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CONVERGENCE THEORY FOR THE EXACT INTERPOLATION
SCHEME WITH APPROXIMATION VECTOR AS THE FIRST
COLUMN OF THE PROLONGATOR AND RAYLEIGH QUOTIENT
ITERATION NONLINEAR SMOOTHER

PETR VANEK, Plzeni, IVANA PULTAROVA, Praha, Jihlava

(Received March 28, 2016)

Abstract. We extend the analysis of the recently proposed nonlinear EIS scheme applied
to the partial eigenvalue problem. We address the case where the Rayleigh quotient iteration
is used as the smoother on the fine-level. Unlike in our previous theoretical results, where the
smoother given by the linear inverse power method is assumed, we prove nonlinear speed-
up when the approximation becomes close to the exact solution. The speed-up is cubic.
Unlike existent convergence estimates for the Rayleigh quotient iteration, our estimates
take advantage of the powerful effect of the coarse-space.
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1. INTRODUCTION

This paper is concerned with a convergence analysis of the nonlinear two-level
method of [7] with a nonlinear Rayleigh quotient iteration smoother, applied to the
partial eigenvalue problem. The matrix is assumed to be symmetric and positive
definite with a simple minimal eigenvalue. We seek the minimum eigenvalue and
the corresponding eigenvector. Our method belongs to the class of preconditioned
eigensolvers using projected methods or subspace correction methods like Davidson,
Jacobi-Davidson, and Generalized Davidson methods, see, for example, [3], [5], [9],
[10], [11]. At the same time, we strongly exploit the multigrid structure of the solution
spaces. In [4], we provided a convergence proof assuming the linear inverse power
method is used on the fine-level. We showed that under reasonable assumptions, the
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method accelerates with the growing condition number of the matrix. On the other
hand, there is no nonlinear speed-up when the iterate is close to the exact solution.

In this paper, we analyze the method of [7] with the Rayleigh quotient iteration
used as the smoother and prove a cubic nonlinear speed-up. Unlike the known
estimates for nonlinear inverse iteration (see e.g. [12]), our convergence estimates
take advantage of the powerful effect of the coarse-space and improve with growing
condition number of the matrix.

The convergence proof is limited to the two-level case. However, this limitation
may not be too restrictive since the convergence proof, assuming a reasonable (and
moderate) p-approximation property of the coarse-space, allows for radically aggres-
sive coarsening while preserving good asymptotic convergence bounds.

The method of [7] is a special type of Exact Interpolation Scheme (EIS) proposed
by Brandt with collaborators in [6], [1] and long before that, by Mandel and Sek-
erka in [8]. The coarse-level correction process is the Rayleigh-Ritz procedure with
non-orthonormal approximation of the eigenvectors given by the columns of the pro-
longator. EIS is a nonlinear multigrid scheme with the prolongator constructed so
that the current approximation x belongs to its range. While the authors of [6], [1]
use a more complicated way of guaranteeing x € Range P, we use a general pur-
pose prolongator and simply add the current approximation x as its first column.
The method was tested with extremely good results on problems of nuclear reactor
criticality computations ([7]).

Our convergence analysis consists in proving the speed-up of the method with the
Rayleigh quotient iteration smoother compared to the method that uses the linear
inverse power method as the smoother. In other words, we estimate how many times
faster is the method with the Rayleigh quotient iteration smoother compared to the
method with the linear inverse power method used on the fine-level. As such, our new
proof represents a natural extension of the convergence result of [4] that it invokes.

The analysis has been done for a partial eigenvalue problem assuming the matrix
is symmetric, positive definite and the minimum eigenvalue is unique. The result
can be easily extended to the case of a generalized eigenvalue problem where both
matrices are symmetric and positive definite. The methodology of the generalization
has been developed in [4].

Our numerical tests are performed on a model example. For numerical results of
real-life problems, namely on the nuclear reactor criticallity computatioins on highly
unstructured meshes, we refer to [7]. Here, we test the method on the partial eigen-
value problem obtained by Q1 discretization of the second order elliptic operator,
in particular the discretization of the Laplace operator and its inisotropic singular
perturbation. Both problems are discretized on the regular square grid on the square
computational domain. The first observation is that adding the coarse-space of even
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a very moderate size (few degrees of freedom) significantly reduces the number of
iterations compared to the Rayleigh quotient iteration applied to the same problem.
This reflects the fact that the eigenvector corresponding to the minimal eigenvalue
is, in general, smooth and as such well represented on a coarse level. The two-level
method with the Raileigh quotient iteration used as the smoother performs excel-
lently for highly anisotropic problems. The computational results for larger problems
(bigger condition number of A) are generally better than for a smaller problems,
mainly for multigrid method that uses linear inverse iteration as the smoother. This
confirms our theoretical findings.

The paper is organized as follows. In Section 2 we present the algorithm and the
convergence result of [4]. In the key Section 3 we analyze the nonlinear speed up of the
Rayleigh quotient iteration smoother compared to the linear inverse power method.
Section 4 contains the final convergence theorem. The numerical tests presented
in final Section 5 confirm our theoretical findings. For the results of experiments
with large problems that use inexact Rayleigh quotient iteration given by multigrid,
see [7].

2. ALGORITHM

In this section, we explain our nonlinear multigrid scheme of [7], applied to the
partial eigenvalue problem, and give the convergence result of [4].

The multigrid method consists of coarse-level correction along with smoothing,
an iterative process performed on the fine level. The coarse-level correction consists
in finding an approximation of the solution using the Ritz-Galerkin approximation
to the solution on the coarse-space. The coarse-space is introduced as the range of
a linear, injective prolongator P: R — R™, m < n, with R™ being the space where
our fine-level problem is formulated.

