(u,v) =b(f,v) YveV.

We now recall the following regularity estimates for the above source problem (see
[17], [13]).

Lemma 2.1. If f € L%(99), the solution u of the source problem (2.3) satisfies
u € H'/2(Q) with r € (3,1] and

(2.4) lullirs2 S 1 llb-

For the case that f € H'/?(0Q), we have u € H'*"(Q) and

(2.5) lullier S 11f111/2,00-

From [10], we know that the eigenvalue problem (2.1) has a countable infinite set of
positive eigenvalues, which are ordered increasingly by Ay <Ay < ... <A <00 =
oo. The corresponding space of all eigenfunctions associated with A; is denoted by
M(X;). Set J/W\(/\j) = {v: ve M()j),|v]s = 1}. From Lemma 2.1, we assume that
the eigenfunctions u; € M();) satisfy u; € H'*"(Q) with r € (3,1].

Consider a conforming shape-regular family of meshes 7} that partition the do-
main ) into triangles {T'}. Let hyp be the diameter of an element T and set
h = %nea% hr. The set of interior edges and the set of edges on I' are denoted by
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&L and &), respectively. Then the set of all edges is &, = &} UE]. The set of three
edges of an element T is denoted by &, i.e. & = {e € &,: e C OT}. We also use
he to denote the length of the edge e € &,. We use Px(D) to denote the space of
polynomials of degree at most k& on D. Moreover, each edge e € &, is associated with
a fixed unit normal vector n. To simplify the notation, we will use a < b to indicate
that a < Cb with C being a constant independent of the mesh size h.

For an interior edge e shared by two elements 77 and T,, we denote the cor-
responding outward normal unit vectors by n' and n?. Given a scalar piecewise
smooth function v with v* = v|7,, we define the averages and jumps by

(' +0?), [v] =v'n' +v2n?

{v} =

N =

Similarly, for a vector piecewise smooth function w with w* = w]|z,, we define

1
{w}=-(w'+w?), [w]=w'-n'+w? n%

2

We will use the discontinuous P finite element space
Vi ={ve L?Q): vlr € PL(T)VT € T}

The bilinear form of the symmetric IPDG method is defined by (see [9])

(2.6) ap(w,v) = Z /T(Vw -V +wv)de — Z {Vw} - [v] ds

TETh ecel ’®
=3 [0y pulds+ X [otulfolas
ecgl € I

where v = oh_! (¢ > 0) is the interior penalty parameter. We choose o to be
sufficiently large to have coercivity. From Remark 2.1 in [30], in the actual numerical
implementations we can set ¢ = C;k? with C; = 10.

Then the discontinuous Galerkin method for solving the Steklov eigenvalue prob-
lem (2.1) is to find (Ap,up) € R x V, with [Jup||p = 1 satisfying

(2.7) ah(uh,vh) = /\hb(uh,vh) Yop € V.

This numerical scheme has eigenvalues that can be ordered by A1, < Agp < ... <
Ajh < ... < Ay, with N = dim Vj,, and the corresponding eigenfunction associated
with ;5 is denoted by u; p.
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For the a priori error analysis, we first define a DG norm |-||, on V(h) =V, +V
by

1/2
(2.8) Jvlln = (|U||(2m + D IVulgr+ D hel{VUH. + D ||71/2[[v]]|c2),e> :
TETh ec&l ec&l

Moreover, similarly to [26], we introduce the following definitions to measure the
distance of a discrete eigenfunction from the exact eigenspace.

Definition 2.2. For a function z € L?*({)) and a finite dimensional subspace
Y C L?(Q), we define

(2.9) dist(z,Y), = min ||z — ylfp.

yey
Similarly, for a function = € V}, and a finite dimensional subspace Y C V', we define
(2.10) dist(z,Y)pg = min ||z — y]|x.

yey

The following result shows the continuity and coercivity of the bilinear form ay(-, )
(see e.g. [32], [33]).

