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ON RELIABILITY ANALYSIS OF CONSECUTIVE k-OUT-OF-n
SYSTEMS WITH ARBITRARILY DEPENDENT COMPONENTS
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(Received November 11, 2015)

Abstract. In this paper, we consider the linear and circular consecutive k-out-of-n systems
consisting of arbitrarily dependent components. Under the condition that at least n —r 41
components (r < n) of the system are working at time ¢, we study the reliability properties
of the residual lifetime of such systems. Also, we present some stochastic ordering properties
of residual lifetime of consecutive k-out-of-n systems. In the following, we investigate the
inactivity time of the component with lifetime 7’-.,, at the system level for the consecutive
k-out-of-n systems under the condition that the system is not working at time ¢ > 0, and
obtain some stochastic properties of this conditional random variable.
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1. INTRODUCTION

Consecutive systems, especially consecutive k-out-of-n systems, are among the
most prominent coherent structures which are of great importance in various en-
gineering industries. Linear and circular k-out-of-n are two types of consecutive
k-out-of-n systems which are the most commonly used. Linear consecutive k-out-of-
n:G (denoted Lin/Con/k/n:G) system is a system composed of n units in which the
units are interconnected in a line and the system starts operating when k or more
consecutive units are operating. Correspondingly, a linear consecutive k-out-of-n:F
(denoted Lin/Con/k/n:F) system stops operating if and only if at least & consecutive
units stop operating. Circular consecutive k-out-of-n:G (denoted Cir/Con/k/n:G)
system is a type of system consisting of n units in which the units are interconnected
in a circle and it starts operating if at least k consecutive units operate. In the same
manner, a circular consecutive k-out-of-n:F (denoted Cir/Con/k/n:F) system stops
operating if and only if at least k consecutive units stop operating. Numerous authors
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have conducted studies on these types of systems, among them we can refer to Chen
and Hwang [8], Shanthikumar [34], Aki and Hirano [1], Boland and Samaniego [6],
Eryilmaz [9], Navarro and Eryilmaz [21], Eryilmaz [10] and Sfakianakis and Papas-
tavridis [32]; to have a comprehensive source on consecutive systems refer to Chang
et al. [7], and Kuo and Zuo [17].

During the last several decades a strong interest has been shown in conducting
studies on conditional reliability properties of coherent systems, especially the resid-
ual lifetime and the inactivity time of systems such as consecutive systems. Most
results in the articles cited above have presumed a situation in which the components
of the system are independent, or independent and identical. Bairamov et al. in [4]
conducted a study on the mean residual lifetime of parallel systems under the condi-
tion that all independent and identical components were operating at time ¢. Asadi
and Bayramoglu in [3] considered the mean residual lifetime of k-out-of-n systems in-
cluding n independent and identical components for their study and presented some
comparison results. Kochar and Xu in [15] generalized the results gained by Asadi
and Bayramoglu in [3] for a situation in which the components are independent but
non-identical. In order to gain more information on the studies conducted in this
field, we refer the reader to Khaledi and Shaked [14], Navarro et al. [20], Li and
Zhang [18], Li and Zhao [19], Zhao et al. [38]. Asadi in [2] considered the inactivity
time of the components of a parallel system and presented the concept of mean inac-
tivity time of the components. The extension of the results of [2] for the case when
the components are independent and non-identical is obtained by Sadegh in [26].
Tavangar and Asadi in [35] expanded the results of [2] for an (n — k + 1)-out-of-n
system and defined the mean inactivity time of the components at the system level.
In this regard, we can refer to Khaledi and Shaked [14], Zhao et al. [38], and Salehi
and Asadi [28].

Moreover, some attempts have been made to explore the conditional reliability
properties of consecutive k-out-of-n systems. Eryilmaz in [11] studied the residual
lifetime of linear consecutive k-out-of-n systems with independent and identical com-
ponents. Salehi et al. in [31] considered the residual lifetime of linear and circular
consecutive k-out-of-n systems with independent and identical components, and then
presented some results of stochastic comparisons for such systems. A study on the
distribution of the residual lifetime of linear and circular k-out-of-n systems with
independent and non-identical components was conducted by Salehi et al. in [30] ac-
cording to permanent concepts. Recently, Salehi et al. in [29] have considered a new
version of the conditional reliability of linear and circular k-out-of-n systems with
independent and identical components, and have presented some significant results.
However, in reality we are facing a situation in which there are dependencies between
components of the system. We can have a more realistic assumption in comparison to
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the assumptions in the previous studies. The study of such systems with dependent
components have been taken into consideration by researchers and engineers lately,
see, e.g., Navarro et al. [23], Navarro and Spizzichino [24], Jia et al. [13], Zhang [37],
Eryillmaz [12], Navarro and Rubio [22], Sadegh [27], Rezapour et al. [25], Tavangar
and Asadi [36], Koutras et al. [16], and Bairamov et al. [5].

