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Abstract. The aim of the paper is to present some mean value theorems obtained as
consequences of the intermediate value property. First, we will prove that any nonextremum
value of a Darboux function can be represented as an arithmetic, geometric or harmonic
mean of some different values of this function. Then, we will present some extensions of
the Cauchy or Lagrange Theorem in classical or integral form. Also, we include similar
results involving divided differences. The paper was motivated by some problems published
in mathematical journals.
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1. INTRODUCTION

The mean value theorems represent some of the most useful mathematical analysis
tools. The first result is due to Lagrange (1736-1813). The mean value theorem in
its modern form was stated by Cauchy (1789-1857). In the years that followed, more
mathematicians investigated this subject. As consequences of this fact, now we can
find similar results, more generalizations or extensions. Sahoo and Riedle’s book [14]
presents a large collection of old and new mean value theorems.

The authors of this paper decided to investigate another direction. Our idea is
coming from the next two problems, posed recently by Pangsriiam [10], and Plaza
and Rodrigues [11], respectively.
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Problem 1.1. Let f: [0,1] = R be a function continuous on [0, 1] and differen-
tiable on (0, 1), with f(0) = 0 and f(1) = 1. Show that for each positive integer n,
there exist distinct numbers c¢;, ca, ..., ¢, € (0,1) such that

fllen)f'(ea) ... fen) = 1.

Problem 1.2. Let f: [0,1] — R be a function continuous on [0, 1] such that
fol f(z)dz =1 and let n be a positive integer. Show:
(a) There are distinct ¢y, ¢, ..., ¢, € (0,1) such that

fler) + flea) + .o+ flen) = n
(b) There are distinct ¢y, cg, ..., ¢, € (0,1) such that

Loy Lo
fler)  flea) 7 flen)

The solution of the first problem has not been published yet. Garcia and Sua-
rez [2] proposed a solution to Problem 1.2. Our searches in other mathematical
journals or books led us to other problems of the same type. We will enumerate
a few:

Problem 1.3 (Precupanu, [12], page 146). Let f: [a,b] — R be an integrable
function on [a, b], continuous on (a, b), such that ff f(t)dt # 0. Then, for any positive
integer n, there exist distinct numbers c¢;, ca, ..., ¢, € (a,b) satisfying the equality

b B n(b —a)
/a HO) A = e T 1 (e + ¥ 1/ Fen)

Problem 1.4 (Orno, [9]). Let f: [0,1] — R be a continuous function on [0, 1],
differentiable on (0,1). If f(0) = 0 and f(1) = 1, then, for any positive integer n,

there exist distinct numbers ¢1, ca, ..., ¢, € (0,1) such that
LRSS S
fle) ~ fle2) 7 flen)

Problem 1.5 (Marinescu, [7]). Let f: [0,1] — R be a continuous nonconstant
function on [0, 1]. We choose a € (min f, max f). Prove: for any positive integer n,
there exist distinct numbers ¢1, ca, ..., ¢, € (0,1) such that

_ fle) + flea) +.. -+ flen)

n
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Problem 1.6 (Thong, [15]). Let f: [0,1] — R be a strictly monotonic and con-
tinuous function on [0, 1] such that fol f(z)dxz = 1. Prove there exist a, 8,y € (0,1)
with a < 8 < 7 such that

f(@)f(B)f(v) =1.

The solutions can be found in the journal or book where the problems have been
published. Problem 1.6 enjoyed the attention of many mathematicians. A solution
is due to Herman, Lampakis and Witkowski [3]. Moreover, Rocca Jr. presented a
short note about this problem to a seminar [13].

The aim of this paper is to include these problems in some general results. In
fact, the conclusions of the Problems 1.1-1.6 are particular cases of some mean value
theorems. In this paper, we present and prove these theorems. We obtain some
extensions of Lagrange or Cauchy Theorem, in classical form (see Theorems 2.2
and 2.3) or integral form (see Theorems 2.4 and 2.5). Also, we prove new results
involving divided differences (see Theorems 2.6 and 2.7). The main tool, which we
will use, is Theorem 2.1 from the next section. It is shown that any nonextremum
value of a Darboux function can be obtained as an arithmetic, geometric or harmonic
mean of some distinct values of the same function.

For the sake of clearness, the proofs will be presented in a separate section of this

paper.