Lemma 2.3. We have
(2.11) |an(w, v)| < 2flwllnflvlln ¥ w,v e V(h).
Moreover, there exists c* > 0 such that for all ¢ > o*
(2.12) an(v,v) = Cyllv||7 Yo € Vi,

with C, > 0 which depends only on the minimum angle of the mesh.

The following a priori error estimates can be obtained by using the standard
technical tools of finite element approximation for eigenvalue problems (cf. [4], [6],
(7], [10], [26], [34], [48]).

Theorem 2.4. Let (X, u;n) be the solution of (2.7), and assume that \;
converges to the exact eigenvalue )\; that has multiplicity m > 1. Then for sufficiently

small h,

(2.13) dist (., M(X;))pa < A7,
(2.14) dist (., M(A;))p < B2,
(2.15) 1IN — Ajal S R
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Remark 2.5. To obtain the above a priori error estimates, we can resort to
some results from references [9], [6], where DG methods for the standard Laplace
source problems and eigenvalue problems were analyzed, respectively.

Remark 2.6. We only consider triangular meshes and assume that they are
conforming; how to extend the results to the meshes with hanging nodes is an inter-
esting work which relies on some techniques developed in [3], [22]. Our results can
be extended to quadrilateral meshes with minor modifications. It should be pointed
out that if quadrilateral meshes were used, the theoretical results in this paper would
be immediately available for meshes containing hanging nodes [26].

3. A POSTERIORI ERROR ANALYSIS

We first recall the lifting operator £: V (k) — [Vj,]? which is useful in the subse-
quent error analysis (see e.g. [37]):

(3.1) /Qﬁ(vywdx— /[[v Aw}lds VYw e [Vi)?

ec&l

Moreover, from [37] we can see that the lifting operator has the stability property

(3.2) 1L < D Ihe o]l -

ecEf

Using this operator, we introduce an auxiliary bilinear form

an(-,): V() x V(h) = R

defined by
(3.3) Z / (Vw-Vv + wv)de — Z /ﬁ -Vwdz
TETh TETh
- Z /ﬁ Vvdx—i—Z/’y[[w [v] ds.
T€eTh ec&}

Since aj, = ap on Vj, x Vj,, the DG method presented in (2.7) is equivalent to finding
(An,up) € R x V3, with |lup|ls = 1 satisfying

(34) dh(uh,vh) = )\hb(uh,vh) Yo € Vp,.
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We then define another energy norm ||-||, on V' (h) by

1/2
(3.5) ol = (|v||3,9+ S VelRe Y wl/?[[vm%,e) .

TETh ec&]

It is easy to see that ap, =a on V x V| thus
(3.6) an(v,v) = [Vol§ o + vl = Il YveV.

We will make use of the following continuity property of the bilinear form ay, (-, -, )
(see [37]).

Lemma 3.1. We have
(3.7) |an(w,v)| < llwllpllvlln Vw,v € V(R).

Moreover, we introduce the following distance derived from the energy norm ||-||.

Definition 3.2. For a function x € V}, and a finite dimensional subspace Y C V,
we define

(3.8) dist(x,Y) g = min ||z — y||-
yey

We also need the following fact which shows that any discontinuous function can
be approximated by a continuous one (see [18], [32]).

Lemma 3.3. For any v € V},, there exits an enrichment operator Ey,: Vi, — VNV
such that

B9 X0l Bl + V0 - Bollin) 5 (3 6
Finally, we introduce the Clément or Scott-Zhang interpolation operator [20], [42].

T€ETh ec&l

Lemma 3.4. Denote by U, the conforming P; finite element space. For any
1) € V, there is a piecewise linear interpolation Jv € U}, satisfying

(3.10) IV — TV S IVOllowr VT € Th,
(3.11) e — T¥llor < hrl|[Vollowe YT € Th,
(3.12) 1 — T¥llo.e S hY2VY]low. Ve € En,

where wr is the set of all elements which share at least one node with T, while w,
is the set of all elements which share at least one node with e.
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We then introduce our local error estimators. Let (A;,ujn) be an approximate
eigenpair. For any edge e, we define jumps by