The variable of the residual lifetime of a system has been studied by numerous
researchers and authors recently. This variable might be of prominent importance for
engineers and system designers in order to conduct some maintenance procedures.
Suppose that T is the lifetime of a coherent system which includes n components
with lifetimes T7,T5,...,T,. Denote by T1.n, To.n,. .., Tn.n the ordered lifetimes of
the components. The conditional variable of the residual lifetime of this system,
which is shown by {T' —t | T;., > t}, is in fact the residual lifetime of the system
under the condition that at least n—r+1 components are operating at time ¢. Another
important concept in reliability theory of systems is the inactivity time that has been
also considered by many researchers. The inactivity time of the components at the
system level is defined as {t —T}..,, | T' < t}. This conditional random variable shows,
in fact, the time elapsed from the failure of 7., given that the system has failed at
or before t > 0. In this paper we study the residual lifetime and inactivity time of
linear and circular consecutive k-out-of-n systems when the lifetimes of components
are arbitrarily dependent.

The present paper is organized as follows. In Section 2 some concepts and tools,
which are required to get the main results of the paper, are presented. Moreover,
in this section the form of the lifetime reliability function of linear and circular
consecutive k-out-of-n systems with arbitrary components is also presented. The
beginning of Section 3 is dedicated to the presentation of two important lemmas for
obtaining an explicit formula of the reliability function of the residual lifetime and
inactivity time for linear and circular consecutive k-out-of-n systems. Subsections 3.1
and 3.2 are dedicated to stochastic ordering properties of the residual lifetime and
inactivity time, respectively, of linear and circular k-out-of-n systems consisting of
arbitrarily dependent components with illustrative examples.

Notation.
n the number of components
T; the lifetime of the ith component, 1 <i < n
(T): the residual lifetime of T; at time ¢, i.e., {T; —t | T; > ¢}
Ty, rth smallest among 11,7, ...,Th, 1 <r <n
Thin:c the lifetime of the Lin/Con/k/n:G system
Thjn:¥ the lifetime of the Lin/Con/k/n:F system
T,ﬁn:G the lifetime of the Cir/Con/k/n:G system
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Tzﬁn;p the lifetime of the Cir/Con/k/n:F system

Tizm) min{T;,..., T} fori <m
Tlim] max{T;,..., Ty} for i <m
Fr (Frn) the distribution (reliability) function of T,

F(t,...,t) (F(t,...,t)) the joint distribution (joint reliability) function
of (T1, Ty, ..., Ty)

M. () the mean residual lifetime of a series system
with & components

2. PRELIMINARIES

Let T = (T1,Ts,...,T,) be a random vector and assume that T has an arbitrary
joint distribution function F'(t1,ts,...,t,) with corresponding joint reliability (or
survival) function F(t1,ta,...,t,). Also, let T1.,, To.p, ..., T, denote the order
statistics corresponding to T;’s. The reliability function of rth order statistic, i.e.
Ty.n, denoted F,.,(t), is equal to

(2.1) Frn(t) = P(Ty, > t)
= P(at least n — r + 1 of the T;’s are greater than ¢)

- Y3 P,

j=n—-r+lneC;

where ™ = (71,72, ..., 7n), BJ(-t’Tr) is the event
(2.2) {Te, >, Ty >ty Ty >, T, <ty T, <t
and C; is the set of all permutations {7, m2,...,m,} of {1,2,...,n} for which 1 <

m<...<mj<nand 1 < <... <My <N

Remark 2.1. If 71, Ts, ..., T, are exchangeable lifetimes of the components, the
representation (2.1) is reduced to

n
— n
. o
where
BY ={T1 > t,Ty > t,.... Ty > t,Tjy1 <t,...,Tp <t}

If T1,T5,...,T, are the indicators of arbitrary components’ lifetimes which
are interconnected in a Lin/Con/k/n:G structure, supposing that the lifetime of
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a Lin/Con/k/n:G system is shown by Tj,.¢, Eryllmaz in [10] indicated that for
2k > n, the reliability function of the system equals

n

(2.3) P(Tyjn.c >t) = Z[P(T[iflwrl:i] >t) = P(Tji—ky1:41) > 1)),

i=k
where T, = min{7;, Tiy1,...,Tin} for 1 < i < m < n. Since a Lin/Con/k/n:F
system is the dual of a Lin/Con/k/n:G system, we have

