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Abstract. The aim of the paper is to establish strong laws of large numbers for sequences
of blockwise and pairwise m-dependent random variables in a convex combination space
with or without compactly uniformly integrable condition. Some of our results are even
new in the case of real random variables.
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1. INTRODUCTION

Modricz [5] extended the classical strong law of large numbers (SLLN) of Kol-
mogorov to the blockwise m-dependence case. Gaposhkin [4] considered arbitrary
blocks and derived SLLN for blockwise independent random variables. Bo [1] stud-
ied the Marcinkiewicz-Zygmund law for sequences of blockwise m-dependent random
variables with respect to arbitrary blocks. Thanh [8] extended the result of Choi and
Sung [2] to the blockwise and pairwise m-dependence case and the result of Etemadi
[3] to the pairwise m-dependence case with respect to the blocks [2%,2%+1) k € Nj.

Teran and Molchanov [7] introduced the concept of a convex combination space,
which is a metric space endowed with a convex combination operation. The class
of these metric spaces is not only larger than the class of Banach spaces but also
larger than the class of hyperspaces of compact subsets, as well as the class of upper
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semicontinuous functions (fuzzy sets) with compact support in a Banach space. Some
very basic sets, such as singletons and balls, may fail to be convex in the convex
combination space. Terdn and Molchanov [7] also stated various basic properties of
the convex combination operation and used these properties to derive the SLLN for
pairwise i.i.d. random variables, which extended Theorem 1 of Etemadi [3]. Some
more limit theorems for random variables taking values in a convex combination
space can be found in Quang and Thuan [6], Thuan et al. [9].

Continuing in this direction, in this study we establish some results on SLLN for
sequences of blockwise and pairwise m-dependent random variables in a convex com-
bination space with respect to the blocks [2¥, 2¥t1) and with or without compactly
uniformly integrable condition. Our results are more general than some previously re-
ported ones. The paper is organized as follows. In Section 2, we state and summarize
basic results in a convex combination space X and some related concepts. In Sec-
tion 3, some results on SLLN for sequences of blockwise and pairwise m-dependent,
blockwise m-dependent, pairwise m-dependent independent identically distributed
random variables are established.

2. PRELIMINARIES

Throughout this paper, (€2, 4, P) is a complete probability space. For A € A, the
notation I{A} (or I4) is the indicator function of A. At first, we present a short
introduction to the approach given by Teran and Molchanov [7]. Let (X, d) be a met-
ric space. Based on X, we introduce a convexr combination operation which for all

n

n > 2, numbers A1,..., A, > 0 satisfying > A\; = 1, and all uy,...,u, € X, produces
i=1

an element of X, which is denoted by [A;, w;]?; or [A1,u1;...; Ap, uy]. Assume that

[1,u] = u for every u € X and that the following axioms are satisfied:
(i) (Commutativity)
Ais uilizy = [Ao(i)s Uo(i)]i=y for every permutation o of {1,...,n}.

(ii) (Associativity)

Mo 2
)\-,u-”fQZ[/\,u;...;/\,u;/\ Mga, |—22H } }
[’L 1]1_1 1 1 ny Un n+1+ n+2 >\n+1+>\n+2 n+j =1

(iii) (Continuity) If u,v € X and A®¥) — X\ € (0,1) as k — oo, then
[)\(k),u; 1-— )\(k),v] = [Au; 1l — A o).
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(iv) (Negative curvature) If uy, uz,v1,v2 € X and A € (0,1), then
d([Aur; 1 — X ug], [N v1; 1 — A v2]) < Ad(ug,v1) + (1 — N)d(ug, v2).

Based on the inductive method and (ii), this axiom can be extended to convex
combinations of n element as follows: if u;,v; € X, \; € (0;1), .i)‘i = 1, then
Al Do vling) € 3 N 1), -

(v) (Convexification) For each u € X, there exists lim [n~

n—oo
denoted by Kxu (or Ku if no confusion can arise), and K is called the convezification

L), which will be

operator.

