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Abstract. We examine the g-Pell sequences and their applications to weighted partition
theorems and values of L-functions. We also put them into perspective with sums of
tails. It is shown that there is a deeper structure between two-variable generalizations of
Rogers-Ramanujan identities and sums of tails, by offering examples of an operator equation
considered in a paper published by the present author. The paper starts with the classical
example offered by Ramanujan and studied by previous authors noted in the introduction.
Showing that simple combinatorial manipulations give rise to an identity published by the
present author, a weighted form of a Lebesgue partition theorem is given as the main
application to partitions. The conclusion of the paper summarizes some directions for
further research, pointing out that certain conditions on the g-polynomial would be desired,
and also possibly looking at the operator equation in the present paper from the position
of using modular forms.
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1. INTRODUCTION

In [9] we find that Chen and Ji offered weighted partitions theorems relating par-
titions into distinct parts to partitions into odd parts by paraphrasing some special
identities due to Ramanujan (see the section on Special identities, [4], page 149).
Namely, we have [9], equation (4.13)

L— (=) Al
(1.1) 3 (m ) + f)qu =23 ().
neD A€0
Here D is the set of partitions into distinct parts, and O is the set of partitions
into odd parts. Recall that a partition A of n is a nonincreasing sequence \ =

(M, A2,..., A\k), where the \;, for 1 < 7 < k, are parts that sum to n. The sum

DOI: 10.21136/CMJ.2017.0550-15 279


http://dx.doi.org/10.21136/CMJ.2017.0550-15

of these parts is |\|. We denote by n(A) the number of parts of a partition A =
(M1, A2, ..., Ak), where A1 denotes the largest part. We denote by r(\) the largest part
minus the number of parts, or the “rank” of the partition. As it stands, equation (1.1)
is equivalent to the identity

12 (0 - o) = a5+ X 1

n>=0 n>1

n(n+1)/

7)1 T

n=0

Here the ¢-series on the far right side of (1.2) is the distinct rank parity function o(q)
and has been studied extensively, see [5], [4], [10], [9], [17], [20]. (See [8] for similar
functions.) We put (V;q), := (1 —-V)(1=Vq)...(1 = Vg™ 1)

Now if we subtract 2 3" n(u)g/*! from both sides of (1.1) we may write
HED

— (=1
) 3 (e + %)qw —2 3 n(g 2 nug

pneD €O pneD

It is not difficult to see that

2n

(1.4) %—®m§:13¥n22§: ) =23 n(u)g.

n>1 A€O pneD

Hence, we have shown combinatorially the g-series identity, see [20],

) 1%
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where V,,,(¢) is the generating function for the number of partitions of n with rank m.
In fact, Fine in [12], page 8, has studied this function which is given by
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The relation between (1.5) and Ramanujan’s other identity related to o(q), see [4],

1 1
(18) 2 ((q;qQ)oo - (Q§q2)n+1)
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was shown analytically in [20].
This study offers two more examples of two-variable Rogers-Ramanujan-type g-
series f(t,q) that possess the following properties:

(1) 111{1 (1=t f(t,q) = f(q) is a weight 0 modular form.
t—1-
(ii) f(=1,q) is a false mock theta function.
(iii) 111{1 (1 -t)f(t.q) = f(9)D(q) + f(—1,q), where D(q) is some linear combi-
t—1-

nation of generating functions for divisor functions.

