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Abstract. We give a simple proof that critical values of any Artin L-function attached to
a representation p with character x, are stable under twisting by a totally even character y,
up to the dim p-th power of the Gauss sum related to x and an element in the field generated
by the values of x, and x over Q. This extends a result of Coates and Lichtenbaum as well
as the previous work of Ward.
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1. INTRODUCTION

Let K/k denote a Galois extension of number fields with Galois group G. Let
o be a representation of G with underlying vector space V, x, its character, and
L(s, X0, K/k) the Artin L-function attached to x,. For G abelian and o (absolutely)
irreducible, Siegel in [5] and Klingen in [2] utilized the theory of (Hilbert) modular
forms to derive the algebricity of L(m, x,, K/k) whenever m is a negative integer.
Via the work of Siegel-Klingen and the Brauer induction theorem, Coates and Lich-
tenbaum in [1] showed that s = m is a critical value of L(s, x,, K/k) if

R: m is an odd negative integer and the fixed field K¢ of the kernel Ker o of o
is totally real; or

C: m is even and negative, the fixed field KX ¢ is totally imaginary, conjugation
is central in Gal(K¥e'¢/k), and y,(c) = — dim g, where ¢ € G is the complex
conjugation;
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or, equivalently, for m negative, s = m is a critical point of L(s, x,, K/k) if and only
itV = V(_l)Pm, where V*! is the +-eigenspace of x,(c). In each of these cases,
L(m, x,, K/k) lies in Q(x,)-

Let k be the field of rational numbers Q. Ward in [6] recently extended the above-
mentioned theorem of Coates and Lichtenbaum by showing that critical values of
the Artin L-function attached to x, are stable under twisting by an even Dirichlet
character x, up to the dim g-th power of the Gauss sum of x and an element in
Q(x0: X)-

Naturally, one may wonder if such a stability result holds for any Galois extension
K/k of number fields. In this note, we will answer this question by showing the
following.

Theorem 1.1. Suppose that x is a totally even character of G, i.e., it is trivial
on any complex conjugation. If s = m € Z~ is a critical point of L(s,x,, K/k),
then

(L1) L= m,x ® X K/k) ~a(x,n TGO L = m, x(1)xg, K/k),

where 7(X) is the Gauss sum of X and Q(x,,x) denotes the field generated by the
values of x, and x over Q.

2. PROOF OF THEOREM 1.1

Unlike Ward, who utilized the Brauer induction theorem and the theory of Gauss
sums of Dirichlet characters, we invoke the general theory of (Galois) Gauss sums of
characters due to Frohlich. Now we begin by reviewing some aspects of this theory.

As before, let K/k be a Galois extension of number fields with Galois group G,
and o be a character of G. We make some use of notation as in [3] and [4]. The
(Artin) root number of ¢ is denoted as W (o), W (o) denotes the infinite part of o,
and f(o) denotes the (global) Artin conductor of . The (Galois) Gauss sum of o is

defined by
7(0) = W(@)Wee (o) 'y / Ny jaf(0),

where Nj, /o denotes the usual ideal norm. Since the determinant of a matrix only
depends on its trace, we denote the determinant of a representation whose character
is o by det,. These Gauss sums of characters share the following properties similar
to the Gauss sums of Dirichlet characters.
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Proposition 2.1 ([3], Propositions 4.1 and 7.1).

I: For any characters o1 and o3 of G, 7(01 + 02) = 7(01)7(02).
IT: For any character o of G, 7(0)7(7) = Ny of(0) dets(—1).

On the other hand, as it can be shown that
fo0) =F(X),  Woo(X) = Wao(X):

the following equality holds:

7(X) Weo (X)

VNeaof(x)

For a topological group G, the group G® denotes the quotient of G' by the closure

Wx) =

of its commutator subgroup. For any subgroup H of G, we denote by Ver the transfer
from G to H%, which was introduced by Schur and rediscovered by Artin. Thanks
to their work, we have the following Artin maps:

L: Ver: Gal(Q,/F)® — Gal(Q,/E)® where E/F is a finite extension of the field
of p-adic numbers Q,; and
G: Ver: Gal(F/F)® — Gal(F/E)® where E/F is an extension of number fields.

Following [3], we write Verg,p for the transfers involved in these maps (for the
complete details see [3], II. 3). After Artin, Frohlich proved the following theorem,
which gives a formula for the Galois action on the (Galois) Gauss sums.

Theorem 2.2 (Frohlich). For every w € Gal(Q/Q),

w(T(w™ (1)) = 7(x) dety (Very g (w)).

Proof of Theorem 1.1. As in [6], using the classical theory of Artin L-functions,
for every character o of G one can write the functional equation of L(s, o, K/k) (see
for example [4], VII. 12):

(21)  L(1—s,0,K/k) = W(o){df™7 Ny, of(0)}*~1/2 cos” (%S)
% sin™ (%S){2(2n)7sl—\(s)}[k@] dim UL(&E’ K/k)),
where dj, is the absolute discriminant of k&,

k:Qlo(1 1
vy Qo) 1 5

N =

olop), Ny = o - > olop)

ploo, p real ploo, p real
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(For each prime p appearing in the sums, 8 denotes a prime of K above p, and op
is a generator of the decomposition group Dy (K/k).)
Under the same notation as above, since Yy is totally even, one has

where V, is the underlying vector space of x and VXJr is the +-eigenspace of x (o).
Therefore, nf@)xg = nf(l)xg, and the functional equation of L(s, x ® x,, K/k) has the
same form as the functional equation of L(s, x(1)x,, K/k). In particular, one has

L(1 —m,x ® x,, K/k) (T(x®xg))L(m,x®xg,K/k)
L(m, x(1)x,, K/k)

2.2 =«

G2 I maw kR o
for some rational number o. On the other hand, for any w € Gal(Q/Q(x,, X)), one
has

(X ® Xo) _ T(Ww(X ® Xp))

(2.3) )T er() XD r(wX)Im er(w()) XD

Applying the formula given by Frohlich’s theorem, for every w € Gal(Q/Q(x,, X))
we have

w( T(X® Xe) )
7(X)dim o7 (3 )X
B T(w(X ® Xo)) detygy, (Verga(w))
— {7(w(X)) detx(Verg g (w)) }4m {7 (w (X)) detyz (Very, o (w)) X
T(X @ Xo)
T(X)dimer (3g) X’

where the last equality holds thanks to equalities (2.3) and

detm(\/erk/@ (w)) = dety(Very g (w))dim ¢ deti, (Very, g (w))X(l).

Therefore, as every w € Gal(@Q/Q(x,, x)) fixes this quotient, one has

(X @ Xo)

ey "0 o)

7 € Qxes X)-

Furthermore, [1], Theorem 1.2, asserts

L(m,x ® xo, K/k)
L(m, x(1)x,. K/k)

which together with (2.2) and (2.4) completes the proof of Theorem 1.1. O

(2.5) € Q(xe, ),
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