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Interaction between cellularity of Alexandroff

spaces and entropy of generalized shift maps

FATEMAH AYATOLLAH ZADEH SHIRAZI, SAHAR
KARIMZADEH DOLATABAD, SARA SHAMLOO

Abstract. In the following text for a discrete finite nonempty set K and a self-map
¢ : X — X we investigate interaction between different entropies of generalized
shift o : KX — KX (za)acx — (Ty(a))aex and cellularities of some Alexan-
droff topologies on X.
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Introduction

In this paper, we investigate interaction between cellularity of Alexandroff
spaces and entropy of generalized shift maps. Briefly, we deal with several con-
cepts including two subclasses of Alexandroff topological spaces, infinite orbit
number and infinite anti-orbit number of a self-map, the set-theoretical and the
contravariant set-theoretical entropies, the algebraic and the topological entropies,
and in particular their interaction regarding generalized shifts’ subject.

Binding several concepts, using an idea and investigating new theorems are
common and well-known methods in all areas of mathematics. In the following
text, infinite orbit number and infinite anti-orbit number of a self-map help us
to bind the concepts of “cellularity” and “entropy”, e.g. we prove that if K is
a finite discrete space with at least two elements, X is an arbitrary space with
at least two elements, and A : X — X does not have any periodic point, then
considering KX under product topology, the topological entropy of generalized
shift oy : KX — KX is equal to ¢*(X,7)log|K|, where ¢*(X,7,) just depends
on the cellularity of Alexandroff space (X,7y).

Our first two sections are devoted to preliminaries, short historical points in
some cases and useful remarks, all of them in a shortened form, i.e., in the first
section we have background on Alexandroff topologies, orbit numbers and ge-
neralized shifts divided in three subsections, and in the second section we have
background on different entropies (set-theoretical, contravariant set-theoretical,
topological, algebraic) and the connection between them regarding generalized
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shifts. Sections 3 and 4 contain the main body of the paper and Section 5 presents
main results.
We recall that the cellularity of a topological space (X, 7) [11] is defined by

¢(X, 1) := sup{card(A): A is a collection of disjoint nonempty open subsets of X}.

Moreover, denote

(X, 7) = X, 1) if e(X, T) is finite,
[%s) otherwise.
In the following text N = {1,2,...} denotes the collection of all natural numbers
and Z = {0,£1,£2,...} denotes the collection of all integers.

1. Background on Alexandroff topologies, orbit numbers and genera-
lized shifts

In this section we have preliminaries on Alexandroff topologies (we deal with
two classes of Alexandroff topologies), orbit numbers (infinite orbit number and
anti orbit number), and generalized shifts.

1.1 Preliminaries on Alexandroff topologies. We call the topological space
(X, 1) Alexandroff if for every nonempty family {U,, : a € T'} of open subsets of X,
({Us : @ € T} is open (so X is an Alexandroff space and 7 is an Alexandroff
topology). In particular, in Alexandroff topological space (X, 7) every x € X has
the smallest open neighborhood, we denote this neighborhood by V' (z, 7).

As it has been mentioned in [4], for an arbitrary map f : X — P(X)\ {@}, the
family {f(x) : x € X} is a basis for an Alexandroff topology on X such that f(x)
is the smallest open neighborhood of z (z € X) if and only if for all z,y € X we
have:

o z € f(x);

o if y & f(z), then f(y) C ().
Now for a self-map A : X — X, consider f,g : X — P(X) \ {@} with f(z) =
U{A () : n > 0} and g(z) = {A\"(z) : n > 0} . Then {f(z) : x € X} and
{g(z) : © € X} are the topological basis on X. Functional Alezandroff topology
on X induced by X is the topology generated by {f(x) : x € X}, we denote this
topology on X by 7, which has been introduced for the first time in [4] on the
basis of a talk in a Conference on 2009 by the first author [2] (for more details
on functional Alexandroff spaces see [5]). Also, another Alexandroff topology on
X is the topology generated by {g(x) : © € X'}, we denote this topology on X by
T and call it the Alezandroff topology on X induced by A. In [15] a semigroup
S of self-maps on X has been considered and the orbit of z(€ X) under S is the
smallest open neighborhood of x, we adopt this topology by considering S as a
special case {A\" : n > 0}. Let us mention that these two topologies have appeared
independently.
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Remark 1.1. Alexandroff topological space (X, 7) is functional Alexandroff if
and only if [4, Theorem 3.5]:

e for all z,y € X we have:
V(zaT/\) c V(yaT/\) \ V(yaT/\) Cc V(l‘,’r)\) \ V(l‘,’]‘)\) N V(yaT/\) =g

e for x € X, if there exists y € X such that V(x,7) is a proper subset of
V(y,7), then for all z € X \ {z} we have V(z,7) # V(z,7);
o forallz,ye X, {ze X :V(x,7) CV(z,7) CV(y,7)} is finite.