For (ii) we refer the reader to the description mentioned in [8], page 2192. This
allows us to put sums of tails into perspective with two variable generalizations of
Rogers-Ramanujan type series, see [1]. The first example of a g-series in the literature

that satisfies (1)—(iii) appears to be > V,,(q)t", where for (i) we have the modular
n>=0
form n(2z)/n(z), where as usual we define the Dedekind eta function

(Z — 2rlz/24 H 2Tcmz

n>1

where $(z) > 0.
The main theorems of this paper offer two more examples satisfying (i)—(iii), for
the weight 0 modular forms

and

See, especially, [6], Theorem 3, and the commentary associated with that theorem.
For more material on sums of tails see [4], [7], [14], [19], [18].
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2. THE ¢-PELL SEQUENCES

In [21] Sills and Santos study the sequences

(1 n—=k]
(2.1) wr(q) = Z Z ]jf [ _ G UTD/2+k(k+1)/2
n>i=20j2k=0 el 1 g
and
(1 n—k] . B
(2.2) O,(q) = Z Z 2 [ _ gD/ 24k(k=1)/2
n>i=202k=0 Ldgl 1 g
where
—t tn n(n+1)/2
(2.3) an(q)t" _ Z ( Q)vzt)q
n=0 n=0 ntl
and
n —t ntnqn(nJrl)/Q
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n=0 n=0 (t>n+1

Here we shall define L1 (¢, ¢) to be (2.3), and La(¢, q) to be (2.4). That is, two-variable
generalizations of the Lebesgue identities, see [13]. Then lim (1 — ¢)L1(¢,q) =
t—1—

(=4%:0%)o0 /(4 4*)oo, and lim (1= #)La(t,q) = (=¢:4*)oo/ (45 4%)oo Dy [13]-

The function L;(—1,q) appeared in [11], and La(—1,q) appeared in Lovejoy
work [15], where they related these functions to the arithmetic of Q(v/2). As usual,
let N(a) be the norm of an ideal a C Z[v/2]. Paper [11] showed that

(@)n(=1)mgrintD/2 (N(a)—1)/8
n=0 aCZ[V3)
N(a)=1 (mod 8)

and Lovejoy in [15] showed that

(Q)n—1(—1)"gn(n+1)/2 N(@)?
(2.6) > o = Y N@HN@gIN@I,
n=1 aC7[V3)
N(a)<0

The functions (2.5) and (2.6) appear as “error” series in the following sums of tails
identities. These are the cases ([6], Theorem 1, a = ¢3/2, t = —¢q), and ([6], The-
orem 1, a = ¢*/2, t = —¢'/?). Equation (2.8) of the below theorem involves the
“error“ series (2.10).
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Lemma 1. We have the following sums of tails:

en 3 (<—q2éq2>oo B (—qQ;qQ)n)

S\ (@) (46%)nt1

_ (_q2§q2)oo _l + Z q2n + Z q2n+1
(€:¢*) \ 2 1—g?n 1+ g2t

n>1 n>1
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n—1 -1
by @il

= @n
We also need a well-known transformation of Fine in [12], page 5, equation (6.3).

Lemma 2. We have,

(2.9) Z EZZ))ntn _1-0 3 (atq/b)n .,

n>0 n 1-t n>0 (ta)n

We will also need the special case of Lemma 2 (a = —q V2 b =q'2 ¢t = —q)
coupled with a result due to Lovejoy in [16]:

(2.10) qz w(_qQ)n - _ ZM(]”

=0 (@6%)nn =1 (=a%%)n
(=¢; —q)n—1(=1)"(—g)"+1)/2
= _Z ( . ) :_LQ(_L_Q)-

Lemma 3 ([4], page 30). Let b — —t, a = xt then

(2'11) Z (J?q;QQ)n (tq)n _ Z (J,‘Q)

2 ) 2 On

ntnqn(n+1)/2

We are now ready to prove the main g-series identities of the paper.

Theorem 1.