Then the metric space X endowed with a convex combination operation is re-
ferred to as the convexr combination space. The above axioms imply the following
properties:

m
(2.1) For every uit,...,Umn € X and aq,...,0m,B1,-..,0, > 0 with > «o; =
i=1

n
B =1, we have
Jj=1

[ai, (B, wigli—i )ity = laiBy, wigi =) 7"
(2.2) The convex combination operation is jointly continuous in its 2n arguments.
(2.3) The convexification operator K is linear, i.e. K([A;,u;]7_1) = [Aj, Kuj]}_;.

n
(24) If u € X and Aq,..., Ay > 0 with 7 A; = 1, then K([\;,u]}_;) = Ku =

j=1
[Aj, Ku]7_,. Hence, K is an idempotent operator in X.

(2.5) For every A1, A2, A3 > 0 with A\ + A2 + A3 =1 and u,v € X,
[Al,u; )\Q,KU;)\?,,K'U] = [Alu; ()\2 —+ )\3),K’U].

(2.6) The mapping K is non-expansive with respect to the metric d, which means
that d(Ku, Kv) < d(u,v).

Let {A\p: k > 1} C (0;1),Ay — 0 as k — o0, and u,v € X. By (iv) and prop-
erty (2.4), we have

d([M, Ku; 1 — A, Kv], Kv) = d([Ak, Ku; 1 — A, Ko, [Ag, Kv; 1 — A, Kv))
< Apd(Ku, Kv) -0 as k — oc.

It follows that [Ag, Ku;1 — g, Kv] — Kv as k — oo, and this remark makes it
possible to extend weights A; from (0; 1) to [0; 1] for elements in K (X), which means
that we can define [\;, u;]ic; = [Niyui)ics with J = {i € I: \; > 0}, where \; €
[0, 1],ui € K(}:) and Z AN = Z A =1,

icJ i€l
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A mapping X: Q — X is called an X-valued random variable if X ~1(B) € A for
all B € B(X), where B(X) is the Borel o-algebra on X. The distribution Px of an
X-valued random variable X is defined by Px(B) = P{X}(B)} for all B € B(X),
and two X-valued random variables X,Y are said to be identically distributed if
Px = Py.

The collection of X-valued random variables {X;: i € I} is said to be independent
(pairwise independent) if the collection of o-algebras {o(X;): i € I} is independent
(pairwise independent, respectively), where o(X) = {X!(B): B € B(X)}.

Let m be a fixed nonnegative integer. We say that a finite collection {X;: 1 < <
n} of X-valued random variables is m-dependent if either n < m+ 1, or n > m + 1
and the random variables {X1,...,X;} are independent of the random variables
{Xj,..., X,} whenever j —i > m. A finite collection of X-valued random variables
{Xi: 1< i< n}issaid to be pairwise m-dependent if either n < m+1,orn > m+1
and X; and X; are independent whenever j — ¢ > m. A sequence {X,,: n > 1} of
X-valued random variables is said to be pairwise m-dependent if X; and X; are
independent whenever j — ¢ > m. A sequence {X,: n > 1} of X-valued random
variables is said to be blockwise m-dependent (blockwise and pairwise m-dependent)
if for each k € Ny, the collection {X,: 2*¥ < n < 2¥*1} is m-dependent (pairwise
m-dependent, respectively).

From now on, we assume that (X,d) is a separable and complete metric space.
We fix ug € K(X) and consider ug to be a special element of X. A random variable
X: Q — X is said to be integrable if Ed(up,X) < oo. Note that this definition
does not depend on the selection of the element ug. The space of all integrable X-
valued random variables will be denoted by £}, and the metric on £ is defined by
A(X,Y) = Ed(X,Y).

If X is a simple function that takes a distinct value z; € X for each non-null
set ;, i = 1,...,n, the ezpectation of X is defined by EX = [P(Q;), Kz;]?_,. By
continuity of all Borel functions X € L, then for X € £}, the ezpectation of X is
defined as the limit of the expectations sequence of simple random variables. Note
that if X,V € L% then d(EX,EY) < Fd(X,Y).