(2.4) P(Tyjpr > 1) =1— Z[P(T[iflwrl:i] < t) — P(Tl—F+LiH ),
i=k

where TU™ = max{T;, Tj;1,...,Tm} for 1 < i < m < n. For convenience, in
equations (2.3) and (2.4), P(Tjy—ky1:nt1) > t) = P(TFHEnH <) = 0. Tt is
worth mentioning that these representations do not impose any assumption on the
lifetime of the system components.

If we denote the lifetime of the Cir/Con/k/n:F system by T,ﬁ o Stakianakis and
Papastavridis in [32] obtained the survival function of the Cir/Con/k/n:F system
consisting of arbitrarily dependent components for 2k + 1 > n as follows:

(25) P(TS,p > 1) = 1= P <) = SPETHHH < ) = PTIHH < 9,

i=1
where T4k = max{T}, Tj,1,...,Tisx} for 1 <i < n and for convenience we take
Tivn=T;,i=1,2,..., k. Denoting by ch|n:G the lifetime of the Cir/Con/k/n:G sys-

tem, one can verify that the survival function of a Cir/Con/k/n:G system is equal to

n
(26) P(TlgnG > t) = P(T[ln] > t) + Z[P(T['LJrl'LJrk] > t) — P(T[i:iJrk] > t)],
i=1
where Tj;.; ) = min{T;, Tiy1,. .., Tipr} for 1 <i <n.
In the following, we present the concept of usual stochastic order, and for more
details we refer the reader to Shaked and Shanthikumar [33].

Definition 2.1. Let X and Y be random variables with survival functions F'
and G, respectively. X is said to be smaller than Y in the usual stochastic order
(denoted by X < Y) if F(t) < G(t) for all t.

Theorem 2.1. Let {X1, Xs,...} and {Y1,Y>,...} be two sequences of (not neces-
sarily independent) random variables such that (X1, Xa, ..., Xj) <s (Y1,Y2,...,Y%),
k> 1. Then X.;m <st Yjin, wheneveri < j andm—1 >n — j.
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Lemma 2.1. Let {X1,X5,...} be a sequence of (not necessarily independent)
random variables. Then X, <st Xj.n, whenever ¢ < j and m—1i > n — j.

3. MAIN RESULTS

This part begins with two lemmas which are required for the extraction of the

main results.

Lemma 3.1. Let T1,T5,...,T, be arbitrarily dependent lifetimes of n compo-
nents with joint distribution F(t1,ta,...,t,). Then, for z,t > 0, the joint survival
function of Tjy.j 4 k—1), Trun is

(31) @gc,r,n(xat) = P(T[l:l—i-k—l] >+ thr:n > t)
n j—k
t,m
= X X PETY X pae,
j=max{k,n—r+1} 7€Cj, m=0s€C\, ()i
where

pin’j(x,t):P(Tl—t>x,...,Tl+k,1—t>x,T51—téx,...,
T

Sm.

t,
—t< Tsmﬂ—t>a?,...,Tsj7k_t>x|Bj( 7r))7

T4 k—1) is the minimum of T}, Tiya, ..., Tiyx—1, Cj, is the set of all permutations
{m, 7o, o Tk} of {1,2,...,1 = 1,1 + k,...,n}, and the summation on Cp,j,
extends over all permutations s1,S2,...,Sj—k of {m1,m2,...,mj_x} for which 1 <
s51<s3<...<sp<nand 1l <spmp1 < Spmy2 < ... < Sj_p <N

Proof. Forall z,t > 0,

P(T[l:l-i-k—l] >x 4+t Ty > t) = P(Tl >+t Dyp—1 >+t Trm > t)
n
= Z PTy>x+t,....,Ti4p—1 >+,
j=max{k,n—r+1}
exactly j — k of Th,...,T1—1, Ti4k, - - ., T, are greater than t)
n j—k
j=max{k,n—r+1} m=0ne€C;; s€Chp ;).
PTi>x+t,..., 141 >+ttt <Ty, <z +t,...,t<Ts,
t

t <
Tspy >+t T, >x+8,Tr,, <t,...,Tx
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= S PBYYPT -t >, T —t >,
j=max{k,n—r+1} m=0ne€C;; s€Cp ;).