7 [Vun] Vee &,
-
’ Njrtjp—Vujp-n Vee&l,

and
Jj’U = [[uj,h]] Ve e E}IL

Then we define the local error estimator on each element T € 7}, as
(3:13) n}p = hilAujp —u;, h||0T+ S bl Bielge+ D hellTield,
eeefnsT ecEFNEL

> Il

ecglnEr

+

N =

3.1. Reliability. This subsection aims at proving that the error estimator is
reliable.

Lemma 3.5. Let (Aj,u;) and (\jp,ujn) be the solutions of (2.2) and (2.7), re-
spectively. For any v € V| we have

(3.14) /)\juj(v—jv)dx—dh(uj,h,v—jv)
r

< (5 + B2 N ug = Agngnllb) o]l

with n; = ( ;h 2 T>1/2.

Proof. For convenience, we set
(3.15) B://\juj(v—Jv)da:—dh(ujﬁ,v—Jv).
r

Integrating by parts gives

(3.16) B = Z/ (Aujp —up)(v — Jv)de + Z/ﬁujh V(v —Jv)dz
TeTh TeTh
_Z/[[Vu]h v—jv)ds—i—/()\ uj — Vujp-n)(v — Jv)ds
ec&}

= B1 + By + B3 + Bs.
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Using the Cauchy-Schwarz inequality and the approximation property (3.11), we
have

(3.17) Bi=Y /T (D — uy0) (0 — Tv) da

TeThH
1/2
< (Z W A — uj,hn%,T) ol
TeTh
1/2
_ (Z W Aug —uj,hu%,T) ol
TETh

where we have used the fact stated in (3.6).
Using the Cauchy-Schwarz inequality, the stability of the lifting operator in (3.2)
and the approximation property (3.10), we can bound the term By by

SO 19> |c<uj,h>||3,T)l/2( S V- Jv)HaT)m

TETh TeThH
1/2 1/2
< (Z |h61/2[[uj,hﬂ||8,e> (Z |V<v—7v>||3,T>
eESi TETh
1/2 1/2
< (Z |71/2Jj,u|%;,e) lolhg = (Z |71/2Jj,u|%;,e) ol
eeel eeel

Using again the Cauchy-Schwarz inequality and the approximation property
(3.12), we obtain that

(3.19) B = — Z /[[Vuj,h]](v — Jv)ds

ec&}

1/2 1/2
< (Z he||[[wj7h11|3,e) (Z Bl —Jv|3,e)

ecs] ec&l

1/2
< (Z hean,Fn%,e) ol

ec&}
The last term B4 can be bounded by
(3.20) By = /()\j,huj,h —Vu;p-n)(v—Jv)ds+ /(Ajuj — A pujp)(v—Jv)ds
r r
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1/2

1/2
< <Z hellAjnwjn — Vugp - n|(2),e> <Z he v — jvllg,e)

ecel ec&f

1/2 1/2
n (Z hellA s — Mgyl ) (Z b o Jvu%,e)
eel ec&r
1/2 1/2
s(Z hean,Fn%,e) |v||h+(z hewuj—Aj,huj,hn%,e) ol

ecel ec&f

Combining the bounds of B1—By gives the desired result (3.14). We completed the
proof. ([

Lemma 3.6. Let (\j,u;) and (\jn,ujn) be the solutions of (2.2) and (2.7), re-
spectively. Then we have

(3.21) luj = ujnlle S nj + (B2 + 1) Ajuj — Ajnwnlls-

Proof. The error e; = u; — u; 5 can be split into two parts, i.e., e; = €.+ €j.4
with e; . = u; — Epu;p and e g = Epujp — ) n, where Ey, is the enriching operator
stated in Lemma 3.3. Applying the triangle inequality yields

lwj —wjnlln < llejelln + llej.alln-

For the latter term ||e; 4||n, using the result stated in (3.9) and the shape-regularity
of the mesh, noting that [Exu; ] = 0, we have

(3.22) lesallh = 1Bnwjn — winldo+ Y IV(Entsn —uin)l§r
TETh

+ 3 IV Enwin = uinlllse $ D 182 lusnllg
el ecel

+ 3 M P luin G + > 192 Tusnd 3
ecl ecel

SO IVl
ecEf

Next, we will bound the second term ||e; c||n. Noting that e;. € H(Q2), from (3.6)

we obtain
(3.23) lej.ell = an(uj — Enugn, v)
with v = €. = u; — Epu;jp.