An example for a convex combination space is the space of nonempty compact
subsets. Let X be a convex combination space and k(X) the set of nonempty compact
subsets of X. A set A C X is called convex if [A\;,u;]?; € A for all u; € A and

> A = 1. We denote as co A the conver hull of A C X, and €0 A is the closed
i=1
convex hull of A. Let dy be the Hausdorff metric on k(X), that is dy(A, B) =

max{sup inf d(a,b),sup inf d(b, a)} for A, B € k(X). It follows from Theorem 6.2 [7]
a€A beB bEB acA
that the space k(X) with the convex combination [A;, A;]"; = {[Ni,wi]iqy: u; € A;

for all ¢} and the metric dy is a separable complete convex combination space. We
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also have Kjx)A = t0KxA = to{Kxu: u € A}. Further examples for convex
combination spaces can be found in [7].

Now we introduce the concept of compact uniform integrability in Cesaro sense
for a sequence of random variables taking values in a metric space, which is naturally
extended from a Banach space to a metric space. A sequence {X,: n > 1} of X-
valued (k(X)-valued) random variables is said to be compactly uniformly integrable
in Cesaro sense (Cesaro CUI for short) if for every € > 0, there exists a compact
subset K. of X (k(X), respectively) such that

supn~' Y E(d(uo, X;)I{X; ¢ K.}) <e.
i=1

n>1

(resp. supn "> E(du({uo}, X)) I{X; ¢ K.}) <e).

n>1 i=1

By using a method similar to that used in the proof of Proposition 2.1 of [9], it
is easy to show that the concept of Cesaro CUI does not depend on the selected
element ug. A sequence {X,,: n > 1} of real-valued random variables is said to be
stochastically dominated by a real-valued random variable X if there exists a constant
C (0 < C < 0) such that

P(|X,| >t) <CP(IX|>t), n>1,t>0.

We complete this summary by a lemma which will be used in the proof of Propo-
sition 3.1 in the next section.

Lemma 2.1 (6], Lemma 3.3). Let {a;,b;: 1 <i < n} CI0,1] be a collection of

n
nonnegative constants with > a; = > b; = 1. Then
i=1 i=1

n

d([ai; Kxi]?zlv [b’u Kx’b]'?:l) < Z |ai - bi|d(u07xi)7
i=1

where x1,...,x, € X are arbitrary.
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3. SLLN FOR SEQUENCES OF BLOCKWISE AND PAIRWISE m-DEPENDENT
X-VALUED RANDOM VARIABLES

Let ug be a fixed element of K (X), which is mentioned in Section 2. We denote
|2l = d(x,up) for all z € X. In the first theorem, we will establish a result
on the SLLN for sequences of blockwise m-dependent and Cesaro CUI X-valued
random variables in a convex combination space. To do that, we need the following
proposition.

Proposition 3.1. Let K be a compact subset of X. If {X,,: n > 1} is a sequence
of blockwise and pairwise m-dependent X-valued random variables satisfying P(X,, €
K) =1 for all n, then

(1) d([n™', Xy, [0 EXY]T,) = 0 a.s. asn — oo.

Proof. For e > 0, by the compactness of K, there exists {c1,¢2,...,¢p} C K
such that

P
KcC U B(et,e), where B(et,e) ={z € X: d(z,¢t) < €}

t=1
For n > 1, we define the X-valued random variables as follows:

co:=up if X,(w) ¢ K,
Yn(w) _ C1 if Xn(o.)) c B(Cl,&) N ,C,

t—1 c
et if X, (w) EB(ct,s)ﬂ{ § B(ck,s)} NK, t=2,....p
k=1

It is obvious that the sequence {Y,: n > 1} is also blockwise and pairwise m-
dependent. By the triangular inequality, we have

d([n™" Xilisy, [ EX) < d([n”

Xilizy, [0 Vi)
d([n iy, [nT L K YL
d([n™", KYiliLy, [~ EYi]Ly)
d([n™ ", EYiliLy, [n™ ! EXGL)

= (A1) + (A2) + (43) + (A4).

d(
n
n
n

For (A1), by the construction of Y;,, we have

n

Z (X;,Y;) < a.s.

(A1) = d(In ™" XYy, 0 Y,

=1

3|>—‘
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For (As), we put

Qh(w) =card{i: 1 <i<n,Yi(w) =c;} =Y HY; = ci}(w),

i=1

To(w)={t: 0<t<p,QL(w) >0}, n>1.