Ty, —t<x,....Ts,, —t < a,T;s

3
<

t,
T e )

Therefore, the proof is complete. O

Lemma 3.2. Let T1,T5,...,T, be arbitrarily dependent lifetimes of n compo-
nents with joint distribution F(t1,ta,...,t,). Then, for z,t > 0, the joint distribu-
tion function of TW+k=1 T s

3.2 qbl z,t) =P THART <y t, Trp <t
k,r,n
min{k,n—j}

= Z Z Z Z qin,j(‘%ﬂa

Jj=r m=max{0,k—j} 7€C; 1 s€Cp ()1

where

<t,...T,

<fl)+t,Tgm+1 Sk <t7

G j(w,1) = P(t < Ty, <z +1,...,t <T
t >t Tr > 1),

J Sm
Tris T < 6Tx

e

< Gm1

THAHR=1] s the maximum of Ty, Tiy1, .., Titp—1, C},1 is the set of all permutations
{Ths1, g2,y of {1,2,...,1 = 1,1+ k,...,n}, and the summation on Cy,;);
extends over all permutations s1, 82, ...,8; of {l,l+1,...,1+ k — 1} for which | <
51 <8< ...<sp <l+k—-landl<smp1 <Smy2<...<sj_p<I+k—1

Proof. For all z,t > 0,
PR Lo tt, T <) =P <o+t Tiphe1 ST+ 6, Ty < 8)

n
= ZP(T; <z+t,...,Tiyp—1 <z +t, exactly j of n T’s are less than ).
j=r

Hence, after some simplification, the proof is complete. ([

Remark 3.1. If Th,Ts,...,T, are the exchangeable random variables of the
components’ lifetimes, then the expressions (3.1) and (3.2) reduce to the result of
Eryilmaz, see [12].

3.1. The residual lifetime. Let Ty, 75, ..., T, be arbitrary random variables rep-
resenting the lifetimes of the components of a consecutive k-out-of-n system. Assume
that T = (Ty,Tb,...,T,) has an arbitrary joint survival function F(t1,ta,...,t,).
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In the following, we represent the reliability function of the conditional random vari-
ables {Tk‘ng —t| Try > t} ({ pre —t | T > t}) and {Typpep — t | Tron > t}
(T4 wink — | Trin > t}), for linear and circular consecutive k-out-of-n systems.

Proposition 3.1. Let T1,T5,...,T, be the lifetimes of n arbitrarily dependent
components of a Lin/Con/k/n system. Then for 2k > n and z,t > 0,

(33) P(Tk|ng—t>$|Trn>t

|:n k+1

Z Sokv"nxt Z@k+1rnxt:|

and

(34) P(Tk\nF —t>x | Trin > t)

|:n k+1

Z wkrnq"t Zwarlrnxt]

where
(3.5) WU,z t) =P <ott)—gh, (1), =12 n—k+1,
@ﬁwm(x,t) and ¢§€7T7n(x,t) are as defined in (3.1) and (3.2), respectively. Note that

P(THHR= <) = P(max{Ty, ..., Tiix1} < 1)
=P(T <t,Tip1 <t,...,Tiyp1 < t).

Proof. From (2.3), (2.4) and also using Lemmas 3.1, 3.2 and common arguments
similar to those used in the proof of Theorem 3.3 in Salehi et al. [30], the proof can
be obtained. O

In the following we obtain some results on the residual lifetime of circular consec-
utive systems.

Proposition 3.2. Let T1,T5,...,T, be the lifetimes of n arbitrarily dependent
components of a Cir/Con/k/n system with joint survival function F(ti,ta,...,t,).
Then for 2k +1 > n and x,t > 0,

P(T,ﬁmG —t> x| Ty > t)

1 n n B
— ) [Z @ic,r,n(ﬂ%t) - Z‘Piyﬂmn(l‘, t) +Fra(t+2)|,
=1

=1
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and
P(T,ﬁn:F —t>x| Ty > t)

1 n
- I (t) {Z w%@,r,n(x t Zwlwd rn x t ﬂ)nrn(x,t) ,
™ n 1=1

where @) .. (x,t) and ¢ ., (z,t) are defined in (3.1) and (3.5), respectively.