252



It follows from (3.6) that a,(uj,v) = a(u;,v) = [ Ajujvdz, hence we have

(324) dh(u]‘ - Ehu%h, ’U) = / )\ju]"l) dx — &h(Ehu]"h, ’U)
r
= / )\ju]"l) dx — dh(uj,h,v) + dh(u]"h — Ehuj,h,v).
r

Setting v, = Jv in (3.4) implies that an(u;n, Jv) = [p(Njpusn)Jvde, thus we
have
(3.25) an(uj — Epujp,v) = /(Ajuj — A\jpujp)Jvde + / Ajuj(v — Jv)dz
r r
— &h(ujﬁ,v — jv) + dh(u]'ﬁ — Ehujﬁ,v).

In view of (3.12) and applying the trace theorem |[v|jor S [[v|l1,o for all v € V,

~

we have

(326)  [|Tv]lor < llv = Tvllor + l[vflor < A2 Vollog + 0]
S (W2 4+ 1)]o]

o,T
Lo =R+ D[,

which together with (3.25) yields

(3.27) an(uj — Bpujp,v) S (Y2 4+ 1)\ juy — Njwwjnllolv]ln

+ / Ajuj(v —Jv)dz — an(ujn, v — Jv) + an(ujn — Epun, v).
r
Using the result in Lemma 3.5 and (3.7), we obtain

(3.28) an(u; — Enujn,v) < (5 + (B2 + D)l[\jus — Njwugnllo)vlln + llej.dl

wllv]ln-

Combining (3.22), (3.23), and (3.28) gives the desired result stated in (3.21). O

We are now in a position to show that the error estimator n; gives an upper bound
for dist(u;,n, M(A;))E up to an asymptotic high order term.

Theorem 3.7. Let (\jn,u;n) be the solution of (2.7), and assume that \;
converges to the exact eigenvalue \; that has multiplicity m > 1. For the minimizer

uj of (2.9) withY = J/W\(/\j) we have

(3.29) diSt(U,j,h, ]\/Z(Aj))E < n; + (h1/2 + 1)||/\juj — )\j,huLth.
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Proof. Combining (3.21) and the definition in (3.8) implies the desired result.
Next, we will show that [|Aju; — Ajaujnlle is a higher order term. To this end, we
notice that

[Ajus = Ajnugnlle < 1A — Agnlllwgnllo + Ajllug — wgnllo.

The a priori error estimates in Theorem 2.4 show that both |A; —\; 5| and ||uj—u;nlls
are terms of higher order than ||u; — w;nln. O

Remark 3.8. To show |[Aju; — Ajnujnlle is a term of higher order than
[lw; — wjnlln, we have used the a priori error estimates in Theorem 2.4 which are
based on the assumptions that u; € H'*"(Q), stated in Lemma 2.1, and that the
meshes are uniform. The extension to general regular meshes can be obtained by
following some ideas used in Theorem 4.8 from [25].

Next, we will give error estimates for the eigenvalues.
Lemma 3.9. Let (\j,u;) and (\jn,ujn) be the solutions of (2.2) and (2.7), re-
spectively. Then
(3.30) an(uy — wjn uy — win) = Njw = Aj + Njllwg — wjinllg + 2R (uj, uj — wjn),
with Rj(uj, uj — ujn) = an(uj, uj — ujn) — Ajb(ug, uj — ;).
Proof. Noting that ||u;|ls =1 and ||ujn|ls =1, we have
an(uj = Wjh, Ui = Ujn)
= an(uj, uj) + an(ujn, wjn) = 2an(u;, wjn)
= Njlluglly + A llunlly = 2an (g, ujn)
= Aj + Ajn — 2an(uy, ujp)
=X+ An = Nlluglly = Asllugnlly + g5 + Agllugullp
= 2X;b(uy, ujn)) — 2an(uj, win) + 27;b(u;s, ujn)
= Njw = A+ Njllg = winllf — 2an(ug,ugn) + 2250(uj, wsn),
= Njh = Aj + Njllug = wgnllf 4 2an (g, ug —wgn) = 250(u;, uj — ujn),
which implies the desired result. O
Theorem 3.10. Let (Ajn, ;) be the solution of (2.7), and assume that \;