(2.1 Z<%_wn<q)):%(_z+2 #)

a2 .2
SN (66 (¢54%) At
1 (@n(=1)grtmthr2
+ B ,
n>0 (=a)n
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n, n(n+1)/2
oy el —
n>1 n

Proof. In keeping with [6] we shall set ¢ to be the differential operator
liql 0/0t. Applying Proposition 2.1 of [6] to the left hand side of (2.3), and putting
t—1-

r = —t in Lemma 3 gives

(2.14) e(1—1) ) walg)t

n>=0
n>=0
(2.16)  =¢(1 t)%%( )n+1 “ (tq)
o (=% ¢*)nt (—q;qz)nn n
(217) =e(1 t)rg)i(qq%ri-l +;7(q2;q2)n q
o (=% *)nt™ | (=14 ¢%) oo
(218 =el t)n%:() @GPt (G )
o (=% Pnt" | (0% ¢ ) " gt
219) =< t)ngo @ P (@) (,;qu% Z 612"“)

Equation (2.17) follows from the specialization of Lemma 2 with ¢ — ¢, b = ¢,
a = —1, and standard properties of e. The final step to prove (2.12) requires invoking
Proposition 2.1 of [6] coupled with (2.7) of Lemma 1.

The proof of (2.13) is very similar, but we use (2.8) of Lemma 1 coupled with (2.4)
and (2.10). O

The methods employed in [6] and [7] to obtain special values of L-functions may
be applied to our main theorem. We consider equation (2.13) after noting that
(—4;¢*) s/ (¢; ¢*) s vanishes to infinite order when ¢ — —1. Define the real quadratic
field K := Q(v/2).

Theorem 2. As a formal power series in t we have,

(2.20) —S 0 (e =3 W

n>=0 n>0
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where

:N(a)?+N(a)+2|N(a)|

(2.21) Li(s)= Y * TOATE

aCZ[V2]
N(a)<0

The method to obtain this result can be found in [6], which amounts to using
Mellin transforms and calculating the residue s = —n of I'(s) Lk (s), so we omit the
details.

Next we consider a combinatorial interpretation of (2.12) of Theorem 1. Let D,
be the set of partitions into distinct parts “< n”, and let D,, be the set of partitions
into n distinct parts. Let DE be the set of partitions with distinct evens (i.e. even
parts do not repeat), see [3].

Theorem 3. Define ~y(m1,m2) := wh +n(m1), where 7}, denotes the largest part of
ma. Let n,(m) be the number of odd parts in a partition w. Then

1— (_1)7(7717#2)

(2.22) 3 3 (v(m,@) i f)q\mww

n20 (my,m2)ED <y, XDy

=2 Z no(m)g™.

T€EDE

Proof. We consider the combinatorial interpretation related to that given
n [11], page 400. Note that (—aq), generates partitions into distinct parts “< n”
and a keeps track of the number of parts. The function b"¢™("+1/2/(bq),, generates
partitions into n distinct parts and b keeps track of the largest part. Hence,

) bn n(n+1)/2

) Y e DD ML E)

nz0 n20 (m1,m2)EDgn X Dn

Putting a = b = t in (2.23) and differentiating with respect to ¢ and setting ¢ = 1
gives the left hand side of (2.12). On the other hand, putting ¢ = b = —1 in (2.23)
gives the far right hand side of (2.12). The proof is complete after noting that

differentiating
) |
(2.24) tre(m glm
(tq’ WEXD:E
with respect to ¢ and then setting ¢ = 1 gives the middle term in (2.12). O
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3. SOME REMARKS FOR FURTHER RESEARCH

It is well-known, see [6], that

(3.1) > (— —(ql)n): . 4

= (@) (9)o Sil- q

n

The left hand side is €(1 —t)/(t)oo, whichis > mp(n,m)q™, where p(n, m) is the
n,m>=1
number of partitions of n into m parts. Since the number of partitions of n into m

parts is equal to the number of partitions of n with largest part m, we may write

n

1 , 2
(32) Z (@ —Jn((I)) = (— Z 13—(],“

n>0 Q)oo n>1

where j,(q) is the generating function for the number of partitions wherein the largest
plus the number of parts is at most n. In fact, Andrews studied j,(¢) in [2], and it
is given by

(3.3) o= 3 gm [“‘ 1L,

m
o<m<n—1

for n > 0, and jo(¢q) = 1. This leads us to consider the series, see [2],

2

2n n
Mig.)= 3 5t

>0 n+1(tq)n7

which has properties different from those listed in the first section. Furthermore,

if we subtract 2 Y. mp(m,n) from both sides of (3.2), we find Y mN(m,n) = 0.
m2=1 m
This is a well-known result concerning N (m,n), the number of partitions of n with

rank m.