Proof. Using (2.5), (2.6), Lemmas 3.1, 3.2, and the same steps as used to prove
Proposition 3.1, the survival function of the residual lifetime of the Cir/Con/k/n:G
system and Cir/Con/k/n:F system for 2k + 1 > n, can be obtained. O

Theorem 3.1. Let T1,T5,...,T, be the arbitrary random variables showing the
lifetimes of the components of a Lin/Con/k/n:G system with a joint survival function
F(t1,ta,...,tn). Then for k > max{n —r + 1,[n/2]} and for all t > 0,

{Tk\n:G —1 | Tr+1:n > t} st {Tk|n:G -1 | Trn > t}

Proof. To prove the required result, we have to show that for ¢t > 0,
P(Tk\n:G —t>x | Tr+1:n > t) < P(Tk|n:G —t>x | Trn > t) Va>0.
Using (3.3), for 2k > n, we have

A(k) — A(k+1)
Fr;n(t)F'r+1:n(t) ’

P(Tk\n:G —t>x | Ty > t) - P(Tk\n:G —-t>z | Tr-l—l:n > t) =

where

n—k+1

AR)= Y [Froin®)¢knn(@t) = Fra()eh,a(@ )], 2k >n
1=1

If kK > n—r+1, using (3.1), gofcﬁr’n(x,t) = gpﬁc}rﬂ’n(x,t) and gofﬁlﬂ,}n(x,t) =
<p§€+17r+17n(x,t), forl=1,2,...,n— k+ 1. Therefore,

n—k+1
(3.6) A(k)—A(k+1) = [Frrn( Z Plesrn (T:1)
—[Fry1n( Z Sﬁ’k+1 rn(7,1)

n—k+1

:[Fr+1n( |:Z @krnxt Z‘pk+1rnq"t:|
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From Lemma 2.1, the first bracket in expression (3.6) is non-negative. Since
@27T7n(x,t) > g0§€+17r7n(x,t), when & > n — r + 1, the second bracket in expres-
sion (3.6) is also non-negative. Hence, for k > n—r+1, A(k) — A(k+1) > 0, and it
means that {Tyn.q —t | Try1:n >t} <st {Tkjn:q —t | Tr:n > t}. Therefore, the proof
is complete. (I

The following example gives an application of this theorem.

Example 3.1. Let T1,T5, T3, and T denote the arbitrarily dependent lifetimes
of four components which are connected in a Lin/Con/3/4:G system and assume
that T;’s have a Farlie-Gumbel-Morgenstern multivariate exponential distribution
with parameters @ = (012,613, ...,01234) and A = (A1, A2, A3, A4), the joint survival
function

4
F(ty,ta, t3,t4) = 1+ Z(—l)p Z (1—ePfin) (1 —e intin)

p=1 1< <ig<...<ip<4

P
d=2 j1<j2<...<ja
where j1,jo2,...,ja € {i1,i2,...,0p}, i1,02,...,3p € {1,2,3,4}, and for convenience
we define Y =0 when a < b. Hence, using Theorem 3.1, it can be shown that
d=b
P(Tajpq —t> x| Toua > t) = P(Tja.0 —t > x| T34 > 1)
_ Fa.u(t) — Fau(t)
Fo.u(t)F3.4(t)
—Fl@+tz+t,o+t,x+1t)]>0.

[P(T) > 2 4 t) + P(TE > ¢ 4 ¢)

The graphs of the survival functions of {T54.¢ —t | Tr:pp > t}, 7 = 2,3, for 012 =
013 = ... = B1234 = 0.15 and XA = (1,1.5,0.5,2), at a fixed point ¢ = 1, are plotted
in Figure 1. Also, from (2.1), we can extract the value of F3.4(t) and Fa.4(t) at the
fixed point ¢t = 1.

Theorem 3.2. Let T1,T5,...,T, be the arbitrary random variables showing the
lifetimes of the components of a Cir/Con/k/n:G system with a joint survival function

F(t1,ta,...,ty). For k> max{n —r+1,[1(n—1)]} and for all t > 0,

{ch"”iG -t | TT’JFL" > t} St {chfn:G -t | Trn > t}'
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2 z 3

Figure 1. The curves of survival functions of {T314.¢ —t | Tr:n > t}, r = 2,3 at t = 1, for
Example 3.1.

