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On a nonlinear Peetre’s theorem

in full Colombeau algebras

E.A. NIGSCH

Abstract. We adapt a nonlinear version of Peetre’s theorem on local operators in
order to investigate representatives of nonlinear generalized functions occurring
in the theory of full Colombeau algebras.
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1. Preliminaries

Algebras of nonlinear generalized functions in the sense of J.F. Colombeau [1],
[2], [3], [5], [11] provide a way to define a meaningful multiplication of arbitrary
distributions while at the same time products of smooth functions and the partial
derivatives of distribution theory are preserved. This is the best one can obtain
in light of L. Schwartz’ impossibility result [12].

A certain variant of these algebras, namely those which are termed full Co-
lombeau algebras, have been gaining more and more importance recently through
their role in the development of a coordinate-invariant formulation of nonlinear
generalized function algebras suitable for singular differential geometry and non-
linear problems in a geometrical context. We recall that, in general, Colombeau
algebras are given as quotients of certain basic spaces containing the representa-
tives of generalized functions. In successive steps, these basic spaces have been
modified and enlarged in order for the resulting algebras to accommodate certain
desired properties [4], [6], [9], [10]. At one point in this development, the sheaf
property could only be obtained in the quotient by imposing so-called locality
conditions on the elements of the basic space.

The object of this article is to study representatives of nonlinear generalized
functions on an open subset {2 C R™ which are given by smooth mappings

R: C®(Q,D(Q)) — C®(Q)

which satisfy the most general of these locality conditions, i.e., which are local
(Definition 2). Adapting arguments of J. Slovék from [13] we obtain a characte-
rization of locality in simpler terms, i.e., R(F)(z) does not depend on the germ
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of ¢ at x but only on its jet of infinite order at « (Theorem 3). Furthermore, we
examine in which sense such mappings R have locally finite order (Theorem 5).
While any distribution is of finite order locally, no comparable statement exists
for Colombeau algebras so far; our results are a first step in this direction.

Let use introduce some notation. Throughout this article we will work on open
subsets ; C R™ and Q9 C R with n,n’ € N fixed. We employ the usual
multiindex notation 9%, !, |a| ete. with differentiation indices @ € Nj. Given an
open subset 2 C R™ and a locally convex space E, the space C*°(£2, E) is endowed
with its standard topology, which is that of uniform convergence on compact sets
in all derivatives separately. For a function f we denote by j" f(z) the r-jet of f
at z, i.e., the family (0% f(z))|a|<,, Where also r = oo is allowed. The interior of
a set B is denoted by B°. Note that for smooth functions f(z,y) of two variables
we will also write f(x)(y), justified by the exponential law [7, 3.12, p. 30].

The formulation of Theorem 5 requires a notion of smoothness for mappings
between arbitrary locally convex spaces. The setting we use for this is that of
convenient calculus [7], i.e., a mapping f: E — F between two locally convex
spaces is said to be smooth in this sense if it maps each smoothly parametrized
curve in E to a smoothly parametrized curve in F, i.e., for all ¢ € C*°(R,E) we
have foce C®(R,F).

For convenience we cite the extension theorem of Whitney [8, 1.5.6,p. 31] which
will be heavily used below.

Theorem 1 (Whitney). Let Q be an open subset of R™ and X a closed subset
of §). Given a continuous function f* on X for each o € Ny, there exists a
function f € C*(Q) with 0% f|x = f© for all « € Ny if and only if for all integers
m > 0 and all compact subsets K C X we have

(1) o=y =

ﬁ!fa“’(x)(y — )" +o(lly — «|™)
|8 <m

uniformly for z,y € K as ||y — z|| — 0.

2. Main results

We first recall the definition of locality for elements of the basic space
C=(C™(Q,D(92)),C*())

given in [10]. While only the case 21 = Q9 was considered there, we use a slightly
more general formulation which will be needed below.

Definition 2. A mapping R: C° (21, D(Qs)) — C>°(y) is called local if for all
x € O and all g,¢ € C(Qq, D(Qs)) the following implication holds:

-,

@lu = ¥|u for some open neighborhood U of z = R(3)(z) = R(1)(x).