converge to the exact eigenvalue \; that has multiplicity m > 1. For the minimizer
uj of (2.9) with Y = M();) and the minimizer U; of (3.8) withY = M();), we have

2 ~ o~
(3:31) Ny — Nl S 07+ (B2 1) INuy — Nrugalls + 20R; (@5, — ugn)l.
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Proof. Since Aj|juj —u;||Z > 0, and using (3.7) for Lemma 3.9, we have
A = Aginl S dist(ugn, M) + 21Ry (5,5 — ).
It follows from Theorem 3.7 that
IAj = Al S (0 + (B2 + D) Ajuy = Ajwgnllo)? + 2IR; (5,5 — ujn)|
S+ (02 ) Iy = Nyl + 20Ry (@5, = )]
U

Remark 3.11. As in Theorem 3.7, the term (h'/? + 1)2H)\juj — Ajnujpl|? can
be seen as a higher order term. The nonconsistent term R;(u;,u; — ;) appears
since we have used the nonconforming discontinuous Galerkin methods, this term
equals zero if conforming finite element methods are used. We have not proved that
R;(uj,w; —ujp) is a term of higher order than |A\; — A; 5|, but the numerical results
in Section 4 show that nJQ- is a reliable and efficient error estimator for the eigenvalue
error [Aj — Ajpl-

3.2. Efficiency. This subsection is devoted to the proof of efficiency of the error
estimator, which relies on the bubble function techniques developed by Verfiirth [45].
Let by be the standard polynomial bubble function on an element 7T'. Similarly, the
polynomial bubble function on an edge e is denoted by b.. For an interior edge
e € & belonging to elements T and T’, we have b, € H}(T UT’). For a boundary
edge e € & with e C 9T, we have belor\e = 0. The following standard results can
be seen from [45].

Lemma 3.12. For all polynomial functions v € Py (T),

(3.32) llbrvllo,r S llvllo, T
(3.33) ollor S 163/ %0llo,r,
(3.34) IV (bro)o.r S B lvllor-

Similarly, for all polynomial functions w € Pi(e), we have

(3.35) [bewllo,e < [lwl
(3.36) [lw]

0,e5

0. S 162" %wllo.c-

Further, for each b.w, there exists an extension Wy, satisfying Wy|. = bow and

(3.37) Wallo.r < B2 lwlo.e;
(3.38) IVWyllor S he /2|l

O,e-
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With the aid of the above lemma, we can prove the following local bounds.

Lemma 3.13. Let (\;,u;) and (\jn,u;n) be the solutions of (2.2) and (2.7),
respectively. Then we have the following local bounds:

(i) For any T € Ty,
(3.39) hellAujn —ujnllor S IV (ujn —u)llor +hrlujn —ujllor-
(ii) Let e € & be an interior edge shared by two elements T and T'. Then we have

(3.40) Wi rlloe S UV (ujn = ui)llor + hrllwsn —
TeU,

)

with U, = {T,T"}.
(iii) For each boundary edge e € £ with e C 9T, we have

(3.41)  hY2(|J; Fllo.e

S IV ujn = u)llor + hrllujn — ujllor + B2\ u; — Ajntjpllo.e)-
(iv) For any edge e € &},

(3.42) he Mgl 3.e = e Iugn = us] G ..