Our method is a special type of Exact Interpolation Scheme (EIS) proposed in [1]
and [6]. To treat a nonlinear problem, EIS updates the prolongator in each iteration
so that the current approximation is contained in its range. While the authors of [6]
and [1] use a quite complicated way of guaranteeing x € Range P, we use a general
purpose prolongator and simply add the current approximation x as its first column.

To explain the reasons for enriching the coarse-space by a current fine-level ap-
proximation, we first notice the following difficulty when solving a nonlinear problem
by multigrid: in the linear case Ax = f, we can take the current approximation x
and formulate the residual equation Au = d, d = Ax —f. Due to the linearity of A,
the exact solution of the residual equation then gives a correction to the approxima-
tion x. For it = A~'d, x — 1 is the exact solution of the original system Ax = f.
In the standard multigrid, we repeatedly solve the residual problem approximately
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and use the correction. In the nonlinear case A(x) = f(x), this is not possible and
we are forced to use the coarse-level correction for the original problem rather than
for the residual equation.

In our method, let P be the prolongator for now. The current fine-level approxi-
mation x must be available on the coarse-level, as we want to solve the coarse-level
equation:

(2.1) find xo: PTA(X — Px3) = PTf(x — Px3),

where the final, corrected solution is x — Pxy. We resolve the difficulty discussed
above by enriching the coarse-space V' = Range(P) with the current fine eigenvector
approximation x as its basis function in the first column of the prolongator. Thus,
we use the prolongator [x|P] and instead of (2.1), we solve the problem

find xo: [x|P)" A([x|P)x2) = [x|P]"f([x|P]x2)

that has the same final solution [x|P]x2 as equation (2.1), with [x|P] in place of P.
That is,
find x5 [x|P)TA(x — [x|P]x}) = [x|P)Tf(x — [x|P]x}).

Here, the final corrected solution is x — [x| P]x5. In the sequence of the coarse-spaces,
each coarse-space contains the current approximation as a column of the prolongator.
Thus, in the limit, the coarse-space contains the exact solution as its basis function
and the solution of the coarse-level problem is the solution of the fine-level problem.

The description of our algorithm follows. Let A be a symmetric and positive
definite n x n matrix with eigenvalues A\pin = A1 < A2 < A3 <... < Ay = Apax. The
particular case of interest is for A to be a finite element stiffness matrix.

We solve the partial eigenvalue problem:

(22) Find Al, vy, € R™ \ {O} AV1 = A1V1.

We consider a linear injective prolongator P: R™ — R™, m < n. We are interested
in aggressive coarsening, i.e. m << n.

Our two-level algorithm with evolving coarse-space for solving (2.2) proceeds as
follows:

Algorithm 1.
> Perform Rayleigh-Ritz procedure with non-orthonormal approximation of eigen-
vectors given by the columns of the prolongator [x|P] as follows:

1. For given input iterate x € R™, construct/update the coarse-level matrices
(2.3) Az (x) = [x|P]TA[x|P], Ba(x) = [x|P]"[x|P].
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See Remark 2.2.
2. Find the eigenvector v? corresponding to the smallest eigenvalue of the coarse-
level problem

(2.4) Ao (x)v? = ABa(x)v2.
(If the coarse-level problem (2.4) is to be solved iteratively, a natural initial
guess for v? is the first canonical basis vector e; = (1,0,...,0)T € R™*1. See
Remark 2.1.)

3. Prolongate v + [x|P]vZ.

> Post-smooth: either perform the inverse power method iteration (old variant of [4])
(2.5) X"V — A7y,

or perform the Rayleigh quotient iteration

set x¥ = v;
(2.6) for i = 1,...,v perform x + (A — R(x*"1)I)"'x""! with
A
(2.7) R(x) = < |;(|’§> (the Rayleigh quotient);
set x"Y = x".

> Normalize x"°V ¢— ||x2eW||~1xnew,

Remark 2.1. Clearly, for the first canonical basis vector e; = (1,0,...,0)T €
R™+! it holds that
x = [x|Ples.

The vector e; is therefore (assuming x ¢ Range(P)) a coarse level isomorphic coun-
terpart of the current approximation x; the coarse-level iteration started from e;
is therefore essentially (via the isomorphism [x|P]: R™*! — Range([x|P])) started

from x.

Remark 2.2. Note that only the first column of the prolongator [x|P] changes
from one iteration to the next. Therefore, only the first row and the first column of
matrices As(x) and Bz (x) have to be recalculated in each iteration. If the coarse-level
problem (2.4) is to be solved by the inverse power method

v? ¢ Ay (x) " By (x)V?,

-1

the action of the inverse Az(x)™' can be performed using pre-calculated Choleski

decomposition of the matrix As(x) with the first column and the first row excluded.
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This matrix is the same in every iteration. Note also that the columns of P can
be (before the first iteration) A-orthonormalized, resulting in a very cheap action of

1

Ay(x)~ ! An efficient way how to evaluate the action of A(x)~! using the action of

(PAP)~! by a Schur complement technique is given in [7], see (8).

Remark 2.3. The coarse-level correction part 1-3 of Algorithm 1 is the
Rayleigh-Ritz procedure with non-orthonormal approximation of eigenvectors given
by the columuns of the prolongator [x|P], resulting (due to the non-orthonormality of
the columns) in generalized eigenvalue problem on the coarse level (Ba(x) # I). For
the vector v returned by Step 3 of Algorithm 1, the pair (Amin(B2(X)) = R(v), V) is
then a Ritz pair.