Our first result is the following.
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Theorem 3. A mapping R: C*(Q;,D(Q2)) — C®() is local if and only if
for every ¢ € C*°(21,D(Q2)) and every point x € Q;, R(F)(z) depends on the
oo-jet j°°(P)(x) only, i.e., if for all x € Qq and G, € C*(Qq, D(Q2)) the equality
7% @(x) = j*¢(x) implies R(§)(x) = R(y)(x).

The proof imitates that of [13, Theorem 1, p.274] but is adapted in order to
incorporate the additional variable y of the smoothing kernels @(z)(y).

PROOF: Suppose we are given @4 € C®(€,D()) such that (9°@)(z) =

-,

(099)(z) for some fixed z € ©; and all @ € Nj. Choose an open neighbor-
hood W of x which is convex and relatively compact in €2y, as well as compact
sets K, L C Q9 with K C L° such that supp ¢(a) U supp zz(a) CKforallaeW.

Next, we construct a sequence (2 )ken in W and an open neighborhood Uy, of
each z, with Uj C W such that for all k the following conditions hold:

(2) la—z|| < |b—=|/2 Va€Usi1,b€ U
— I s 1 m
(3) (020, )(a,€) — (870,0)(a, )| < 7 lla—=ll
Va € Uy, € L, |a| + |B| + m < k.

It suffices to show that (3) holds for any fixed «, § € Nj and m € N uniformly
for all £ € L if |ja — z| is small enough. By Taylor’s theorem we have for any
f=f(z,y) € C®(Q1 x Q2), meNg,a € Wand € € L:

flag = 3 S

|y]<m

(0’71‘)’y ' _ p\m—1/9v T a—x
wm 3 S [ -0 e+ e -2,

Replacing f by 8;‘8567 85‘851/7 we see that
(050 ¢ — 0505 0)(a,€) =
_ )y 1 N
m Z u/ (1=t)" 020G — 92T00p) (2 + t(a — x), &) dt
0
=o(la—z|™) asfla—z]|—0

uniformly for (a,&) € W x L. In fact, (9977873 — 654‘7851;)(@5) vanishes for
a = x by assumption and is uniformly continuous on the compact set W x L, hence
the integrand converges to zero uniformly for £ € L as a and hence x + t(a — z)
approaches z.

Note that (2) implies

(4) la—z|| <2|la=0b| VYaecUy beU;, k#j.
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In fact, for k > j we have 2 |ja — z|| < ||b — 2| < ||la = b|| + ||la — z|| and for k < j
we have ||a — x| < |la —b|| + |b — z|| < |la —b|| + |Ja — z|| /2. Moreover, x; — x
for k — oo.

With A == {2} U, Uy, which is a compact subset of W, we define a family
of continuous functions h*# on A x L with o, 3 € NJ by

(5) ho"ﬁ(a €)= (838595)(‘175) a=x or a€ Uy, for some k,
’ (afagw)(af) a € Ugpyq for some k.

In order to apply Whitney’s theorem to this family we have to verify that

at+7,8+XA(q
© o= 3 08— e o(b - arn - &)™)
aoiem (B!

uniformly for (b,n) and (a,§) in Ax L as ||[(b — a,n — &)|| — 0. This follows easily
from Taylor’s theorem, (3) and (4).

Consequently, there is a function heC> (R™ x R"I) whose derivatives on Ax L
are given by 8;‘85% = h®P. Choosing p € D(Q3) such that p = 1 in an open
neighborhood of K and suppp C L, set h(a)(€) == h(a,&) - p(€) for a € Q; and
f € Q. Then h € COO(Ql7D(QQ)) and

h|U2k = @'U%a h|U2k+1 = |U2k+1 Vk e N,
(07 h)(x) = (97 P)(x) = (97¢)(x)  VaeNg.
The claim of the theorem then follows by

R(@)(2) = lim R(Z)(zar) = lim R(R)(zar)

k—oo
= lim R(h)(z2p41) = lim R( D) (w2x11) = R(Y)(x). O

In order to show that R(F)(x) locally depends only on finitely many derivatives
of g(x) in a certain sense, we will employ the following lemma, paralleling [13,
Lemma 1, p.276].