2. THE RESULTS

Let I C R be an interval. We use the following notation throughout this section.
Recall that a function f: I — R has the Darboux property on I if for any x,y € I,
xz < y and for any value 1 between f(z) and f(y), there exists ¢ € (x,y) such that
f(¢) =n. Any function satisfying this property is called a Darboux function.

Theorem 2.1. Let f: I — R be a Darboux function. Let ¢ € I be an interior
point, which is not an extremum point of f.

(a) For any positive integer n, there exist distinct ¢1,ca,. .., ¢, € I such that
_ fle) + fle2) +-. .+ flen)
fle) = :
n
(b) For any positive integer n, there exist distinct c1,ca,...,c, € I such that

(f(e)" = fle)f(ea) - flen).

(c) If f(c) # 0, then for any positive integer n, there exist distinct c1,ca,...,cp € I

such that
n

- 1/f(61) + 1/f(62)+---+ 1/f(cn)

f(c)
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We know that any continuous function on a real interval has the Darboux property.
Hence, the condition « € (min f, max f) from Problem 1.5 shows us that « is not
an extremum value of the function f. Now, Problem 1.5 is a consequence of the
assertion (a) of the previous theorem.

Darboux property is difficult to explore since it is not compatible with the alge-
braic operations. For example, the sum of two Darboux functions is not necessarily
a function of the same type. In this context, Jarnik’s Theorem is very important.
This result can be found in [4] or [8] and it says that the function f’/¢’ has the
Darboux property, for any functions f,g: [a,b] — R, differentiable on [a,b], such
that ¢'(z) #0 (x € [a, b]).

We use this result to prove an extension of the Cauchy Mean Value Theorem.

Theorem 2.2. Let f: [a,b] - R and g: [a,b] = R be functions continuous on
[a,b] and differentiable on (a,b). Suppose that ¢’(x) # 0 for any x € (a, b).

(a) For any positive integer n, there exist distinct ¢y, ca,. .., ¢, € (a,b) such that
1010 1) fle), | fe)
g(b) —g(a) nlg'(cr)  g'(c2) 9'(cn)

(b) For any positive integer n, there exist distinct c1,ca, ..., ¢, € (a,b) such that

(f(b) — f(a) )” _ fen) file2)  flen)
g(b) —g(a) g'(c1) g'(ca) " g'(cn)’

(c) If f(b) # f(a), then for any positive integer n, there exist distinct ¢, ca, ...
¢n € (a,b) such that

f(b) = f(a) n
g(b) —gla)  g'(c1)/f'(cr) +g'(c2)/f'(c2) + ..+ g'(cn)/ f'(cn)

)

By choosing g(z) = x for any = € [a, b], we obtain the following particular case.

Theorem 2.3. Let f: [a,b] — R be a function continuous on [a,b] and differen-
tiable on (a,b).

(a) For any positive integer n, there exist distinct c1,ca,...,c, € (a,b) such that
fO) = fla) _ fller) + () +.. .+ f'cn)
b—a n '
(b) For any positive integer n, there exist distinct c1,ca, ..., ¢, € (a,b) such that

(PO — ey e
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(c) If f(b) # f(a), then for any positive integer n, there exist distinct cq,ca, ...,
¢n € (a,b) such that

fb) — fla) _ n
b—a L/ f'(cr) +1/f'(c2) + ...+ 1/f"(cn)

We remark that Problem 1.1 is a particular case of the assertion (b) of Theorem 2.3
and Problem 1.4 is a particular case of the assertion (c) of the same theorem.
Further, we transform the previous results to obtain similar theorems in the case
of integrable functions. First, let f,¢: [a,b] — R be functions integrable on [a,b]
and continuous on (a,b). Then the functions F,G: [a,b] — R, defined by F(z) =
[T ft)dt and G(z) = [ g(t)dt for any x € [a,b], are differentiable on (a,b). If
g(x) # 0 for any = € (a,b), then G is strictly monotonic and G(b) # 0 = G(a).
Under these assumptions, the integral form of the Cauchy Theorem says that there
exists ¢ € (a, b) such that
J J@®)dt f(e)
[Pgyat  9(e)
We obtain the next theorem by applying Theorem 2.2 to the functions F' and G,
defined above.