Note that for a self-map A : X — X and x € X we have V(z, 7)) = J{A " (x) :
n > 0} and V(z,7x) = {\"(z) : n > 0}. Let us denote the collection of all
Alexandroff spaces by A, also consider Ay := {(X,7) € A: IX (7 = 7\)} and
As :={(X,7) € A: 3\ (r =7T»)}. Then we have the following diagram:

Ay A
Example 2 Example 4 Az
Example 1 Example 3

where:

Example 1. Let X7 = {1,2,3,4} with topology T generated by the basis
{{2},{4},{1,2},{2,3,4}}, then (X;,%1) is obviously an Alexandroff space, also
it is neither a functional Alexandroff space (use V(1,%;1) = {1,2}, V(3,%1) =
{2,3,4} and Remark 1.1) nor a member of Ay (if T; = 7 for some A : X7 — X7,
then {2,3,4} = V(3,%1) = V(3,7x) = {\*(3) : n > 0} and there exist p # ¢
with A\P(3) = 2, A\1(3) = 4, if p > q, then 2 = A\P(3) = AP71(\%(3)) = N\P79(4) €
V(4,7») = V(4,%1) = {4} which is a contradiction, the assumption p < ¢ leads
to contradiction too).

Example 2. Let Xy = {1,2,3} and consider the constant map ¢ : X5 — X5
with ¢(x) = 1 (for all € X3). Then V(1,7.) = {1,2,3}, V(2,7.) = {2},
V(3,7.) = {3}. In addition (X2, 7.) ¢ A2, otherwise there exists A : Xo — X5
with 7. = T, 50 2,3 € V(1,7.) = V(1,7x) = {A\"(1) : n > 0} and there exists
p # ¢ such that \P(1) = 2, A%(1) = 3 we may suppose p > ¢, thus 2 = \P(1) =
APTI(AI(1)) = NP9(3) € V(3,7a) = V(3,7) = {3} which is a contradiction.

Example 3. Let X3 = {1,2,3} and consider u : X3 — X3 with u(1) = 2,
,LL(Q) =3, N(B) = 2, then V(la?#) - {172a3}7 V(2a?#) - V(ga?ﬂ) = {273} Using
Remark 1.1, (X3,7,) ¢ A;.

Example 4. Consider the nonempty set X4 and the identity map idx, : X4 —
Xy (idx,(x) = x), then both topologies Tiq,, and T4, are discrete.
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1.2 What are a(\) and o(\)? For the map A : X — X if (x, : n > 0) is a one-
to-one sequence such that z, = A\(@,41) for all n > 0, then we call (z,, : n > 0)
a strict anti-orbit with the initial point z¢ (see, e.g. [9, Definition 1.2] and [13,
Definition 1.1] too). If (A\"(x) : n > 0) is a one-to-one sequence, then we call
(A"(x) :n > 0) a strict orbit with the initial point x.

For the map A : X — X define infinite anti-orbit number of A and infinite orbit
number of A with:

a(A) :=sup({0} U {n € N : there exist n disjoint strict A-anti-orbits in X'})
and
o(A) =sup({0} U{n € N: there exist n disjoint strict A-orbits in X}).

We call x € X a periodic point (of ) if there exists n > 0 with \"(z) = z,
also z € X is a fized point (of \) if A(z) = 2. We call z € X a quasi-periodic
point (of A) if there exist n > m > 0 with A"(z) = X (z). Denote the set of all
non-quasi-periodic points of A with W (X, A) (see [1] and [3]). It is evident that
all fixed points of A\ are periodic, and all periodic points of A are quasi-periodic.

1.3 What is a generalized shift? One sided shift o : {1,...,k}N—{1,... k}N,
(n)n>1 — (Tni1)n>1 and two sided shift o : {1,...,k}2 — {1,...,k}Z, (zn)nez
— (Zp+1)nez are among the most well-known topics in ergodic theory, dynamical
systems, etc. (see e.g., [16] and [14]). For a selfmap A : X — X, one may
consider a generalized shift map oy : KX — K~ with ox((2¢)tex) = (2a(1))tex
[6]. If K has topological structure, then o : KX — KX is continuous (where KX
is considered with the product topology). If K is a group, then oy : KX — KX
is a group endomorphism. Both of these aspects of generalized shifts have been
studied in several texts (e.g. topological (resp. dynamical systems) approach in
[3], [7] and algebraic approach in [1], [12]).