In more detail, the coarse-level problem (2.4) is the result (equivalent) of the
Galerkin formulation

(2.8) findv € Range([x|P]) \ {0}: ((A— R(v)I)v,w) =0 Vw € Range([x|P)]).
Indeed, (2.8) is equivalent to the problem
find v € R™1\ {0}:

_<A[X|P]V27[X|P]V2> | PIv2. x| Plw? ) — w2 m+1
<(A (P2, (K P]ve) I)['P] I > 0 VwieR

which, after transposing prolongators [x|P] in the right arguments of the inner prod-
ucts, becomes

<(A2(X) - MBQ(X))V2,W2> 0 yw?e gl

with matrices As(x) and Ba(x) given by (2.3). The above identity holds if and only

if the left argument of the above inner product is zero, which happens if and only if

v2 is an eigenvector of (2.4). Thus, (2.8) and (2.4) are equivalent.

Define the scaled residual norm r(x) by

[Ax — R(x)x|
1]

(2.9) r(x) =

The following convergence theorem gives the estimate for Algorithm 1 with old
version of the smoother (2.5), in terms of r(-).

Theorem 2.4 ([4]). Let A be a symmetric and positive definite n X n matrix
with simple minimal eigenvalue Ani,. We assume the eigenvalues are numbered so
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that Amin = A1 < A2 < ... < A\, = Apax. Consider « € (0,1] and § > 0 such that
aff —1 > 0. We assume there is a linear mapping @: R™ — Range(P) such that

B/2 c

21 R™: : - K———F 75 5.
( O) Vu € Amm”u QUH CODd(A)O‘/B/Q ||uHA[

In addition, assume that the input iterate x is reasonably close to the first eigenvector
vy so that R(x) € [A1,A2). Then the result x™*V upon exit of Algorithm 1 with
v > /2 and the post-smoothing performed by (2.5) satisfies the estimate

r(x"Y) = r(A7"v) < qucn(x)r(x),

C \V >\2/>\min -1

quci(x) = cond(A)@B=1/2 (\y — R(X))/Amin

The rate of convergence qucir(x) satisfies

(2.11) lim qMGII (X) =0.

cond(A)—o0

Remark 2.5. In specific applications, the parameter « is related to the mesh
resolution H of the coarse level space (H = h®, h being the fine-level resolution).
The parameter 8 corresponds to p-approximation quality of the coarse space (8 =
p+1). In specific applications, the constant C' in (2.10) is indeed bounded. Consider
a regular 2D finite difference discretization of the Poisson equation on a cube with
the resolution h and a P1 finite element coarse-space with the resolution H = h®.
Then A? is a regular finite difference discretization of the biharmonic equation (the
problem with the H2-equivalent form). There is a mapping @ ([2]) such that

hllu—Qu| < C'H?|ul 42, H=h" cond(A)=h"2 = Apn~h?
with C” uniformly bounded. Then,
C'h

; — { — 2.
il = Quil < sl

The condition (2.10) therefore holds with 8 =2 and C' = C’h.
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3. ACCELERATION EFFECT OF THE RAYLEIGH QUOTIENT ITERATION METHOD

In this section we prove that for x close to the first eigenvector, our method with
the Rayleigh quotient iteration (2.6) used as the smoother converges much faster
than the two-level method with the smoother given by inverse power method. The
method with linear smoother (2.5) was analyzed in [4]. As in [4], the new result
takes advantage of the powerful effect of the coarse-space and improves with growing
condition number of the matrix A. The acceleration effect in the smoothing iteration
is cubic.

We start our analysis with a straightforward observation.

Lemma 3.1. Let A be n X n symmetric and positive definite matrix with simple
minimal eigenvalue. For convenience, we assume that the matrix A is scaled so that
this minimal eigenvalue satisfies Apin(A) = A1(A) = 1. Assume x € R™ is a vector
such that R(x) € [A1(A), A\2(A)). Define the operator Q by

(3.1) Qx): u= Zcivi — v =c1(R(x) — A\ (A4)v1 + Z CiVi.

) i>1

Here, {v;} are orthonormal eigenvectors with the eigenvalue \;(A) corresponding to
the eigenvector v;. The eigenvalues are assumed to be ordered so that

Then, for all u € R™ it holds that

A2(A)

(32 I(AQE) ™ ul < (A~ RN ull € - s

1(AQ(x)) ™ ull.

Proof. Clearly, the operator Q(-) defined by (3.1) is symmetric in the Euclidean
inner product, commutes with A, and AQ(x) = Q(x)A is symmetric as well. The
operators AQ(x) and A— R(x)I have the same eigenvectors {v;} as 4; by A\;(AQ(x))
or \i(A — R(x)I) we simply mean the eigenvalue corresponding to v;. First we
establish the inequality

A2(A)

(33 AT(AQE) <INNA - REN| < s

A (AQ(x).

Obviously, A1 (AQ(x)) = R(x) — A1 (A) = |M (A — R(x)I)| and

A2(A)

W(A) - R
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Thus, for the first eigenvalue, (3.3) holds trivially. For k£ > 1, A (AQ(x)) = Ar(A).
Further,

A (AQ(x)) = Ar(A

M&( A) >

) > A(A = R(x)I) = M\ (A) — R(x)
)
Ak(A)
2(A) — R(x
A2(4)

A2(A) — R(x)

WOy Ak (A)

= f())\k(fl@(x)),

proving (3.3) for k > 1.

Recall that the eigenvectors are orthonormalized, so for u = ¢;v; we have
i

1(AQ(x)) " Hul|* = Zc X))

and

I(A = R(x)1) ™ ul* = ZC R(x)I),

which together with (3.3) proves (3.2), completing the proof. O

The following lemma shows that for v such that R(v) & A1, the smoother given
by the Rayleigh quotient iteration yields the same residual r(-) as the inverse power
method for an approximation vector with a much smaller error.

Lemma 3.2. Let A be a symmetric and positive definite matrix with eigenvalues
=X <X <...< )\, and vy, ..., v, the corresponding orthonormalized eigenvec-
tors. Consider a vector v € R™ in the form v = ¢1vy + e, e € span{va,vs,...,V,}
and a vector x € R™ such that R(x) < Ay. Then

e
)\2 - R(X)

/\2 — R(X)

(3.4) -

r(A7'9) <r((A - R(x)I)"'v) <

V=cvi+ (R(x)— A)e.