By properties (2.1) and (2.4), we have

Y, = QL [(Q4) 7 el e,
and
[n_laKY;]zn:l _[ -1 t [(Qt) Kct]?:;llLEﬁL = [n_levKCt]teTn'
Therefore,
_ n _ Q ;
(A2) = d([n™" Vil [0 KY,) < Y0 =2 el Key).
teTn

We will prove that (As) < ¢ for all w € 2 when n is sufficiently large.
Indeed, we consider each t = 0,1,...,p. By the definition of K, we have

lim d([n™", ey, Ke) = 0.

n—oo

Thus, there exists n1(e) € N such that

d([n™ ! )iy, Key) < % for all n > ny(e) and for all ¢t =0,1,...,p.
p

Mi(e) = | max d([k™" iz Ker),  M(e) = max Mi(e)

and choose the smallest integer number n(g) such that n(e) > e 1 (p+ 1) M (g)ni (¢).
Now, for all n > n(e):

If Q! (w) = ni(e), then

o) Q) ed B K < =S5 (e n QL) < 1)

If 0 < @ (w) < ni(e), then

Qn(@) 1ot (w11 19 e
@)™ alZn™, Kea) < 205
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Hence, for n > n(e) and for all w € €,

Qnw) ,

d([(Q" (@)™ Afifa‘“’,Kct)gpg

This implies that

() < Y Lea(@)al Ka) <Y =

teTn t=0

for values of n that are sufficiently large.
For (A3), we have KY; = [I{Y; = ¢:}, Kei|b_, EY; = [P{Y; = &}, KctJ?_,. Then,
by properties (2.1) and (2.5), and Lemma 2.1

(4s) = d([n ™, [1{Y; = eoh, Kefi_oliy, [h [P{Y = e} Kedioli)
= d([n ' I{Yi = e}, Kerly ’6:2=?,[n‘1P{Y- =}, KeliZhiZh)

[E;I{Yi—%},KCt]p 1 ZP{Y—Ct} ] )

t=0

7N

d

n

<SStz ad - P =ad)|ledh,
t=0 i=1

=Y 2 S = ad — PO = )l
t=1 i=1

Using the fact that {I{Y; = ¢;}—P{Y; = ¢t}: n > 1} is the sequence of blockwise and
pairwise m-dependent real-valued random variables that is stochastically dominated
by random variable X = 2 and applying Theorem 1 of [8], we have

n
1 Z(I{Yi =a}—P{Yi=c¢})—0 as. asn— oo
n

Thus (As) — 0 a.s. as n — 0.
For (A4), by the definition of Y,,, we have

(Aa) —d([ “LEYL, [T EX‘]Z’ 1)

ZdEn,EX ZEdm,X)

1,1 11

Combining the above parts, we obtain

limsupd([n™ ", X;]l_y, [0, EXi),) < 3¢ as.

n—oo

By the arbitrariness of ¢ > 0, we derive conclusion (1). O
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Applying the above proposition, we obtain the SLLN for sequences of blockwise

m-dependent and Cesaro CUI X-valued random variables.

Theorem 3.2. Let {X,: n > 1} be a sequence of blockwise m-dependent X-

valued random variables which is Cesaro CUI. If

> B X2
- Bl
n=1

then (1) holds.

Proof. For € > 0 arbitrarily small, by Cesaro CUI hypothesis there exists

a compact subset IC. of X such that
1 n
- > E(IXillu I{Xi ¢ K}) <& for all n.
i=1

For n > 1, we define the X-valued random variables as follows:

Zu(w) = {Xn(w) if X,,(w) € K,
) e if Xn(w) ¢ Ke.

By the triangular inequality, we have

d(fn=", Xi)iey, In ™ EXGJE,) < d([n, X']? LT Zi)
+d([n™h Zil, [nm L BZ)
+ d([n_laEZi]i:Ia ™ EXiP))
= (B1) + (B2) + (Bs).