Theorem 2.4. Let f: [a,b] — R and g: [a,b] — R be functions integrable
on [a,b] and continuous on (a,b). Suppose that g(x) # 0, for any x € (a,b).
(a) For any positive integer n, there exist distinct c1,ca,...,c, € (a,b) such that

[Prwar

1
Powydt n

(b) For any positive integer n, there exist distinct c1,ca,...,c, € (a,b) such that

(ﬁﬂﬂ&y_f@ﬂﬂg) flen)
J2g(t)dt g(c1) gle2) ~ glen)

(c) If f: f(t)dt # 0, then for any positive integer n, there exist distinct ¢q,ca, ...,
¢n € (a,b) such that

[P rt)at n

[Pgydt  gler)/fler) +glea)/fle2) + ...+ glen)/ f(cn)

a

If ¢ is a nonzero constant, then Theorem 2.4 becomes
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Theorem 2.5. Let f: [a,b] — R be a function integrable on [a, b] and continuous

on (a,b).
(a) For any positive integer n, there exist distinct ¢1,ca,. .., ¢, € (a,b) such that
1P .
[ = L) e e o)
b—a/, n
(b) For any positive integer n, there exist distinct c1,ca,...,c, € (a,b) such that

(75 [ r0a) =sense .. s

(c) If f: f(t)dt # 0, then for any positive integer n, there exist distinct ¢y, co,. ..,
¢n € (a,b) such that

/bf(t)dt: n(b—a)
a 1/f(er) +1/f(ea) +...+1/f(ca)

Now, we can observe that the assertion (c) represents Problem 1.3. Moreover, if we
choose a = 0, b = 1 and a function f such that fol f(t)dt = 1, we obtain Problem 1.2
by using the assertions (a) and (c) of Theorem 2.5. Problem 1.6 is a particular case
of the assertion (b) of Theorem 2.5.

The assertion (c) of Theorem 2.2 or Theorem 2.4 remains valid if we change the
harmonic mean to the ponderate harmonic mean. This version can be found in [6],
but in that paper the above mentioned results were obtained in other way.

The final part of this section is reserved to similar results, involving the divided
differences. Recall that for an arbitrary function f: I — R, for any positive integer p
and for any zo,x1,...,xp € I such that 2o < 21 < ... < x,, we denote

This expression is called the divided difference of the function f associated with the
points xg, z1, ..., 2z, € I. One of the most important results is the Lagrange Theorem
for divided differences (Theorem 2.10, [14]) and it says that there exists ¢ € (xo, zp)

such that
B f(p) (c)

fx()wxlw"am -

where f: I — R is a p-times differentiable function.

)

We extend this result in the following form:
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Theorem 2.6. Let f: [a,b] — R be a function continuous on [a,b] and p-times
differentiable on (a,b). Let xg, z1,...,x, € [a,b] be such that

ro=a<z <...<xp=>0

(a) For any positive integer n, there exist distinct c1,ca,...,c, € (a,b) such that
1 f(») (p) o (p)
fonstnn ] = LI+ 1)+t [0 e)
n p!
(b) For any positive integer n, there exist distinct c¢1,ca,...,c, € (a,b) such that
FO(en)f D e2) . 1P (en)
fﬂio,x‘l,...,x "= .
(c) If flxo,x1,...,2p] # 0, then for any positive integer n, there exist distinct
€1,¢2,. ..,y € (a,b) such that
1 n
flzo, 1, ..

) = O e TP () T+ ()

The Lagrange Theorem for divided differences was generalized due to Kowalew-
ski [5]. He proved that for any functions f,g: [a,b] — R, p-times differentiable
on [a, b], satisfying the condition g(P)(z) # 0, = € [a, ], there exists ¢ € (a,b) such
that

f[xoaxlax%"'vxp] _ f(p)(c)
glro, w1, 2, ..., 3] g®)(c)’
where zg,x1,...,2p—1,%p € [a,b] are such that xo =a <z < ... <zp_1 <xp =b.

Recently, Chen and Ding [1] showed that it is sufficient for the functions f and g to be
continuous on [a, b] and p-times differentiable on (a, b). An extension of Kowalewski’s
result concludes this section.

Theorem 2.7. Let f: [a,b] — R and g: [a,b] — R be functions continuous
on [a,b] and p-times differentiable on (a,b). Suppose that g\P)(z) # 0 for every

x € (a,b). Let xg,21,...,%p € [a,b] be such that xo =a < z1 < ... < xzp =b.