Proof. Let us prove first the second inequality of (3.4). Since R(x)x is the
orthogonal projection of Ax onto spanx, we have

I(A = RE)Dx|| < [[(A = RE)Dx]|
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for all vectors x’ € R™. Using this property, Lemma 3.1, and the fact that the
operators A — R(v)I and AQ(v) (see (3.1)) commute with A, we get

1 [[A = R((A = R(x)I)"'"v)I](A — R(x)I)"'v]|
(3.5) r((A—R(x))"'v) = A= ReD-v]
o A~ R((AQ(x)) '"VIJ(A = R(x)I)"'v|
b (A= R(x)I)~ 1VH
_ A= Rx=)1)"'[A - R((AQ(x))"'v)I]v|
[(A—=R(x)I)~ v
e M [(AQ(x))'[A — R((AQ(x))'v)Iv|
A - R(x) [(AQ(x)) vl
M [[A = R((AQ(x))~'v)I](AQ(x))~'v||
Az — R(x) [(AQ(x)) vl
As 1
—mr((AQ(X)) v).

By definition (3.1) of Q(-) and using the fact that the operators A and Q(x) commute
with A, we get

(AQ(x))"'v = (AQ(x)) H(c1vi +e) = AT Q7 (x)(c1v1 +e)

A (R(Xil— A1 Vit e) - R(X)l— A1 A7 ervi + (R(x) = A)e).

Since r(+) is independent of the scaling of the argument, the previous identity yields

(3.6) r((AQ()™'v) = r(A™ ervi + (R(x) — M)e]).

The proof of the second inequality of (3.4) now follows by (3.6).
To prove the first inequality of (3.4) we estimate again using the minimizing prop-
erty of the orthogonal projection, the fact that the operators AQ(x) and A — R(x)I

commute, and Lemma 3.1:

1y, A= R(A - RegD~)I(A ~ ReOD ]
rA = RGN = (4~ Bl V]
_ 1A~ BeD) A~ (A~ ReD"V)I}v]
= ReoT
_ %~ ) (AQ00) 1[4 - R((A - R D) v)1}v|
TN [(4Q00) ]
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_ A2 = R(x) [I[A = R((A = RE)D)V)I(AQ(x)) v

A2 1(AQ(x))~"vll
S A2 = R(x) |[[A - R((AQ(X) ") I(AQ(x)) V|
T 1(AQ(x)) v ||
= 22209, (g v)
2
The proof of the first inequality of (3.4) now follows by (3.6). O

The following lemma and its corollary contain the key result of this section.
Namely, we prove that for an approximation close to the first eigenvector, the method
using the smoother given by the Rayleigh quotient iteration converges much faster
than the method with the inverse power method given by A~'. The acceleration
effect is cubic. As in [4], where the method with the smoother A~! is analyzed,
the result takes advantage of the effect of the coarse-space. The lemma is very
convenient: we simply take the recent result for the smoother v < A~!'v and im-
mediately get the asymptotically accelerated result for the fine-level smoother given
by the Rayleigh quotient iteration v +— (4 — R(v)I)~!v. In other words, we get the
accelerated result in the terms of the former result of [4] for A~

Lemma 3.3. Let A be a symmetric and positive definite matrix with eigenvalues
1=X <X <...< )\, and vy,..., Vv, the corresponding orthonormal eigenvectors.
Consider a vector v in the form v = c;vi + e, e L v; and set € = ||v]|"le. We
assume that [c1| > ¢} LinllVIL, € min € (0,1]. Let x € R™ be a vector such that
R(x) < Ay and R(x) — Ay < 1. Then it holds that

A2
(A2 = R(x))|¢] minl
+C(R(x) = M)l

(3.7) r((A - R(x)I)"'v)) < (R(x) — A\1)r(A™1v)

Here, C > 0 is a constant independent of e, dependent exclusively on c/l,min'

Proof. In view of the previous lemma, we first investigate the dependence of
r(A71v) on the magnitude of e. Let us set v/ = ||v||~!v, ¢; = ¢1/||v| and recall
that e = ||v|~'e. Then

v =dvi+e, r(A7v) =r(A7Y).

Thus, we will investigate r(A~1v’) in terms of the scaled error € 1 vi. As 1 =
[v']2 = &% + ||€/]|2, we have ||¢/|| < 1. Further, we set e, = |le||"*e. Then the
parameter ¢ in the expression r(A~v) = r(A~1(c| v, +te,)) stands for the Euclidean
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norm of the actual scaled error €’. Since R(w)w is the orthogonal projection of Aw
onto span{w} w.r.t. the Euclidean inner product, we find that
(3.8)

r(w)

_ |[Aw — R(w)w]|| _ <||Aw||2 — RQ(W)HwHQ)l/Q B (||Aw||2 g w))l/Q.

[[wll [[wi? [[wi?

Define the function
(3.9) o(t) = (A7 () vy + tey)).