Lemma 4. Let R: C*(Q1,D(Q2)) — C°°(£21) be local and suppose we are given
fe€C>®(21,D(Q2)), o € Q1 and K C Qo compact with supp f(xzo) C K.
Define e: R® — R by

e(z) = {SXP(_l/ [z = zol|) i i zZ?

Then there exist a neighborhood V' of xg in 1 and r € N such that for any x € V
and g1, g2 € C™(Q21,D(Q2)) satistying

(i) suppgi(y) C K for y in a neighborhood of x andi=1,2,
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(ii) supgeq, |8§‘85(gi — f)(x)({)‘ <eg(x) fori=1,2and 0 < |a| + 8] <1,
we have the implication j"g1(z) = j"g2(z) = (Rg1)(x) = (Rgz)(z).

PrOOF: Let R, f, 9 and K be as stated and suppose that the claim does not
hold. Then we can find a sequence xr — xg and, for each k£ € N, functions
Jies g € C(21,D(02)) satisfying

(7) supp fx(y) Usupp gx(y) C K for y in a neighborhood of x,
(8) Esup |8a85 (fx — f)(xk)(§)| < e(xg), and
O s (080~ O] < el

for 0 < |a| + |8] < k such that

(10) 3 felen) = " gr(an),  (Rfe)(zk) # (Rge)(xk).

Taking suitable subsequences we may assume that
|ers1 — zol| < ok — ol /2

for all £k € N and that all xj are contained in an open neighborhood W of z(
which is relatively compact in ; and convex. Furthermore, we can assume that
either xy # xo or xx = x( holds for all £ € N.

In the first case, choose points y, € W with g # yr # z; for all k, 7 € N such
that

(11) e — 7l < 3 llzx — ol

(12) sup 10207 (fr — F)wr)(©)] < 26(9%) (0 <lal+ 8] < k),
(13) ((Rgw) () — (R = &k — ui ™

(14) supp fr(yx) C K.

Such points y, can be chosen if each of these finitely many conditions holds for
yr in some neighborhood of xj. Conditions (11) and (14) obviously are without
problems. For condition (12) with fixed « and 8 we note that 8;‘85 (f = fH(W)
is relatively compact (i.e., bounded) in D(€22). Hence, there exists a compact set
B C Q4 such that supp 8;‘85(fk — f)(W) C Bg. In particular, 8;‘85(fk —f)is
uniformly continuous in W x By, and requirement (12) is satisfied for y; in a small
enough neighborhood of z. Finally, for (13) we first note that by (10) there is
6 > 0 such that |(Rf%)(yx) — (Rgk)(x)| = § for yx in a small neighborhood of zj,
by continuity of Rf;. Moreover, we have

kllzy — yellY* < 6 = llax — il < (8/k)F

which gives (13) for yi in a small enough neighborhood of z.
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Next, we want to construct a function h € C*°(Q;, D(€2)) such that

(8?859@(33)({) z =z, for some k€N,
(15) (970 h)(2)(€) = { (930) fr)(x)(€) @ =uyx for some k€N,
@20, N)(2)(€) = =10

for all o, 3 € Nij and £ € ,. For this purpose we apply Whitney’s extension
theorem to the family h*?(x)(¢) defined by the right hand side of (15) for (=, &)
in the compact set A x L where A = {zo} U{xr : k¥ € N} U{yr : k € N}
and the compact set L C Qs is chosen such that K C L°. Again, we have to
verify (6), which is straightforward using Taylor’s formula in combination with
(8), (9) and (12).