Proof. From Proposition 3.2, for x,t >0 and 2k+1>n

(3.7) P(Tpg—t > | Tron > )= P(T,q =t > @ | Trgrn > 1)
Fl n(t+z) Fra(t+z)
Frn(t) Fm n(t)
zn: [(Sﬁ’k i (z,t) so%c,TJrl,n(x’t)) B (@%ﬂ{»l,r,n(l"t) B ¢§c+1,r+1,n(m’t)>:|

) F’r—i—l:n(t) Frn(t) F’P-ﬁ-l:n(t)

= f (Flzn (t"‘x)[FTJrl:n(t) _FT:n (t)] +Z[A?(k) _Azk(k"‘ 1)]) )
: : =1

where

A;(k) = F”"-i-l:n(t)(pgc,r,n(x’ t) - FTin(t)sogc,r+1,n(x7t)a 2k+12n

If £k > n—r+1, using (3.1) in Lemma 3.1, goﬁcmn(:c,t) = gpﬁwﬂ’n(x,t) and
<p§€+1mn(x,t) = cp§€+17r+1’n(x,t). Therefore,

(3.8)  AY(k) = Ak +1) = [Fritn(t) = Fran®)][eh rn (@) = Ghyrpn (2, 1),

From Theorem 2.1, the first bracket in expression (3.8) is non-negative. Since
@fcmn(x,t) > <p§€+17r,n(x,t), when & > n — r + 1, the second bracket in expres-
sion (3.8) is also non-negative. Hence, for k > n—r+1, Af(k) — Af(k+1) > 0, and
then expression (3.7) is non-negative. Therefore, the proof is complete. ([
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Here we assume that the lifetimes of components are exchangeable. In the special

case when r = 1, the residual lifetime of the consecutive k-out-of-n system can be
defined as

{Tk\n:G -1 | Ty > t}.

It means that the residual lifetime of the system depends on the condition that all
exchangeable components of the system are alive at time t. For x,¢ > 0, one can
show that

(39) P(Tk|n:G —t>x | Tl:n > t)
=m—k+1D)Fy(z,...,x) — (n—k)F(z,...,x), 2k=n,
——
k k41
(3.10)  P(Tfq —t > | Ty > 1)

=Fy(z,...,x)+n|Fyx,...,x) —Ft(x,...,x)}, 2k +1 > n,
—— —— ——
n k k+1

where Fy(x,...,z) is the joint survival function of ((T1)s, (T2)¢,---,(Th)¢), with
(Ti)e = {T; —t | T > t}, i = 1,2,...,n. In other words, Fy(x,...,r) is the
survival function of the series system consisting of exchangeable components with
lifetimes (7).

Using (3.9) and (3.10), the mean residual lifetime functions of the linear and
circular consecutive k-out-of-n:G systems, under the condition that all components
are operating at time ¢, are equal to

E(Tk\n:G -1 | Ty.n > t) = (n —k+ 1)M1;k(t) — (n — k)M1:k+1(t), 2k > n,
BT —t | Tim > t) = Myg(t) + n[Myg(t) — Miga(8)], 2k+1>n,

where M. (t) denotes the mean residual lifetime of a series system with k exchange-
able components, i.e.,

Mlik(t):E(lek_t|T1:k>t):/ Ft(x,...,x)dx.
0 S——
k

Now we can prove the following theorems.

Theorem 3.3. Let 11,75, ..., T,+1 denote the exchangeable lifetimes of the com-
ponents of a Lin/Con/k/n system. Assume that T1,T5, ..., T,+1 have the joint sur-
vival function F. Then for 2k > n+1 andt > 0,

{Tk\n:G —t | Tl:n > t} gst {Tk|n+1:G —1 | Tl:nJrl > t}
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Proof. To prove the statement we have to show that for 2k > n+ 1, and t > 0,
P(Tk|n:G —t>x | Ty > f,) < P(Tk‘nJ’,l:G —t>x | Timt1 > f,) Vo >0.
From (3.9), for the Lin/Con/k/n:G system,

P(Tyjngr.c =t > x| Tigr > t) = P(Tipneg —t > @ | Tion > t)
=m—k+2)Fy(z,...,x) — (n—k+ 1) F(z,..., )
—— ——

k k+1
—|n—k+1)F(z,...,2) — (n—k)Fy(x,...,x)
—— ——
k k+1
:Ft(xa 7x)_Ft(xﬂ ,(E))O
—— ——
k k+1
The last inequality follows from Lemma 2.1, and hence the proof is complete. O
Example 3.2. Let the exchangeable lifetimes of components T3, 75, ..., T, have