By (3.8), e, L v1, and the fact that the eigenvectors are orthonormal, we have

G0 (el (LA ey

A= (cyve + tew)||? [A=H(chva + tew)||?
_(_(c)? + Pleu? (ch)? + 12 A7 2e,[?\2) /2
a <(C’1)2+t2llA*eull2 _< (c1)? + 2| A ey ) )

Let usset a = 1—||A 'e,||? and b =1 —||A~"/2e,||?. Clearly, a,b < 1. As |le,| =1
and A} = Amin(A) = 1, it also holds that ||[A~ e, || < A '|leu|| < 1 and |[A~/2e,| <

)\171/2||eu|| < 1, hence a,b > 0. Since t = ||/|| and 1 = ||[v/[|? = (c])? + ||€'||?, we
have (c})? + t? = 1 and therefore,
1 1 — bt2\271/2
A1 - |: - ( ) :| ) ) 71 ’
(8.11) o) =10z ~ Tz a.b€0,1]

and t* =1 — (¢})* € [0,1 — (¢} 1in)?]- We have

(3.12) (¥%)'(0) =0,
(3.13) ©?)"(0) = 4b — 2a,
(3.14) (¥*)®(0)) =0,
and
9 (4) 444 a3t2
1 —384—— 4+ 988
(3.15) (¢") (1) = 38—z + 28—
a®t? a 2,9 9
- 6[24(1 o at2)3} 822 — 4b(1 — bt?)]
a? a3t3 at
24— 1 16bt]192 —72 1 —bt?
+ (1 —at?)3 M [ ) (1 — at?)5 7 (1 —at2)4}( )
4t4 a3t2 Cl2
192 1152 2 1 — bt2)?
19 O ey T (1—at2)4}( bt°)
ab?t? b2
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Set

C = max{|(¢*)V(O)]: a,b e [0,1], #* <1~ (¢} min)?}-
It follows from (3.15) that C is uniformly bounded, dependent exclusively on ¢} ;.
Since t = ||€’||, by (3.12)—(3.14) we have a Taylor series

(3.16) r(A71) = @2(1) = (1)"(0)¢° + ()W (D)t

for some € [0,1] and |p?(£))¥| < C.

In view of Lemma 3.2, we also have to investigate (A1 (cjvi + (R(x) — A\1)ew).
We stress that we arrived at the form of the function ¢ using the assumption that
(¢})? +t2 = 1. To be able to use (3.16) for r2((A — R(x)I)~'v), we need a simple
substitution. Let us set

" C/1 R(X) —

1
Y AR v ey oMY/ 3 eEn s T e W e

Clearly ¢ ~ (R(x) — A1)t for x close to the first eigenvector. Then, (cf)? + &2 =1
and we can use (3.16) to get

r?(A7H (v + (R(x) — M)ew)) = r? (A7 (c] v + Eew)) = ©2(€)
= (¥))"(0)€% + (") (O)¢*
for some £ € [0,1] with |¢2(£))*| < C. We have
(R

~ (0-2)2 5 (RE)- M),
@7+ (R - 22 S ()

and we conclude that

(3.17) (A~ (¢ vi+(R(X)—A1)ew)) < 2‘52)7@(R(x)—A1)2t2+0((R(x)—A1)4t4),

where the constant hidden in the symbol O((R(x) — A1)*t*) is dependent exclusively
on ¢} i, > 0. Multiplying (3.16) by —(R(x)—1)*/(c} ,)* and adding this to (3.17)
yields

7~2(A71(C’1V1 + (R(x) — A1)ew)) — (]?SQ%_)EPTQ(Alv) < O(R(x) — )\1)2t4
Since t = ||€'||, we get
R(X) — )\1

1, min|
|Cl,min

(3.18) (AN (c}v1 + (R(X) — M)ew)) < r(A7V) + O(R(x) — \)|le'||2.

Statement (3.7) now follows by Lemma 3.2. O
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It remains to avoid the assumption A\; = 1.

Corollary 3.4. Let A be a symmetric and positive definite n X n matrix with
eigenvalues \y < Ao < ... < A, and vy,...,v, the corresponding orthonormal
eigenvectors. Consider a vector v in the form v = ¢1vy +e, e L v; and set e =
[vll~*e. We assume that |c1| > ¢} VI, €] min € (0,1]. Let x € R™ be a vector
satisfying R(x) < A2 and R(x) — A1 < A1. Then we have

-1 A2 R(x) -1
(3.19) r((A=BOOD V) < 1 —R(X))IC’l,minl( o 1)7«(A v)
+ cxl(%‘) - 1) lle]|2.

Here, C' > 0 is a constant independent of e, dependent exclusively on ¢} ;.

Proof. Set A’ =X ‘A, and 74/(-), Ras () to be 7(-), R(-), respectively, with
A replaced by A’. Lemma 3.3 gives
(3.20)

ra((4 — Ra()D) ")) < Aa/M

(A2/A1 = Rar())[€] inl
+C(Ra(x) — 1]

(Rar(x) = Dra((A)71v)

Clearly, 74/ (-) = A\{'r(-), Ras(-) = 1/M\R(-) and A’ — Ra/(x)I = A\ (A— R(x)I).

Hence,
rar((A" = Ra(x)1)"'v)) = )\%7“((14 — R(x)I)"'v))
and 1
’I“AI((A/)ilv) = )\—lr(Aflv).

The proof of (3.19) follows from (3.20), the last two identities, and Ra/(-) = A\ ' R(-).
(I

Corollary 3.4 proves the acceleration effect in the estimate for r(v) in terms of
R(v)/A — 1. To eliminate the inconsistency, we prove that R(v)/A; — 1 can be
controlled by Cr?(v).

Lemma 3.5. Let A be a symmetric and positive definite n x n matrix and {v;}
its system of orthonormal eigenvectors with \; the eigenvalue corresponding to v;.
We assume the usual numbering \; < A\jy+1, ¢ = 1,...n — 1. We consider a vector
x = Y. ¢;v; such that R(x) < A2. Then

3

R(x) ]2 r(x)\?
(3:21) NS (Aa/M — 1)c§( A ) '
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In addition, it holds that

(3.22) 2> (1 - %) Ix]2.

Remark 3.6. In the above estimates, (c¢})? = (c1/||x]|)? € (0,1].