At this point it is clear M(q,t) does not appear to satisfy any of (i)—(iii). Indeed,
we would need to replace the condition (ii) with the statement “M (g, —1) is a mock
modular form of weight 1/2”, and it happens that (iii) satisfies tlir{l_ % (1-t)f(t,q) =

f(@)D(q), which is less interesting without the “error series” M (g, —1). This is due

to the fact that (i) lim (1 —¢)M(q,t) = M(q) = 1/(q) is a weight —1/2 modular
t—1—

form. In fact, we would require a sum of tails over js,(¢) to amend this issue, and

satisfy the (iii) in the first section:

B0 D(ak o) B 1D

n=0 n>1 n>=0
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The last g-series on the far right side of (3.4) is one of Ramanujan’s third order

mock theta functions, see [2], which generates > (—1)"N(m,n). This leaves us with

m
a question: Is there an explanation using modular forms to explain the correlation

between the weight of a given modular form and the operator equation in (iii)? What

conditions are needed on the associated g-polynomial?

(1]

2]

3]

[4]
[5]
[6]
(7]
8]
[9]

[10]
[11]

[12]
[13]
[14]
[15]
[16]
[17]
18]
[19]

[20]

References

G. E. Andrews: g-Series: Their Development and Application in Analysis, Number The-
ory, Combinatorics, Physics, and Computer Algebra. CBMS, Reg. Conf. Ser. Math. 66,
American Mathematical Society, Providence, 1986. MR
G. E. Andrews: Mock theta functions. Theta functions (L. Ehrenpreis, R. Gunning, eds.).
Bowdoin 1987, Proc. Symp. Pure Math., 49, Part 2, American Mathematical Society,
Providence, 1989, pp. 283-298. MR
G. E. Andrews: Partitions with distinct evens. Advances in Combinatorial Mathematics.
Proc. 2nd Waterloo Workshop in Computer Algebra, 2008 (I.S. Kotsireas et al, eds.).

Springer, Berlin, 2009, pp. 31-37. MR]
G. E. Andrews, B. C. Berndt: Ramanujan’s Lost Notebook. Part II. Springer, New York,
2009. MR
G. E. Andrews, F. J. Dyson, D. Hickerson: Partitions and indefinite quadratic forms. In-
vent. Math. 91 (1988), 391-407. zbl MRl doi]
G. E. Andrews, J. Jimenez-Urroz, K.Ono: g-series identities and values of certain
L-functions. Duke Math. J. 108 (2001), 395-419. MR
K. Bringmann, B. Kane: New identities involving sums of the tails related to real
quadratic fields. Ramanujan J. 238 (2010), 243-251. MR]
K. Bringmann, B. Kane: Multiplicative g-hypergeometric series arising from real quad-
ratic fields. Trans. Am. Math. Soc. 363 (2011), 2191-2209. zbl MR} doi]
W. Y. C. Chen, K. Q. Ji: Weighted forms of Euler’s theorem. J. Comb. Theory, Ser. A
114 (2007), 360-372. MR
H. Cohen: g-identities for Maass waveforms. Invent. Math. 91 (1988), 409-422. IMR]
D. Corson, D. Favero, K. Liesinger, S.Zubairy: Characters and g¢-series in @(\/5)
J. Number Theory 107 (2004), 392-405. MR

N. J. Fine: Basic Hypergeometric Series and Applications. With a Foreword by George

E. Andrews. Mathematical Surveys and Monographs 27, American Mathematical Soci-

ety, Providence, 1988. MR
V. A. Lebesgue: Sommation de quelques series. J. Math. Pure. Appl. 5 (1840), 42-71.