(a) For any positive integer n, there exist distinct c1,ca,...,c, € (a,b) such that
flzo, 21, ..., xp) _ l[f(p)(Cﬁ N P (cy) - f(p)(cn)}
glzo,z1,...,xp]  nlg®(er)  g®)(e2) 9@ (cy)

(b) For any positive integer n, there exist distinct c1,ca,...,c, € (a,b) such that

(f[anxla"'vxp])n _ D) fPAe2) P (en)
g[xoaxla cee ,(Ep] g(p)(cl) g(p)(CQ) o g(p)(cn) .
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(c) If flzo,21,...,2p] # 0 and fP)(z) # 0 for every x € (a,b), then for any positive
integer n, there exist distinct ¢q,ca, ..., ¢, € (a,b) such that

flzo, 1, ..., Tp) n

glwo, 1, xp] 9P (e1)/FP)(er) + 9P (c2) [ F P (c2) + ...+ gP)(en)/ fP)(cn)

3. THE PROOFS

First, we present the proofs of Theorem 2.1 and Theorem 2.2.

Proof of Theorem 2.1. If ¢ is not an extremum point, we can find a,b € I such
that f(a) < f(c) < f(b). The function f has the Darboux property, so we can find
v € (a,b) such that f(y) = f(c). We can assume a < 7y < b.

First, we prove all three assertions in the case that n is an even number. There
exists k € N, k > 1 with n = 2k.

(a) Let € > 0 be such that

fla) <fly) —e < f(v) < f() +e < f(b)

We define real numbers x1,xo, ...,z such that 1 = f(y) —e and z541 € (s, f(7))
for any s € {1,2,...,k — 1}. We observe that 1 < 23 < ... <z and

2f(7) — wsy1 € (f(7),2f(7) — xs)

for any s € {1,2,...,k—1}. We denote ys = 2f(y) —x; for any s € {1,2,...,k}. We
obtain y; > yo > ... > yx. More, we have z, + ys = 2f(y) for any s € {1,2,...,k}.

The function f has the Darboux property. There exist c¢1,co,...,ct such that
c1 € (a,7) and cg41 € (cs,7y) for any s € {1,2,...,k—1} and satisfying the condition
f(es) = x5 for any s € {1,2,...,k—1}. Similarly, there exist ¢xt1, Ckto, ..., ok such
that cxy1 € (7,0) and cris41 € (7, Chts) for any s € {1,2,3,...,k — 1}, satisfying
the condition f(cg4s) = ys for any s € {1,2,...,k}. In this context, we have

1 <co<...<cp<cCop <Cop—1 <.o..<Ckg1

and

£(e) = fla) + f(C2)2;: .+ flear)

Hence n = 2k, and we obtain the conclusion.

(b) If f(¢) = 0, we choose ¢1, ¢, . .., cn—1 € I—{c}, distinct, and ¢,, = ¢, else we can
assume f(c) > 0. If f(c) < 0, we make the same reasoning for the function — f. Then
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there exist a,b € I such that 0 < f(a) < f(c) < f(b). Similarly to the assertion (a),
we find v € (a,b) with f(a) < f(v) = f(c) < f(b). Let € > 1 be such that

)

fla) < fFOy) < f(y)e < f(b).

We define real numbers z1, 23, . . ., 2k such that z1 = f(v)/e and xs11 € (x5, f(y))
for any s € {1,2,...,k — 1}. We have 1 < 29 < ... < 2. In the same way as in
the previous assertion, we obtain numbers ¢y, ca, ..., ¢, such that ¢; € (a,7) and
Cs+1 € (cs,7y) for any s € {2,3,...,k — 1}, and satisfying the conditions f(cs) = x5
for any s € {1,2,...,k}.

Further, f2(y)/zs11 € (f(v), f2(7)/xs) for any s € {1,2,...,k — 1}. For any
s € {1,2,...,k}, we denote y; = f2(y)/zs. We can observe that z,ys = f2(v)
for any s € {1,2,...,k}. This implies y13 > y2 > ... > yi. More, there ex-
ist Ck41,Ckt2,-..,Cor such that cxy1 € (7,b) and cpist1 € (7,ckts) for any
s€{1,2,...,k— 1}, satisfying the conditions f(ckts) = ys for any s € {1,2,...,k}.
In this context, we have

cp1<c2<...<cp<cop <C2p—1 < ...<Ckit1l

and
F2F(e) = fler)fle2) ... flcan)

The last equality is equivalent to the conclusion, hence n = 2k.