Proof. Without loss of generality, we assume that \; = 1 and ||x| = 1. The
generalization follows by a trivial argument.
Let us set ¢ = R(x) — 1. Thus, to prove (3.21) and (3.22) means to prove

(3.23) r2(x) = (\g — 1)ect
and

24 251 ¢
(3 ) cl )\2 _ 1

We first prove the auxiliary estimate

X I S gy
R S T

(3.25)

By assumption, x = Y ¢;vi, Y. c? =1l and ¢f + > c2\; =1 +c. Set
i i

i>1
PORCPY
i>1
q= P > AQ-
>
i>1

Then ¢? +q Y. c?=1+¢, or, ¢t +¢q(1 —c3) =1+ c. Thus, we have
i>1
5 c

C
2 =14+ -—-= >1- .
(3 6) q +1_c%7 Cl Ag—l

This proves (3.24). Further, for any nonzero w € R,

Iwlla = fwl] -

Indeed, |w||% = (Aw,w) < ||Aw||||lw||. Dividing the above estimate by ||w]|||w]| 4
yields (3.27). Setting w = > ¢;v;, we get
i>1

2 A Y

3.28 i>1 > 1 —
(3.28) San . va !
1>1 1>1
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Using (3.26) and (3.28), we have

1 Ay — 1
q—1= 62 and 222—.
1—¢cy 1—¢cy c

To conclude, from the fact that > ¢? = 1 — ¢? and from (3.28) it follows that
i>1

E+qgS AN A+qgX el

[Ax[|> [Ix[% i1 B =1
Ix% 2 7 e+ X dn g+ X
i>1 i>1
d+¢? Yy d+ay
_ >1 i>1
dtqyc  d+ X
i>1 i>1
(d+ere)(d+re)—(d+ar ) (d+ax e
_ i>1 i>1 i>1 i>1
(¢+axe)(d+x¢)
i>1 i>1
qg—1)3¢ c?
_ ( ) 11-; ! c2c? cc2(Ng — 1)
A+qgd.c? T (1-&)1+c) "  1+c

i>1

This constitutes the proof of (3.25).

The estimate (3.23) is a more or less straightforward consequence of (3.25). Indeed,
we first notice that in the definition of r in (2.9), the term R(x)x is the projection
of Ax onto span{x} orthogonal in the Euclidean inner product. Therefore, we have
by the Pythagorean Theorem

(3.29) TQ(X) _ 1Al ~ R%*(x) = (B3I (|AX| |X|A>7

TR RSN E A

and (3.23) follows by (3.25) and R(x) = 1 + ¢. Statements (3.21) and (3.22) follow
by substitution A «- 1/A\1 A and x + ||x|| " 'x. O

Remark 3.7. Let v=civi +e, e L vy. Let usset v = ||v|]|~v, ¢} = a1 /| v,
and € = ||v||~te. Viewing v as an input iterate of the Rayleigh quotient iteration
(2.6), let us make a realistic assumption that

(330) R(V) — /\1 < /\2 — R(V)

This assumption represents a minimal requirement on the input iterate of the
Rayleigh quotient iteration (2.6), if we expect it to work reasonably. By (3.30),
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R(x) < (A1 + A2)/2 and therefore (3.22) gives

|~

() >

In the assumption of Lemma 3.3, we can therefore take C/Lmin =/1/2.
Also, note that since ||€/||? =1 — (¢])?, (3.22) gives

lel* _ ROv) =X

3.31 e? = <
(3.31) €1 = o < =

Hence under assumption (3.30), |le/|| < v/1/2.

4. FINAL RESULT

In this section we give the proof establishing our final convergence estimate. To
this end, we need one technical result proved in [4] and one more straightforward
technical result.

Lemma 4.1 ([4], it follows also from the Courant-Fischer principles). Let x be
the iterate upon entry to Algorithm 1 and v = [x|P]v? the prolongated solution of
the coarse-level problem (2.4). Then

4.1 R(v) = inf R(u) < R(x).
(4.1) (v) aeRa P, (u) < R(x)

Proof. We will derive the coarse-level problem (2.4) by minimizing R(u) on
the subspace Range([x|P]).
The minimizer v of R(u) on Range([x|P]) satisfies the condition

i‘ _ R(v+1tw) =0 Vw e Range([x|P]).

dt lt=0
We have
_d (A(V +tw), v + tw)
dﬁ‘t:OR(v+tw) T dtheo [V +tw]?
_ 2{Av, w)|Iv[? = 2(v, w)[Ivi[%
vl
= L(AV — R(v)v,w)
v o

65



Thus the minimizer v € Range([x|P]) is the solution of the Galerkin problem (2.8)
that leads to the coarse-level problem (2.4); see Remark 2.3. Let v>' be the gen-
eralized eigenvectors of (2.4) and A\?! the corresponding eigenvalues. We assume
the natural numbering A% < A2+ Clearly, \*>* = R([x|P]v?®?). The eigenvalues
A2% = R([x|P]v??) are (all) extremes and the values in the saddle points of R(v)
on Range[x|P]. The value \*! = R([x|P]v*!) = R([x|P]v?) is therefore the global
minimum. (]

Before formulating the final convergence theorem, we need one more technical
result.

Lemma 4.2. We have
(4.2) R(A7'v) < R(v).
At the same time, assuming R(x) — A\; < A2 — R(x),

(4.3) R((A— R(x)I)"'v) < R(v).

Proof. We prove a more difficult statement (4.3). The proof of (4.2) is anal-
ogous. Without loss of generality, we assume that the matrix A is scaled so that
Amin(A) = 1. The generalization follows by a trivial argument, namely, by substitu-
tion A < A1 A. Assume the eigenvalues {\;} of A are numbered so that \; < \i41
and the corresponding eigenvectors {v;} are orthonormalized. Set

1 -1
’)\min(A — R(x)I) (A= R(x)I) .