Y. Li, H. T. Ngo, R. C. Rhoades: Renormalization and quantum modular forms, part II:

Mock theta functions. Available at arXiv:1311.3044 [math.NT].

J. Lovejoy: Overpartitions and real quadratic fields. J. Number Theory 106 (2004),

178-186. MR
J. Lovejoy: Overpartition pairs. Ann. Inst. Fourier (Grenoble) 56 (2006), 781-794. IMR]

A. E. Patkowski: A note on the rank parity function. Discrete Math. 310 (2010), 961-965. MR]
A. E. Patkowski: An observation on the extension of Abel’s lemma. Integers 10 (2010),

793-800. MR
A. E. Patkowski: More generating functions for values of certain L-functions. J. Comb.

Number Theory 2 (2010), 160-170. IMR]

A. E. Patkowski: On curious generating functions for values of L-functions. Int. J. Num-

ber Theory 6 (2010), 1531-1540. MR

287


https://zbmath.org/?q=an:0594.33001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0858826
http://dx.doi.org/10.1090/cbms/066
https://zbmath.org/?q=an:0678.05004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1013178
http://dx.doi.org/10.1090/pspum/049.2/1013178
https://zbmath.org/?q=an:1182.05008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2683225
http://dx.doi.org/10.1007/978-3-642-03562-3_2
https://zbmath.org/?q=an:1180.11001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2474043
http://dx.doi.org/10.1007/978-1-4614-3810-6
https://zbmath.org/?q=an:0642.10012
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0928489
http://dx.doi.org/10.1007/BF01388778
https://zbmath.org/?q=an:1005.11048
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1838657
http://dx.doi.org/10.1215/S0012-7094-01-10831-4
https://zbmath.org/?q=an:1226.11108
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2739215
http://dx.doi.org/10.1007/s11139-009-9178-9
https://zbmath.org/?q=an:1228.11157
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2746680
http://dx.doi.org/10.1090/S0002-9947-2010-05214-6
https://zbmath.org/?q=an:1110.05011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2293097
http://dx.doi.org/10.1016/j.jcta.2006.06.005
https://zbmath.org/?q=an:0642.10013
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0928490
http://dx.doi.org/10.1007/BF01388779
https://zbmath.org/?q=an:1056.11056
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2072397
http://dx.doi.org/10.1016/j.jnt.2004.03.002
https://zbmath.org/?q=an:0647.05004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0956465
http://dx.doi.org/10.1090/surv/027
https://zbmath.org/?q=an:1050.11085
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2049600
http://dx.doi.org/10.1016/j.jnt.2003.12.014
https://zbmath.org/?q=an:1147.11061
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2244229
http://dx.doi.org/10.5802/aif.2199
https://zbmath.org/?q=an:1228.11158
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2574849
http://dx.doi.org/10.1016/j.disc.2009.10.001
https://zbmath.org/?q=an:1216.11026
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2797784
http://dx.doi.org/10.1515/integ.2010.056
https://zbmath.org/?q=an:1319.11056
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2907788
https://zbmath.org/?q=an:1233.11090
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2740720
http://dx.doi.org/10.1142/S1793042110003630

[21] J. P. O. Santos, A. V. Sills: ¢-Pell sequences and two identities of V. A.Lebesgue. Dis-
crete Math. 257 (2002), 125-142. MR doi

Author’s address: Alexander E. Patkowski, 1390 Bumps River Rd., Centerville,
Massachusetts 02632, USA, e-mail: alexpatk@hotmail. com.

288


https://zbmath.org/?q=an:1007.05017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1931496
http://dx.doi.org/10.1016/S0012-365X(01)00475-7

		webmaster@dml.cz
	2020-07-03T22:40:17+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