(c) We suppose that f(c) > 0. If f(c) < 0, we obtain a similar proof by using the
function —f. Then there exist a,b € I such that 0 < f(a) < f(c) < f(b). We find
v € (a,b) with f(a) < f(7) = f(c) < f(b). Let € > 0 be such that 0 < ef(y) < 1 and

f) )
f@)<1+ffw)<fW)<1_ffw)<f@)
We define real numbers €1, €2, . . ., € such that

O<ep<ep_1<...<eg<e;=¢.

For any s € {1,2,...,k}, we denote

f()

i )
T l4ef(y)

1_5sf(7)

Then 1 < 23 < ... <z and Y1 > y2 > ... > yi. More, for any s € {1,2,...,k}, we
have

and ys =

2 1 1

o) e
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Similarly to the other assertions, we find numbers ci,co,...,cor such that
f(cs) = Ts, f(CkJrs) =Ys for any s € {172a LR k} We have 1 € (aa’)/)a Ck+1 € (’)/,b),
Cst+1 € (cs,7) and crysy1 € (7, Crts) for any s € {1, 2,..., k—1}. Then

1 <co<...<cp<cCop <Cop—1 <...<Ck41

and % _ 1 .1 1
flo) fle) ~ flea) 777 flear)

Now n = 2k, then we conclude the proof.

If n is an odd number, there exists k& € N with n = 2k + 1. For the assertions (a)
and (c), we define numbers ¢, ca, . . ., cok similarly to the other case and copy1 = 7.
We make the same choice for the assertion (b) if f(c) # 0. If f(¢) = 0, we choose

€1,C2,...,co € I —{c} distinct and cax4+1 = ¢. Now, we obtain all the conclusions.
O

Proof of Theorem 2.2.  From the Cauchy Theorem, we find ¢ € (a,b) such
that (f(b) — f(a))/(g(b) —g(a)) = f'(c)/g'(c). The function f’/¢’ has the Darboux
property and, if ¢ is not an extremum point for this function, we obtain the con-
clusion of the assertions (a) and (b) by applying the similar assertions of Theo-
rem 2.1. If f(b) # f(a), the point ¢ from the Cauchy Theorem satisfies the condition
f'(e)/g'(c) # 0. Now, we obtain the conclusion of the assertion (c) as a consequence
of the similar assertion of Theorem 2.1.

If ¢ is an extremum point of the function f’/¢’, then we can assume that it is
a maximum point. In this context, for any = € (a,b) we have

Hence ¢'(z) # 0 for any = € (a,b), and we can suppose ¢'(z) > 0 for any x € (a,b).
Then

for any x € [a,b]. It is a continuous function on [a,b], differentiable on (a,b) and
h(a) = h(b) = 0. Moreover, h/(z) < 0 for any = € (a,b). Hence, the function h is
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constant. We obtain h(z) = 0 for any = € [a,b]. Now, h/(z) = 0 for any = € [a,]]

and we have ,
@) _ 1) - f(@)
g'(x)  g(b) - gla)
The function f’/g’ is constant. The conclusion of all three assertions is obtained if

we choose any distinct c¢q, ca, ..., ¢, € (a,b). O
The proofs of the following theorems need some preparation. First, we prove

a useful result.

Lemma 3.1. Let p be a positive integer and let zo,z1,...,z, € R be such that
2o <1 <...<mp. Letu: [zo,x,] — R be a continuous function on [xg, ], p-times
differentiable on (x¢,x,) such that

u(zo) = ulz1) = ... = u(xp).

If u®)(z) > 0 for any = € (20,2,), then the function u is constant on [zq, ).

Proof. We can assume that u(zg) = 0. Let = € [zo,2p] \ {z0,21,...,2p}. It
suffices to prove that u(x) = 0. There exists k € {1,2,...,p} such that z € (x_1, zx).
We apply the Lagrange Theorem for divided differences associated with the points

T0y -y Th—1,T, Tht1, - - - , Lp and we find ¢ € (z9,xp) such that
(p)
ulP)(c
u[an'"axk—lamamk+la"'7xp]: p|()
Then
3.1 > 0.
(3-1) (x —xz0)...(x —xp_1)(T — Tpt1) - .- (T — xp)
Similarly, for the points zo, ..., k-2, T, Tk, . .., Tp, we find d € (g, x,) such that
®(d
u
U[To, ..oy T2, T, Thgy - - -, Tp| = '( )
p!
Then
(3.2) u(z) > 0.