S(x) = [

Denote by )\ZS the eigenvalue of S(x) corresponding to the eigenvector v;. Clearly,

(Af11)? < ()2 The vector v can be expressed as a linear combination of the

eigenvectors v; as v =) ¢;v;. Thus, to prove (4.3) means to prove R(S(x)v) < R(v),
i

that is,

YEN)N YN
3 1

(44) TENE ST

We proceed by induction; assume that

(4.5) L
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for some k < n. Then, since (A\y)? are non-increasing, (4.5) holds also for k + 1 in
k k

the place of k. Indeed, set ¢ = > c%()\f)Q)\i/ > e2(AY)? < App1. By induction
i=1 i=1

assumption (4.5) we get

k k
(4.6) Zc?/\i > ch?.
i=1 i=1
We have
k41 k
S A0 0 X G094 G )
(4.7) T - k p
Z: ?()‘) Z: ( )2+Ci+1()‘k+1)2

The function on the right-hand side of the above inequality is a convex com-
bination of ¢ and Mgy and ¢ < Agy1, that is, it is a non-increasing function

k k
of Z:lcf(/\f)Q/{Z:lcf()\f)Q + ciH(/\fH)Q}, hence a non-increasing function of

k k k k
> 2(AF)? (enlarging > c2(\7)? makes larger the weight > cZ(A%)2/| >0 c2(A\F)2 +
= = i=1 i=1
iﬂ()\fﬂ)Q] in front of the smaller or equal ¢ at the expense of the weight of the
k k
larger or equal Ap41). Therefore, since Y cZ(Af)? > (A7, )? E 2, we have

i=1 i=1

k41 k k
2:1 GOPPA a(N)? ;  + i (A1) Mk @ Z:l ¢} + i1 ks
sy ) s moa o s - Lo o .
E i (A7)? ()‘k+1) 21 ¢ + Ck+1()‘k+1)2 21 ¢ +

=1 1= 1=

The proof of (4.5) with k + 1 in the place of k now follows by (4.6). The proof of
(4.4) follows by induction with the fact that for & = 1, both sides of (4.5) are equal
to A\1.

This proves (4.3). The proof of (4.2) follows by setting S = A~!, that is,
A =1/\. O

Theorem 4.3. Let A be a symmetric and positive definite n X n matrix with
simple minimal eigenvalue \i,. We assume the eigenvalues are numbered so that
Amin = A1 < A2 < ... € Ay = Apax- Consider @ € (0,1] and 8 > 0 such that
af —1 > 0. We assume there is a linear mapping @Q: R™ — Range(P) and a
constant C'y > 0 such that

Ca

n. \B/2y, s S
Yue R™: A ||ll Qu” < CODd(A)O‘ﬁ/Q ||uHAl3

min
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In addition, assume that the input iterate x is reasonably close to the first eigenvector
vy so that R(x) — A1 < A2 — R(x) and R(x)/A1 —1 < 1. Then the result x**% on
exit of Algorithm 1 with v > [3/2 and post-smoothing performed by the Rayleigh
quotient iteration (2.6) satisfies the estimate

) < gMcrqQI(x) (::2 )3 +Cv ( ;Ezl)l )4,

T(XIIEW

)\min

(4.8)

where

(X) ) CA ( >\min )1/2( 2\/§>\min>\2 )V
IMGRQIIX) = cond(A)(@B=1/2\ \y — A\pin (A2 = Amin)?/

The quantity gucrqi(x) satisfies

li =0.
cond(lzlg)l*)oo IMGRQI (X)

The constant C' depends only on Aa/Amin.

Proof. Let x be the iterate upon entry of Algorithm 1, v = [x|P]v? the
prolongated solution of the coarse-level problem (2.4), and x' the i-th iterate in
smoothing procedure (2.6). Clearly,

x' = (A - R(x"HI)'xL.
By Lemma 4.1 and Lemma 4.2 we have that

(4.9) R(x™") = R(x") < R(x" ') <... < R(x") = R(v) < R(x).

For a vector w € R"™, define ¢/(w) and €'(w) by

ﬁw =d(w)vi +€(w), €(w)Lvy.
w
Set
0 .
O T O 2
i=k,k—1,
and
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e

(with [] =I). By Lemma 4.2 we have

0

(2

(4.10) R(y*) < Rx"), R(z")<R(x"), k=0,...,v

Note that x° = v. Clearly, y¥ = x¥, y? = A7¥x" = A7Vv, A7'zF = y*=1 and
y* = (A — R(x*"1)I)~1z*. By Corollary 3.4, we get

Ao R(inl) _
a1 S R o e
kal
ro(BEL 1))
A2 R(x"1) -1
vy Ty ] G el L
Xk—l
+ C(R(T) 1) e/ (2)]1%.

Further, by virtue of (3.31) and (4.10),

Zk X
@I < g (T - 1) < s (- ).

Substituting this estimate and (4.9) into (4.11), we get

A v R(A;))|cg,mm| (R/\(T) 1)+ /\2//\(/: 1 (R/\(T) 1)

and therefore,

(4.12) r(x") < ((A2 — R(A;))Ici,minl)y(R(X) - 1)V7“(A_”x0) + cy(RA(iQ - 1)2.

Statement (4.8) now follows by Theorem 2.4, Lemma 3.5, and Remark 3.7. O

Remark 4.4. The convergence results can be easily extended to the case of
the generalized eigenvalue problem assuming both matrices are symmetric, positive
definite. The methodology has been developed in Section 4 of [4].
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5. NUMERICAL EXPERIMENTS

In the following numerical examples, we use the bilinear FE on the fine level and
the bilinear FE on the coarse level. No orthogonalization process is applied to the
coarse basis vectors. The computational domain is rectangular with the uniform
square grid. The coarse-level mesh is also uniform. There is n (fine) DOFs and m
coarse DOFs.