2. Background on entropies and the connections between them

2.1 Preliminaries on the set-theoretical entropies. For a self-map A : X —
X and the finite subset A of X, the following limit exists:

n—1
entge; (A, A) := lim [AUAA) U U\ (A)|

n— o0 n

We call entgset(A) := sup{entge:(A, A) : A is a finite subset of X } the set-theoretical
entropy of A (for more details on set-theoretical entropy see [3]).

Also if A : X — X is finite fiber (i.e., for all x € X, A\~1(=) is finite) and
surjective, then for the finite subset A of X let [8, Proposition 3.2.34]:

-1 —n+1
entusey (A, A) = lim AYAT AU UATTT (A

n— o0 n
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We call entser (A) := sup{enteset (A, A) : A is a finite subset of X} the contravari-
ant set-theoretical entropy of \. Moreover for a finite fiber self-map A : X — X,
let sc() := J{A"(X) : n > 1} be the surjective core of X, then X [.(n): sc(A) —
sc(A) is surjective, and we define the contravariant set-theoretical entropy of A
as enteser(A) 1= enteger (A [5e(n)) (for more details on contravariant set-theoretical
entropy see [8]).

Remark 2.1. For a self-map A : X — X we have entge(A) = o(A) [3, Proposi-
tion 2.16], moreover for the finite fiber A : X — X we have ent.se:(A\) = a()) [8,
Theorem 3.2.39].

2.2 Preliminaries on the topological entropy. In the nonvoid compact to-
pological space Z, if U and V are two finite open covers of Z, then U VV =
{UNV:U €U,V €V} is a finite open cover of Z too. Moreover suppose N (U)
denotes the minimum cardinality of subcovers of &4. Then for the continuous map
T : Z — Z the following limit exists:

log(NUNV T U) Vv ---v T~ (=1
entyop(T,U) := lim og(N (U (U)n ©))
where for k > 1 let T=*U) := {T7%U) : U € U}. We call enty,(T) =
sup{entop(T,U) : U is a finite open cover of Z} the topological entropy of T'
(for more details on topological entropy see [16]).

2.3 Preliminaries on the algebraic entropy. Suppose (G, +) is a group, K
is a finite subgroup of G, and ¢ : G — G is an endomorphism. Then the following
limit exists:

1 K K n—1(K
entqrg(p, K) := lim 0g|K + o(K) +---+¢" )|

n— 00 n

We call entgq(p) := sup{entqiq(p, F) : F is a finite subgroup of G} the algebraic
entropy of ¢ (for more details on algebraic entropy see [10], [8]).

2.4 The connection of the entropies of the generalized shifts to the set-
theoretical entropies. Now we want to describe the interaction between the
above mentioned entropies in generalized shift’s approach.

Remark 2.2. Suppose K is a finite discrete space with at least two elements and
X is nonempty, consider KX under the product topology. Then oy : KX — KX
is continuous and enty,,(0x) = 0o(A) log | K| [3, Theorem 4.7], i.e. (by Remark 2.1):

entiop(0n) = entger (A) log | K.

For a finite abelian nontrivial group K with an identity e and a self-map A :
X — X, the algebraic entropy of generalized shift oy : KX — KX (z)tex —
(2a(t))tex, has been computed in [12], also the algebraic entropy of OXlgyy i
Dy K — Py K, where @ K = {(2¢)tex : there exist t1,...,t, € X such that
for all t # t1,...,t, we have z; = e} and A : X — X is a finite fiber computed in
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[1, Theorem 4.14]. The following remark deals with an arbitrary nontrivial finite
group K.

Remark 2.3. If K is a nontrivial finite group with at least two elements and X is
a nonempty set, A : X — X is a finite fiber map, then for endomorphism Oy i
@D x K — Dx K we have entarg(orrg ) = a(A)log |K]| (see [8, Theorem 7.3.3]),
i.e. (by Remark 2.1):

entalg(Oalg ) = eteset(A) log | K.

3. Interaction between infinite anti-orbit number of \ : X — X and
cellularity of the functional Alexandroff space (X, 7»)

In this section we prove a(\) = ¢*(X, 7)) for a surjective map without any
periodic points A : X — X.

Lemma 3.1. Consider a self~fmap A : X — X. For a strict A-anti-orbit sequence
(xn, : n > 0), the following statements are valid.
(1) For all m > 0 we have A™(xy,) = xo and {zy, : n > m} C V(xy,7r), thus
V(@n, ) C V(xm, ) for alln > m.
(2) Forp > 0, if z, is periodic, then xz¢ is periodic and x, € {\"(x¢) : n > 0}.
(3) There exists ¢ > 0 such that for all n > q, x,, is not periodic.

PRrROOF: (1) By definition of M-anti-orbit it is clear that for all k& > m we have
Ty = AR (21,), thus 2, € A= F) (2,.) CUA™(2m) : 1 > 0} = V(2m, T2, 50

() {zn :n=m} CV(zm,7a).