For (B1), we have
d([nilaXi];;la [nil Z]? 1)
<_ZdX“Z ZHXHHOI{X ¢IC}

= Z(HXiHUOI{Xi ¢ Ko} = E([ Xillug I{X: & Ke}))

32 B X [ T{X ¢ K2})

3

3

N

i=1

% D (Xl {Xs & Ke} = B(IXillupI{X: ¢ K:}) +e
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It is clear that {||Xp|lwI{Xn ¢ K} — E(|| Xnllue I{Xn ¢ Kc}): n > 1} is a sequence
of blockwise m-dependent real-valued random variables. Moreover,

2 E(| Xl I{ X0 & Ko} = E(| X lluo I{Xn & K
ZIIII{¢} X lluo I{Xn & Kc}))?

n
n=1
o B XI5
<Y —m <o (by (2)
n=1

Then by Theorem 1 of [5], we have

A EZ(”X lluo I{Xs & Ke} — E(| Xilluo I{X: & Kc})) =0 aus.

i=1

Hence,

limsupd([n™", Xi)iy, [n ', Zi)ln,) < e as.
n—oo
For (B,), it is clear that {Z,: n > 1} is a sequence of blockwise and pairwise m-
dependent X-valued random variables and Z,, € K. U {up} for all n. By applying
Proposition 3.1, we have (Bz) — 0 a.s. as n — 0.
For (B3), we have

_ _ " 1 —
d(n " BZIy [ 1,EXi1i=1)<EZId<EZi,EXi>

3|'—‘

> Ed(Z: X) LS B ) <

i=1

Combining the above parts, we obtain

limsupd(n™*, X%y, [n Y EX],) <2 as.

n—oo

The proof is completed. O

For sequences of blockwise and pairwise m-dependent and Cesaro CUI X-valued
random variables, we obtain the following result.
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Theorem 3.3. Let {X,,: n > 1} be a sequence of blockwise and pairwise m-
dependent X-valued random variables which are Cesaro CUI Suppose that {|| Xy ||u, :
n > 1} is stochastically dominated by a real-valued random variable X. If

3) E(|X|(log" |X[)?) < oo,

then (1) holds.

Proof. We will use the same method and notation as in the proof of Theo-
rem 3.2. We also have (B3) — 0 a.s. as n — oo and (Bs) < . Now we consider (By).
Note that {||Xn|luoI{Xn ¢ Kc}: n > 1} is a sequence of blockwise and pairwise
m-dependent random variables and for all n, t > 0,

P([[Xnllug H{Xn & Ke} 2 1) < P([ Xnllu, =) < CP(IX] > 1).

Then by Theorem 1 of [8], we have

RS
B DS (6 # K} = Bl (X ¢ KD =0 as.
Hence,
lim sup d([nila Xi]’?:la [nilv Zl]?:l) e as.
n—oo
The proof is completed. O

Remark 3.4. In general, the compactly uniform integrability is stronger than
the uniform integrability. But, they are equivalent for the real case. Furthermore,
if {|| Xnllug: m = 1} is stochastically dominated by a real-valued random variable X
and E|X| < oo, then {||X,|u: » > 1} is uniformly integrable. Therefore, in the
above theorem, if X = R we obtain Theorem 1 of [8] with r = 1.

In the next part, we will establish the SLLN for sequences of blockwise m-
dependent and identically distributed X-valued random variables. First, we will
prove the following lemma.

Lemma 3.5. Let {X, X,,: n > 1} be a sequence of blockwise m-dependent and
identically distributed real-valued random variables. If E|X| < oo, then

1 n
(4) HZXi_)EX a.s. as n — Q.

i=1

Proof. Since {X,f: n > 1} and {X,,: n > 1} satisfy the hypotheses of the
lemma and X,, = X;F — X, without loss of generality we can assume that X,, > 0.
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Set Y, = X, I{X, < n}, n > 1. Let F(z) be the distribution function of X. We
have

EY? & kt1
; =30 / 2 dF(z Zan ) / 2 dF (s
o] k+1 00 1
= Z/ x? dF(x) Z —-
k=0"Fk n=k+1 n

On the other hand, we have

Indeed, if £ = 0, then

If K > 1, then

n=k+1
Hence
oo 00 k+1 k+1
EY? 1
<2 —_— dF <2 dF(z) =2EX < cc.
PR B I Z / " o

This implies that

= E(Y, - EY,)? X EY?
Z n2 < Z ) < 0.
n=1 n=1

Since {Y,: m > 1} is a sequence of blockwise m-dependent random variables,
{Y, — EY,: n > 1} is so as well. By Theorem 1 of [5], we have