(x—20)...(x —zp_2)(x —xk) ... (T —xp)
The product of (3.1) and (3.2) gives

u?(x)

(x—20)?...(x — zp—2)*(x — xp—1)(x — k) (® — Tp41)2 ... (x — zp)

> >0.

The inequality (z — zx_1)(z — ) < 0 implies u?(z) < 0. Then u(z) = 0 which
completes the proof. O

221



Proof of Theorem 2.6. The Lagrange Theorem for divided differences gives us
¢ € (a,b) such that f®(c) = p!f[zo,21,...,x,]. The function f® has the Darboux
property. If ¢ is not an extremum point of f®), we can apply Theorem 2.1 and obtain
the conclusion.

If ¢ is an extremum point of f), we can assume that it is a maximum point.
Then f)(z) < f®)(c) for any x € [a,b]. We define a function u: [a,b] — R by

n

v =3 s T 272) - 10

s=0,s#k

for any x € [a, b]. It is p-times differentiable on (a, ) and

u(p)(x) = plflxo,z1,...,2p] — f(p)(x)

Then u(P)(2) > 0 for any = € (a,b). Moreover, u(zxy) = 0 for any k € {0,1,...,p}.
By using Lemma 3.1, we obtain u(x) = 0 for any = € [a, b]. Then

f(p)(a:) = plflxo, z1,. .. 73711]

for any x € [a,b], so f(P) is constant. Now we obtain the conclusion if we choose any

distinct ¢q,ca,. .., ¢ € (a,b). O
We conclude our paper with the proof of Theorem 2.7. First, for any p+ 1 pairwise
different points zg,z1,...,z, € R we denote
1 1 e 1
i) X1 PN Tp
V[xo,l‘l,...,l‘p]z s
D ab=!
xg b .. b

the classical Vandermonde determinant. Now we have the equality:

Vizo,x1,...,2p] = H (xj — x5).

0<i<jsp

Let I C R be an interval. For any function f: I — R and for any points

Z0,%1,...,%p € I, we denote
1 1 1
Zo X1 J)p
Aglzo, x1,22,...,2p| = . . .
-1 1 _
zh ¥ xp~1
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Clearly, we have

A
f[x(),xl,xQ, . ;xp] — f[x();xla ;xp]

V[l‘o,l‘l, e ,xp] ’

Proof of Theorem 2.7. By using the Kowalewski Theorem, we find ¢ € (a,b)
such that
flzo, @1, @2,. .. 2] fP)(c)
glzo, 21,0, ..,z  gP(c)

The Jarnik Theorem shows that the function f() /¢(P) has the Darboux property. If ¢
is not an extremum point of ) /g(P) we obtain the conclusion by using Theorem 2.1.

Also, we can assume that g(P)(2) > 0 (z € (a,b)) and c is a maximum point. Then

[P @) _ O

43 @) S ()

x € (a,b).

We introduce a function u: [a,b] — R defined for every = € [a, b] by
u(z) = Aflzo, 21, . . ., 2p|Ag[xo, - - -, Tp—1, %] — Ag[To, X1, ..., p|Af[z0, ..., Tp_1,2].

It is a continuous function on [a, b], p-times differentiable on (a,b) and u(xy) = 0 for
any k € {0,1,2,...,p}. For any x € (a,b) we have

ulP (@) = Aplzo, a1, aplg® (@) = Aglwo, w1, [P (@)
= V[l’o,l’l, SRR xp](f[xoa T1,.-.. ,xp]g(p)(x) - g[xovxlv ) (Ep]f(p)(l'))
= Vizo, 21, .., xp](f(p) (C)g(p) (z) — g(p) (C)f(p) (2))-

Further, o < z1 < ... < z, and V[zg,z1,...,2p] > 0. By using (3.3), we obtain
u)(z) > 0. Lemma 3.1 yields u(z) = 0 for any z € [a, b]. Then

f®) () _ P (c)
g(i”) (J’;) g(p) (c) ’

x € (a,b).

and f()/g(P) is constant. Now, we obtain the conclusion if we choose any distinct
€1,C2,. ..,y € (a,b). O
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