Proof. (i) Set vy = Aujn — ujn, and vy = bruvy. Noting that —Au; +u; =0
in L?(T) and integrating by parts, we obtain

(3.43) 163/ % on 12 7 = / (Aujp — wjp)vy da
T
= [ =+ Al = s

/V — Uj vad:c—i—/( — ujn)vp dz,

T

where on the last line we used the fact that v, = 0 on 9T. Then applying (3.33) and
the Cauchy-Schwarz inequality yields

(3.44) lvnlld 7 S 11V (uj = ujn)
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Using (3.32) and (3.34), we further have

< hp' 1V (g = ujn)

Noting that hp||Awjn—ujnlo,r = hrl||vsllo,r, this combined with the above inequal-
ity gives (i).

(ii) For any interior edge e € &/, let w, = [Vu;n], wp = bewn. Let W, €
H}(TUT’) be the extension of w, satisfying (3.37) and (3.38). Noting that
[Vu;] = 0, we obtain

(3.45) |6} %wn|3 .

J1Fuiahwnds = [ 19000~ s ds

= Z </ Aujp —uj)Wy dx—f—/ V(Uj’h_Uj)vadx)
reu, T T
= Z (/ (Auj7h+Uj7h)Wbd$+/ V(’U,j,h —’U,j)VWb dx)
Tev, T T
+ Z / ujh Wbdx
TeU.

where we have used the fact that —Auw; +u; =0 in L?(T). In view of (3.36), (3.37),
and (3.38), we arrive at

(3.46) lwalloe S > (L2 oIV (uy = un)

TeU.

+ hY2|luj — wjnllor)-

Combining the bound for [|Aw;, —ujnllo,r in (3.39) and the shape-regularity of the
mesh yields

WPV allloe S Y IV (s = win)llor + hrllus — unllor),
TeU.
which gives (ii).
(iil) Set 2z, = Ajpujn — Vujp -1, 25 = bezp. Let Zp, be the extension of z, which
satisfies (3.37) and (3.38). Noting that Vu; -n — Aju; =0onI', —Au; +u; =0
in L?(T) and integrating by parts, we have

(3.47) 12203 . = /(/\j,huj,h — Vu;p-m)zds
= /(V’u] -n— v]‘u%h . n)zb ds — /()\ju]‘ — )\j,huj,h)zb ds
e e
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= /(Au] - Au]"h)Zb dx +/ V(u] - u]"h)VZb dx
T T

- /()\ju]‘ — )\j,huj,h)zb ds

€

= /(ujﬁ — Aujp)Zyda + / (uj —ujpn)Zpda
T T

+/ V(u] — u]"h)VZb dx — /()\juj — Aj,huj,h)zb ds.
T

e

In view of (3.35), (3.36), (3.37), and (3.38), we arrive at

(3.48) Iznllo,e S (Y2 Awjn — wjnllo.r + R 2 luj — wjnllor

+ h 2V (g = g o, + N1t = Agnttinllo.e):

Combining the bound for ||Au; , — u;pllo,r in (3.39) and the shape-regularity of the
mesh yields

(3.49) h?||znllo.e S IV (uj—ujn)l 0.1+ 2| Ajui — Aj nsnl

0,7 +hr|luj—u;ml Oe-
This gives (iii).
(iv) For any edge e € £, we have [u;] = 0, which gives (3.42). O
Summing over T' € Tj, and e € &, and using the definition in (3.8), we obtain the
following main result of this section.

Theorem 3.14. Let (Ajn,u; ) be the solution of (2.7), and assume that \;
converges to the exact eigenvalue \; that has multiplicity m > 1. For the minimizer
u;j of (3.8) with Y = M();) we have

(3.50) ;S dist(ujn, M) e + B2 Ny — Mg

4. NUMERICAL EXPERIMENTS

In this section, we design an adaptive algorithm for the model problem (2.1)
according to the a posteriori error estimator 7;. In each step of adaptive algorithms,
we use the Dorfler marking strategy [23] (with parameter § = 0.3) and refine the
marked triangles by the bisection algorithm [19]. All numerical tests are implemented
by the linear discontinuous finite element, and the penalty parameter is set by o = 10.
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Example 4.1. We consider the problem (2.1) in the unit square domain Q =
(0,1) x (0,1). Since the exact eigenvalue is not known, we use A; ~ 0.2400790858
as an approximation of the first eigenvalue (see [48]), which can be obtained by
solving a discrete eigenvalue problem with a uniform fine mesh of h = v/2/256; the
corresponding eigenfunction solution is used as ‘exact’ solution u; to compute the
€error.