1 n
— E (Y; — EY;) - 0 a.s.asn — oo.
n

i=1

On the other hand,

iP(Xn;éYn):ZPX > n) Z OodF(a:)
i+1
:le/ ):Z;i/i

SZ/ xdF(z) < EX < 0.
i=171
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It follows from EY,, T EX as n — oo and the Borel-Cantelli lemma that

1 n
—ZXi—>EX a.s. as n — oo.
n

i=1
The lemma is proved. |

Now we will establish the SLLN for sequences of blockwise m-dependent and
identically distributed X-valued random variables.

Theorem 3.6. Let {X, X,,: n > 1} be a sequence of blockwise m-dependent and
identically distributed X-valued random variables. If

() B[ X[lu, < o0,
then
(6) ™Y X, - EX as. asn — oo.
Proof. First, assume that X is a simple function taking distinct values
21,%2,...,%p, on non-null sets y,Q,...,8,. Foreacht=1,...,p, we put

Uh(w) = card{i: 1 <i<n, Xi(w) =a} =Y H{X; =z} (w).
i=1

By Lemma 3.5, we have n U, — P(Q;) > 0 a.s. as n — oo. Hence, U} — o0
a.s. as n — oo and when n is large enough, U! > 0 a.s. For n large enough, by
property (2.1) we have

L X0 = [n UL [(U) adimh, as.

On the other hand,

t

[ UL (U™ e Py — [P(), KzJP_y = EX  a.s. as n — oo.

So the conclusion (6) holds for simple random variables.

Let us consider the general case when X is an integrable X-valued random variable.
For each € > 0, by Proposition 4.1 (d) of [7], there exists a sequence {¢y: k > 1}
of (Borel measurable) maps such that Ed(pr(X),X) — 0 as k — oo. Therefore,
there exists ko such that Ed(pg,(X), X) < e. Furthermore, by the assumption and
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Proposition 4.1 (a) of [7], {pr,(X), ¢k, (Xn): n > 1} is a sequence of blockwise
m-dependent identically distributed and simple random variables. We have

(7) Ellore (X)lup < B[ X]|uo + & < o0
By the triangle inequality,

d([n_1, Xi]?:p EX) < d([n_17 Xi]zn:lv [n_la Pko (Xi)]zn:l)
+ d([n_la Pko (Xi)]zn:lv E‘)Oko (X))
+ d(Epr, (X), EX) := (C1) + (C2) + (Cs).

For (Cy) we have

n

A, Xl o (XJE) < 2D (X o (X)),

i=1

Note that {d(X, ¢k, (X)), d(Xn, 0k, (Xn)): n > 1} is a sequence of blockwise
m-~dependent and identically distributed real-valued random variables. Thus by
Lemma 3.5 again, we have

1 n
- Z d( X, 0o (X3)) = Bd(X, 0p, (X)) <& as.asn — oo.

i=1
For (Cy), it follows from the first case and (7) that
d([n™, ro (X)) y, Bore (X)) = 0 a.s. as n — oo.
For (C3), we have
d(Epr, (X), EX) < Ed(X, ¢k, (X)) <&
Combining the above parts, we obtain

limsupd([n™!, X;]",, EX) < 2 as.

n—oo
By the arbitrariness of ¢ > 0, we derive the conclusion (6). O

By using Theorem 2 of [8] and a method similar to that used in the proof of
Theorem 3.6, we derive SLLN for sequences of pairwise m-dependent and identically
distributed X-valued random variables. Therefore, the proof will be omitted.
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Theorem 3.7. Let {X, X,,: n > 1} be a sequence of pairwise m-dependent and
identically distributed X-valued random variables. Then condition (5) implies (6).

Remark 3.8. Note that pairwise 0-dependence is equivalent to pairwise inde-
pendence. Therefore, Theorem 5.1 of [7] is a special case of Theorem 3.7.