Employing a cut-off function as in the proof of Theorem 3, we obtain h €
C>*(21,D(£22)) as desired. Theorem 3 now implies

|(RR)(wx) = (RR)(y)| = [(Rgw) (@) — (R ()| > ko, — will™

For large k this gives a contradiction because Rh is smooth and a fortiori locally
Holder continuous.
In the other case, i.e., xx = xg for all k, our assumptions imply that

(16) agaffk(xo)(f) = 555591«(360)(5) = 6365f($0)(€)
(17) (Rfi)(x0) # (Rgk) (o)

forall k e N, € € Qg and |a] + 5] < k.

Either (Rfy)(xo) or (Rgk)(xo) must be different from (Rf)(x) for infinitely
many values of k, hence without loss of generality we can assume that (Rfy)(zo) #
(Rf)(x0). As in the previous case, we then choose a sequence y — o in an open
convex neighborhood W of zy which is relatively compact in €1 such that

(18) (R F) i) — (RF)(0)] > kllys — zo] ¥

(19) lyk+1 — ol < |lyr — ol /2, and

(20) sup |0202 (i — F) () (©)] < = llyk — o™
ISP

for all |a] + |8] + m < k. (20) is obtained using Taylor’s theorem as in the proof
of Theorem 3. Again using Whitney’s extension theorem together with a cut-off
function in D(€3), we can construct a mapping h € C°°(Qq, D(£2)) satisfying

JCh(yx) = 7% fulyk),  3°°h(x0) = j° f(z0)-

To summarize, by Theorem 3 we obtain

|(RR)(yx) = (RR)(xo)| = |(Rfx)(yr) — (Rf)(z0)| > k lys — o] /"

in contradiction to Holder continuity of Rh, which concludes the proof. Il
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With this in place we are able to show the following (cf. [13, Theorem 3, p. 278]):

Theorem 5. Let R: C*°(1,D(Q2)) — C*(21) be local and smooth and sup-
pose we are given f € C*®(Q1,D(Q2)), xo € Q1 and a compact subset K C 9
such that supp f(xo) C K. Then there are r € N, a neighborhood V' of zy and
k > 0 such that for all z € V and g1, g2 € C*(Q,D(2)) with

(i) supp g:(y) C K for y in a neighborhood of x and i = 1,2,
(ii) supgeq, |8a8y (9; — f)(x)({)‘ <kfori=1,2and 0 < |a|+|8] <,

the condition j"g1(x) = j"g2(x) implies (Rgy1)(z) = (Rg2)(x).
ProOOF: Fix R, f, ¢ and K as stated and assume the claim does not hold. With
r(k) := 27F there exists a sequence x — xg and fi, gr € C=(Q1, D(Q2)) with
supp fx(y) Usupp gi(y) C K for y in a neighborhood of zy,
Esup |<’9O‘8ﬁ (fx — f)(xk)(g)‘ <e "™ and

gsup 10500 (g — f)(@e) ()] < e ™

for 0 < |a| + |B] < k such that

(21) FFan(ar) = 5" fe(zn),  (Rgr) (k) # (Rfe) (k).

We may assume that |21 — xo|| < |2k — 20| /2. We then construct s € C°(Rx
Q4,D(Qs)) such that

(070)5)(27%, 2, &) = (070} fi) (1) (€),
(020,5)(0,20,€) = (970} f)(w0)(€)

forallk € N, £ € Qs and a, 8 € N2 Note that A := {(0,20)}U{(27%,z4) : k € N}
is compact in R x R™. The function s is obtained by applying Whitney’s theorem
to the family of functions s&*# (with I € Ny and «, 3 € N%) defined on A x L,
where L C )5 is any compact set such that K C L°, by

(0200 fir)(xr)(€) 1=0 and (t,z) = (27%,z}) for some k,
shOB(t, x, &) = (agagf)(xo)(g) =0 and (¢, z)=(0,zp),

0 l#£0.
The requirements for Whitney’s theorem then are easily verified and we obtain

5€ C®R xR" x R"I) which, by multiplying it with a suitable cut-off function
in D(Q2) as before, gives s as desired. Next, we define a map