Tables show the numbers of iterations of several methods:
> inverse iteration method (II),
> Rayleigh quotient iteration (RQI),
> multigrid Rayleigh-Ritz method with one step of inverse iteration in every cycle

(MGII),
> multigrid Rayleigh-Ritz method with one step of the Rayleigh quotient iteration

in every cycle (MGRQI).

The last three columns in every table present reduction ratios of norms of the
last two residuals r(x%), i.e. 7(x¥T1)/r(x*), where k is the number of iterations to
achieve the prescribed threshold of r(x7). In particular, there are reduction ratios of
residuals of MGII method (rMGII), reduction ratios of the cubic powers of residuals
of MGII method (rMGII?), and the reduction ratios of residuals of MGRQI method
(rMGRQI), respectively.

To allow for the reproducibility of the presented numerical results, we start with
the vector of ones. In our numerical experiments, the presented results are fully
comparable to the ones that start with the random vectors.

We use Matlab routines for solving systems of linear equations. Of course, solving
systems with almost singular matrices becomes costly. This is the usual drawback of
the Rayleigh quotient iterations and we thus do not consider this issue in this paper.
We only note that preconditioning methods for such cases may exploit the multi-
grid scheme presented here. For the numerical results with the non-exact Rayleigh
quotient iteration given by multigrid, see [7].

Example 1. Equation —Au = Au on a rectangle with a uniform mesh and
homogeneous Dirichlet boundary conditions.

Example 2. Equation —V - AVu = Au on a rectangle with a uniform mesh and
homogeneous Dirichlet boundary conditions, where

1
A= ( 0) |
0 «
Adding the coarse-space of even a very moderate size (few degrees of freedom)

significantly reduces the number of iterations compared to RQI. The MGRQI method
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n m it. MGII it. MGRQI rtMGII rMGI® rMGRQI
9801 9 8 4 1.18e-01 1.66e-03 1.35e-05
16 6 3 7.73e-02 4.62e-04 1.04e-07

81 5 3 1.84e-02 6.28e-06 3.01e-10

361 4 3 1.98e-03 1.0le-11 2.25e-10

39601 9 7 4 1.18e-01 1.63e-03 6.26e-05
16 6 3 7.47e-02 4.16e-04 1.07e-07

81 ) 3 1.53e-02 3.57e-06 4.38e-10

361 4 3 1.02e-03 1.06e-09 1.19e-09

1521 4 3 7.42e-04 4.09e-10  4.90e-09

Table 5.1. Example 1. Tolerance le-11. For n = 9801 we have 14 steps of II method and
7 steps of RQI method. For n = 39601 we have 13 steps of II method and 5 steps
of RQI method.

n m it. MGIT it. MGRQI rMGII rMGII® rMGRQI
9801 9 15 4 4.01e-01 6.43e-02 1.06e-06
16 12 4 3.12e-01 3.03e-02 1.12e-05

81 7 3 9.66e-02 9.02e-04 2.76e-09

361 5 3 1.15e-02 1.53e-06 1.49e-10

39601 9 12 4 4.00e-01 6.39e-02  4.90e-06
16 10 3 3.08e-01 2.93e-02 7.86e-07

81 6 3 6.27e-02 2.47e-04 2.63e-09

361 5 3 8.54e-03 6.23e-07 6.73e-10

1521 4 3 1.85e-03 6.35e-09 2.78e-09

Table 5.2. Example 2 with « = 0.1. Tolerance le-11. For n = 9801 we have 33 steps
of II method and 8 steps of RQI method. For n = 39601 we have 30 steps of
IT method and 7 steps of RQI method.

n m it. MGIT it. MGRQI rMGII rMGII® rMGRQI
9801 9 61 4 8.47e-01 6.07e-01  6.48e-08
16 46 4 8.11e-01 5.33e-01  8.35e-07

81 15 3 5.02e-01 1.26e-01 3.08e-08

361 7 3 1.69e-01 4.84e-03 2.03e-10

39601 9 48 4 8.45e-01 6.03e-01 3.02e-07
16 35 4 8.09e-01 5.29e-01 3.66e-06

81 12 3 4.94e-01 1.20e-01 2.83e-08

361 6 3 8.19e-02 5.50e-04 5.50e-10

1521 5 3 1.84e-02 6.25e-06 2.21e-09

Table 5.3. Example 2 with a = 0.01. Tolerance le-11. For n = 9801 we have 198 steps of
IT method and 10 steps of RQI method. For n = 39601 we have 178 steps of 11
method and 9 steps of RQI method.
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performs excellently for highly anisotropic problems. The computational results for
larger problems (bigger condition number of A) are generally better than for a smaller
problems, mainly for MGII. This confirms our theoretical findings.

n m it. MGIT it. MGRQI rMGII rMGII® rMGRQI
9801 9 488 5 9.84e-01 9.57e-01  6.00e-06
16 346 4 9.80e-01 9.42e-01  9.30e-08

81 81 4 9.21e-01 7.80e-01 8.88e-06

361 23 3 7.47e-01 4.17e-01 2.01e-09

39601 9 315 ) 9.82e-01 9.47e-01 9.93e-07
16 215 4 9.77e-01  9.34e-01  1.30e-07

81 50 3 9.08e-01 7.49e-01 4.54e-06

361 15 3 6.94e-01 3.34e-01  1.32e-09

1521 7 3 1.70e-01 4.95e-03 2.16e-09

Table 5.4. Example 2 with o = 0.001. Tolerance le-11. For n = 9801 we have 1851 steps
of IT method and 6 steps of RQI method. For n = 39601 we have 1449 steps of
IT method and 11 steps of RQI method.

1004 —1I
77777 RQI

10-2 AN —o— MGII

0% . o~ MRQI
04 : —— MRQI'/?
1076}
10~8}
10710 L
10712 L \

0 2 4 6 8§ 10 12 14 16 18 20
Figure 5.1. Graphical plot of errors corresponding to the third row in Table 5.4 (20 steps).
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