As mentioned in Section 2, (k(X),dg) is a separable and complete convex com-
bination space. We denote the expectation of an integrable random variable X in
(k(X),dr) by Eix)X. Then, by applying the above theorems, we obtain the follow-
ing corollaries immediately:

Corollary 3.9. Let {X, X,,: n > 1} be a sequence of blockwise m-dependent (or
pairwise m-dependent) and identically distributed k(X)-valued random variables. If
EHXH{UO} < 00, then

(8) n~' Xilley = Epx) X a.s. asn — oo,

Corollary 3.10. Let {X,: n > 1} be a sequence of blockwise m-dependent
k(X)-valued random variables which are Cesaro CUL If

=, Bl X7, B

o) i LR

n=1

(10) dy([n ! Xy, [n7h By Xo)iy) = 0 as. asn — oo.

Corollary 3.11. Let {X,,: n > 1} be a sequence of blockwise and pairwise
m-dependent k(X)-valued random variables which are Cesaro CUI Suppose that
{II Xl guoy : m = 1} is stochastically dominated by a real-valued random variable X .
If

(11) E(|X|(log" |X])?) < oo,

then (10) holds.

Acknowledgements. The authors would like to thank the editors and ref-
erees for carefully reading the manuscript and for offering some very perceptive
comments that helped us to improve this study.

683



1]
2]
3]

[4]

[5]
[6]
(7]
8]

[9]

References

Z. Bo: Marcinkiewicz-Zygmund law for sequences of blockwise m-dependent random

variables. Statist. Probab. Lett. 38 (1998), 83-88. MR]
B. D. Choi, S. H. Sung: On convergence of (S, — ESn)/nl/r, 1 < r < 2, for pairwise
independent random variables. Bull. Korean Math. Soc. 22 (1985), 79-82. MR]
N. Etemadi: An elementary proof of the strong law of large numbers. Z. Wahrschein-
lichkeitstheor. Verw. Geb. 55 (1981), 119-122. |zb] MR}

V. F. Gaposhkin: On the strong law of large numbers for blockwise independent and
blockwise orthogonal random variables. Theory Probab. Appl. 89 (1994), 677-684;
translation from Teor. Veroyatn. Primen. 39 (1994), 804-812. (In Russian.) MR
F. Moricz: Strong limit theorems for blockwise m-dependent and blockwise quasi-
orthogonal sequences of random variables. Proc. Am. Math. Soc. 101 (1987), 709-715. IMR]
N. V. Quang, N.T. Thuan: On the strong laws of large numbers for double arrays of
random variables in convex combination spaces. Acta Math. Hung. 184 (2012), 543-564. MR
P. Teran, I. Molchanov: The law of large numbers in a metric space with a convex

combination operation. J. Theor. Probab. 19 (2006), 875-898. MR
L. V. Thanh: Strong laws of large numbers for sequences of blockwise and pairwise
m-dependent random variables. Bull. Inst. Math., Acad. Sin. 3% (2005), 397-405. MR

N. T. Thuan, N. V. Quang, P. T. Nguyen: Complete convergence for arrays of rowwise in-
dependent random variables and fuzzy random variables in convex combination spaces.
Fuzzy Sets Syst. 250 (2014), 52-68. MR]

Authors’ addresses: Nguyen Van Quang, Department of Mathematics, Vinh University,

182 Le Duan Street, Vinh City, Nghe An Province, Vietnam, e-mail: nvquang@hotmail . com;
Pham Tri Nguyen, Fundamental Science Faculty, Electric Power University, 235 Hoang Quoc
Viet, Hanoi City, Vietnam, e-mail: nguyench13@gmail.com.

684


https://zbmath.org/?q=an:0908.60009
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1629524
https://zbmath.org/?q=an:0585.60043
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0826361
https://zbmath.org/?q=an:0438.60027
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0606010
https://zbmath.org/?q=an:0847.60022
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1347654
https://zbmath.org/?q=an:0632.60025
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0911038
https://zbmath.org/?q=an:1265.60057
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2886225
https://zbmath.org/?q=an:1113.60014
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2279607
https://zbmath.org/?q=an:1084.60506
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2184437
https://zbmath.org/?q=an:1334.60041
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3223442

		webmaster@dml.cz
	2020-07-02T14:40:03+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