Marshal and Olkin’s multivariate exponential distribution with the joint survival
function

n
F(ty,ta, ... tn) —exp{—)\Zti—)\*max{tl,tg,...,tn}}, A>0, A >0.
i=1

It is easily shown that

F(t,...,t,0,...,0) = exp{—(i\ + \*)t},
H,l—/

~——
[ n—1i
and then

k n—k
— F(r+t,...,v+1t0,...,0)
F . = — = —(kX+ X"z},
oz 2) F(t,....1,0,...,0) exp{=(kA + A7)z}

k
k n—k

To show the result of Theorem 3.3, using (3.9) and (3.10) we plot the graphs of the
survival functions of {Tyjn.c —t | T1.n > t}, n = 6,7, in Figure 2 for A = 0.5 and
A* = 0.1. It is obvious that {Tyj6.c —t | T1.6 > t} <st {Tu:.c —t | Tr.7 > t}.
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Figure 2. The curves of survival functions of {Ty,.q —t | T1:n > t}, n = 6,7, for Exam-
ple 3.2.

Remark 3.2. The result of Theorem 3.3 says that for a fixed value k£, the mean
residual lifetime function of a Lin/Con/k/n:G system under the condition that all
components are operating at time ¢, increases in n, n = k,k+1,...,2k — 1, i.e., for
all t > 0,

E(Tk\n:G -1 | Ty.p > t) < E(Tk|n+1:G -t | T1:n+1 > t).

In the next result, we show that for any fixed k, the residual lifetime of
a Cir/Con/k/n:G system under the condition that all components are working
at time ¢, (i.e., {T,ﬁn:G — 1t | Ty, > t}) is stochastically increasing in n, when the
components of the system are independent and identical.

Theorem 3.4. Let T1,T5,...,T,+1 denote the lifetimes of the components of

a Cir/Con/k/n:G system. Assume that T;’s are independent and have identical
distribution function F. Then for 2k > n and t > 0,

{Tﬁn;e —t | Tim > t} Sst {Tlﬁn-i-l:G -1 | Thing1 > t}-

Proof. From (2.6), we have for 2k > n,
P(Tlﬁn+1:G —t>x | Tl:n—i—l > t) - P(ch[nG —t>z | Tl:n > t) = n(k) - 77(”)7

where
n(k) = Fi(z)(Fi(x))",
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Hence, the proof is complete. ([

3.2. The inactivity time. In this section, we study the inactivity time of the
failed components of the linear and circular consecutive k-out-of-n:G (F) systems
consisting of arbitray components. First, we obtain the reliability function of the
inactivity time for such systems, which is given in the following theorems.

Theorem 3.5. Let T1,T5, ..., T, be the lifetimes of n arbitrarily dependent com-
ponents of a Lin/Con/k/n system. Then for 2k > n and z,t > 0,

1

3.11 P(t —T,. Tiing <t) = ———
( ) ( rn > L | k|n:G ) P(Tk|n:G < t)

n—k+1

Bt =)= (3 Pty > 0 = ot - o)
- =1
= Y Py > 0 = phoralant = )] )|
=1

and

1 n—k+1 n—k
T D S YR s e |
P(Tk\nF < t) |: lz:; k,r,n( ) ; k+177“7n( )

where @) . (z,t) and ¢} . ,(x,t) are defined in (3.1) and (3.2), respectively. Note
that

P(T[l:H»kfl] > t) = I‘%Iﬂlﬂ{j}7 . ,I}+k_1} > t)
:P(ﬂ >taﬂ+l >ta"'7ﬂ+k—1 >t)

Proof. For 0 <z < t,

1
n: ~X
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Using (2.3) and Lemma 3.1, we have

P(TTin <t-— vak\n:G < t)
=P(Tpm <t—x) = P(Trn <t —2,Tijn.g > 1)

n—k+1

Pt =)= | Y (Pt > 0= kol =)
=1

- Z(P(T[l:l-i-k] > t) - Saéc-l—l,r,n(xvt - CL')) :
1=1
Hence, we get (3.11). For a Lin/Con/k/n:F system, from (2.4) and after some
simplifications, it is easy to show that for 0 < x < ¢,

P(TT:YL <t-— z, Tk|n:F < t)
n

=3 [P(TUH L Ty <t — ) = POV 1 T, <t — )]

i=k
n—k+1 n—k
- Z P(T[l:l+k71] < thr:n <t- J)) - Z P(T[l:lJrk] < t, Tr:n <t- x)v
1=1 1=1
hence using Lemma 3.2, the proof is complete. 0