R: C®°(R x Q1,D()) — C®(R x ), (Rh)(t,z) = R(h:)(x)

where hy € C®(,D(Qy)) is given by hy(x) == h(t,z). Obviously, R is local
in the sense of Definition 2. Now (Rfx)(zx) = R(s(27%,-))(zx) holds because
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0% fr(xr, &) = 09s(27F x4, €) for all a, 8 € NI and € € Qy by the construction
of s above. Furthermore, R(s(27%,.))(zx) = (Rs)(27%,z1) by the definition of R.
We now define g € C°(R x Q1,D(Q2)) by gi(t, z, &) = gr(z,£) and see that

(0:055)(27" ;&) = (0107Gx) (27", a1, )

for 0 <1+ |a] < k. Hence, (Es)(2*k z1) = (Rgr)(27%, ) holds for large values
of k by Lemma 4. Finally, (Rgy)(27", 1) = (Rgr)(zx). To summarize, we obtain
(Rfi)(xx) = (Rgk)(zk) for large k, which contradicts (21) and concludes the
proof. O

3. Conclusion

We have seen in Theorem 3 that R(F)(x¢) does not depend on the entire germ
of ¢ at xg, but only on its co-jet. Moreover, the statement of Theorem 5 may be
reworded as follows: if R is smooth and local and we are given ¢ and o, there is
a neighborhood of (@, o) and a natural number 7 such that for all (4, z) in this
neighborhood, the value of R(w)( ) depends only on the r-jet of 1/) at x.

REFERENCES

[1] Biagioni H.A., A Nonlinear Theory of Generalized Functions, 2nd ed., Springer, Berlin,
1990.

[2] Colombeau J.F., New Generalized Functions and Multiplication of Distributions, North-
Holland Mathematics Studies, 84, North-Holland Publishing Co., Amsterdam, 1984.

[3] Colombeau J.F., Elementary Introduction to New Generalized Functions, North-Holland
Mathematics Studies, 113, North-Holland Publishing Co., Amsterdam, 1985.

[4] Grosser M., Farkas E., Kunzinger M., Steinbauer R., On the foundations of nonlinear
generalized functions I, II, Memoirs. Amer. Math. Soc. 729 (2001).

[5] Grosser M., Kunzinger M., Oberguggenberger M., Steinbauer R., Geometric Theory of
Generalized Functions with Applications to General Relativity, Mathematics and its Ap-
plications, 537, Kluwer Academic Publishers, Dordrecht, 2001.

[6] Grosser M., Kunzinger M., Steinbauer R., Vickers J.A., A global theory of algebras of
generalized functions, Adv. Math. 166 (2002), no. 1, 50-72.

[7] Kriegl A., Michor P.W., The Convenient Setting of Global Analysis, Mathematical Surveys
and Monographs, 53, American Mathematical Society, Providence, RI, 1997.

[8] Narasimhan R., Analysis on Real and Complex Manifolds, North-Holland Mathematical
Library, 35, reprint of the 1973 edition, North-Holland Publishing Co., Amsterdam, 1985.

[9] Nigsch E.A., The functional analytic foundation of Colombeau algebras, J. Math. Anal.
Appl. 421 (2015), no. 1, 415-435.

[10] Nigsch E.A., Nonlinear generalized sections of vector bundles, J. Math. Anal. Appl. 440
(2016), 183-219.

[11] Oberguggenberger M., Multiplication of Distributions and Applications to Partial Diffe-
rential Equations, Pitman Research Notes in Mathematics, 259, Longman, Harlow, U.K.,
1992.

[12] Schwartz L., Sur limpossibilité de la multiplication des distributions, Comptes Rendus de
I’Académie des Sciences 239 (1954), 847-848.



On a nonlinear Peetre’s theorem in full Colombeau algebras

[13] Slovék J., Peetre theorem for nonlinear operators, Ann. Global Anal. Geom. 6 (1988),
no. 3, 273-283.

FACULTY OF MATHEMATICS, UNIVERSITY OF VIENNA, OSKAR-MORGENSTERN-PLATZ 1,
1090 VIENNA, AUSTRIA

E-mail: eduard.nigsch@univie.ac.at

(Received January 25, 2016)

7



		webmaster@dml.cz
	2018-01-10T10:26:12+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