We first give the a priori error ||u; — uypl/p in a family of uniform meshes in
Figure 1. We can observe that the numerical method has order one accuracy (see
the absolute value of the slope of the line), which validates the theoretical analy-
sis in Theorem 2.4. Moreover, we further give some numerical results on adaptive
meshes. Figure 2 shows error ||u; — uy p||n of the first eigenfunction in log-log co-
ordinates, which is plotted as a function of number of degrees of freedom. The
efficiency index |luis — w1,p]|n/m is shown in Figure 3. From the convergence history
in Figure 2, we observe that the error of the function has asymptotical convergence
rate ||uy — u1 plln & CN~Y/2, with N the number of degrees of freedom. We also
show the adaptive mesh of level 14 in the computational procedure in Figure 4. In
addition, in Figure 5 we give eigenvalue error |A\; — A1 5| which has an asymptotical
convergence rate |A\; — Ay p| & CN-1L.

log(llur — ua,nlln)

5 1 1 1 1 1 1 1 1
0.5 1 15 2 2.5 3 3.5 4 45
—log(h)

Figure 1. A priori error results of the first eigenfunction for Example 4.1.

ot
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Figure 2. Convergence history of the first eigenfunction for Example 4.1.

8

effectivity index
e
T
1

0 2 4 6 8 10 12 14 16
mesh level

Figure 3. Efficiency index for Example 4.1.
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Figure 4. Adaptive mesh of level 14 for Example 4.1.
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5. Convergence history of the first eigenvalue for Example 4.1.
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Example 4.2. We consider the problem (2.1) in the L-shape domain Q =
(0,1) x (0,1) \ ([3,1] x [4,1]). Since the exact eigenvalue is not known, we use
A1~ 0.1829642385 as an approximation of the first eigenvalue (see [35]), which can
be obtained by solving a discrete eigenvalue problem with a uniform fine mesh of
h = \/5/ 512; the corresponding eigenfunction solution is used as ‘exact’ solution g
to compute the error.

As in the previous example, in Figure 6 we provide the convergence history of
the first eigenfunction error ||u; — us plln, which converges asymptotically in the
sense that |Ju; — uy a|/n & CN~'/2. The corresponding error for the first eigenvalue
[A&1 — A1 is shown in Figure 9. The efficiency index |1 — u1,1|/n/m is provided in
Figure 7. We also show the adaptive mesh of the 17th level in Figure 8, from which
we can see that the solution u; at re-entrant corner has a singularity.

100 T T T
—%— for the first eigenfunction
a line with slope —1/2
1071 3
E
|
)
1072F 3
10—3 1 - 1 1 )
102 103 10 10° 108

degrees of freedom

Figure 6. Convergence history of the first eigenfunction for Example 4.2.
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Figure 7. Efficiency index for Example 4.2.
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Figure 8. Adaptive mesh of level 17 for Example 4.2.
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107'F E
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=<
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1074 3
10—5 |‘ 1 1 )
102 103 10 10° 108

degrees of freedom

Figure 9. Convergence history of the first eigenvalue for Example 4.2.

5. CONCLUSIONS

We proposed and analyzed the interior penalty discontinuous Galerkin method
for the Steklov eigenvalue problem. More precisely, we derived a residual-based
a posteriori error estimator and prove its reliability and efficiency. Some numerical
results are also provided to validate theoretical analysis. We have discussed the
h-version of the DG method; how to extend the results to the hp-DG method will
be considered in a further work. Moreover, extending the results to DG methods
with general polygonal mesh and three dimensional case are more interesting and
challenging.
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