Theorem 3.6. Let T1,T5, ..., T, be the lifetimes of n arbitrarily dependent com-
ponents of a Cir/Con/k/n system with joint survival function F(t1,ts,...,t,). Then
for 2k +1>n and z,t > 0,

Pt = Trn > 2|Tijpc < 1)
1

— W |:Fr:n(t —z)— ;(P(T[I:Hkﬂ] >t) — 302,r7n(x,t — 7))

n

S Py > 1) — oyt~ x>>} ,

and

Pt =Ty > @ | Tf,p <)
1
= g Hon@0)+ St =) = s it = )|

kln:F =1

n

where gak rn(@,t) and ¢ x,t) are defined in (3.1) and (3.2), respectively, and also

’ﬂ"”ﬂ(

Hyn(2,8) = P(Trn <t — = 3" PAYOET (@),
meCyp
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where
AT (T <t Ty <ty T, <6, T, >t T, > 1),

Ti41

C; is the set of all permutations {my,ma,...,mn} of {1,2,...,n} for which 1 <
m<...<m<nandl < m41 < ... <7 < n, and Fm (z) is the joint

n—r+1l:n

survival function of the vector (t — Ty, ..., t — Ty AS’”)) (see the proof of Theo-

n

rem 1 in Tavangar and Asadi [36]).

Proof. The proof can be obtained from (2.5) and (2.6) and using Lemmas 3.1
and 3.2 in the same way as in the proof of Theorem 3.5. O

Theorem 3.7. Let T1,15,...,T, be the arbitrarily dependent random variables
showing the lifetimes of the components of a consecutive k-out-of-n:G system with
a joint survival function F(t1,ts,...,t,). Then

(a) for k > max{n —r+1,[n/2]} and for all t > 0,
{t - Tr+1:n | Tk\n:G < t} gst {t - Tr:n | Tk\n:G < t}7
(b) for k > max{n —r +1,[3(n — 1)]} and for all t > 0,

{t - Tr+1:n | Tkﬁn:G < t} <st {t - Tr:n | Tkﬁn:G < t}~

Proof. We only present the proof of case (a), because the proof of case (b) is
analogous to (a), using Theorem 3.6. From Theorem 3.5, for 2k > n,

(3.13) P(f, —Trn > | Tk\n:G < t) - P(t —Tryim >z | Tk|n:G < f,)
1

= m(ﬂ«:n(t — 1) — Fpy1in(t — ) + D(k) — D(k + 1)),

where
n—k+1

D(k) = Z (Sogc,r,n(xﬂ" - J?) - Sogc,rJrl,n(xfﬁ - .1?))
1=1
When & > n —r + 1, from Lemma 3.1, @27“_17”(3:,75 —x) = 30277"7"(33,1& — z) for
all 0 < = < ¢, and then D(k) = D(k + 1) = 0. Hence, since for all 0 < z < ¢,
Fry1.n(t —x) < Frpn(t — ), expression (3.13) is non-negative. Therefore, the proof
is complete. ([
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4. SUMMARY & CONCLUSIONS

In this paper, we studied the conditional variables (the residual lifetime and in-
activity time) of linear and circular consecutive k-out-of-n:G(F) systems with ar-
bitrarily dependent components; here we used two important lemmas to extract an
explicit form for the reliability function of these two well-known conditional variables
under a set of conditions for k. In Subsection 3.1, we presented stochastic ordering
properties of the residual lifetimes of linear and circular consecutive k-out-of-n:G
systems. We showed that for a fixed k and n, the residual lifetime of such systems is
stochastically decreasing with respect to r, and we then illustrated this feature with
a numerical example. In the remainder of Subsection 3.1, under the assumption that
all components are alive at time ¢, i.e., »r = 1, we proved that for a fixed k, the
residual lifetime of a Lin/Con/k/n:G system is stochastically increasing with respect
to n (the number of components). This property was also proved for the residual
lifetime of Cir/Con/k/n:G systems consisting of independent and identical compo-
nents. In Subsection 3.2, we stochastically compare the inactivity times of linear and
circular consecutive k-out-of-n:G systems, and showed that for a fixed k£ and n, the
inactivity time of such systems is stochastically decreasing with respect to r, too.
The significance of this study is the lack of any conditions on component lifetimes,
and this means that the lifetimes of components can have dependent or arbitrary
distributions.

Acknowledgements. The author would like to thank the editor and anony-
mous referee for their valuable and constructive comments, which improved the pre-
sentation of the paper.
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