On the other hand for all n > m, by (*) we have x,, € V(z,, 7)), which leads to
V(l‘n, ’7')\) g V(l‘m, T,\).

(2) Consider p > 0 and m > 1 with N (z,) = z,. If m < p, then z, =
A"™(xp) = xp_y, which is a contradiction since (x, : n > 0) is one-to-one and
p—m < p. Thus m > p and

ap = A" (xp) = AP (N () = A" P(20) € {A"(20) : n > 0},

moreover A" (xg) = A" (AP (zp)) = AWP( A" (xp)) = AP(xp) = xo and x¢ is periodic.

(3) If z¢ is not periodic, then by item (2) for all n > 0, x, is not periodic
and we are done. Otherwise zg is periodic and there exists m > 1 such that
A" (x0) = xp. Let K :={n > 0: x, € {x0, A\(x0),..., A" (20)}, then K is finite
since (x,, : n > 0) is one-to-one. The set K is a nonempty finite subset of NU {0}
(note: 0 € K). Suppose r = max K, then for all n > r + 1 we have n ¢ K and
(by A™(x0) = zo we have {zg, A(z¢), ..., A\ (x0)} = {N*(z0) : s > 0}):

Tn & {20, A(0), .., A" (w0)} = {X*(20) : s = 0},

by (2), x,, is not periodic. O
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Lemma 3.2. Consider a self-map A : X — X and two disjoint strict \-anti-orbits
(n :m >0), (yn : m > 0). Then there exist m,k > 0 such that V(z,,,7») and
V(yk, 7») are disjoint.

ProOF: By Lemma 3.1(3) we may choose ¢ > 0 such that for all n > ¢, x,
and y,, are not periodic. If V(zq,7x) and V(y,, 7)) are disjoint, we are done,
otherwise by Remark 1.1 V(z4,72) C V(yq, 7r) or V(yq,72) C V(z4,72). Suppose
V(zq, ™) € V(yq, 72). Thus

Zq € V(xan/\) - V(yan/\) = U{)‘_n(yq) o2 0}7

and there exists r > 0 with z, € A\™"(y,). We claim that V (zq, 72) NV (Ygtr, Ta) =
&, otherwise by Remark 1.1 we have the following cases:

o Case I V(yg4r, ) € V(zg,72). In this case ygir € V(z4,72), thus there
exists s > 0 with A*(yq4-) = z4. Now we have:

N (Yg) = XA (Ygtr)) = A (N (Ygtr)) = A (2g) = yq -

Since y, is not periodic, we have s = 0. Therefore 4, = A°(yg4+) = Yg4r, which
is a contradiction by disjointness of two sequences (z,, : n > 0) and (y, : n > 0).

o Case II: V(zq,7r) € V(Ygs+r,7r). In this case 4, € V(yg4r, Tr), thus there
exists s > 0 with A*(z4) = yg+r. We have the following two subcases:

Subcase II-a. Let s < r. Using A*(zq) = yg+r, for all t € {0,...,r} we have
Yort = N (Ygsr) = X (24). So

{yq’yq-i-lv e ayq+7'} = {yq+t 0t <L r}
= (N (ag): 0<t <}
Nth():0<t <7}

The set {yq, Yg+1, - - -, Yq+r} has exactly r + 1 elements since (y, : n > 0) is a
one-to-one sequence. Therefore {\***(z,) : 0 <t < r} has exactly r + 1 elements
too. Moreover we have:

)\s.:,.r(xq) _ )\7-()\3 ($q)) _ )\7-(yq+7_) =y, = )('(xq) = \5T(r—s) (.Z'q)

since r,r—s € {0, ..., 7}, X (x,) = X¥T=9) (2,) € {\*F(z,): 0 <t < r} which
has exactly r + 1 elements. Thus » = r — s and s = 0, therefore z, = y44,, which
is a contradiction by disjointness of two sequences (z,, : n > 0) and (y, : n > 0).

Subcase II-b. Let s > r. We have:
Ygir = A*(2g) = XN (29)) = X7 " (yg) = A" (N (Ygr)) = A°(y —q +7)

and 44, is a periodic point of A, which is a contradiction by the way we choose g.
Using the above two subcases we have V (24, 72) € V(Ygtr, Tr)-
Considering cases I and IT (and Remark 1.1) we have V (2, 72) NV (Ygir, Ta) =
@ which completes the proof. (I

403



404

Shirazi F.A.Z., Dolatabad S.K., Shamloo S.

Lemma 3.3. Consider a selfmap A\ : X — X and k > 2 pairwise disjoint strict
A-anti-orbits (z} : n > 0),...,(z% : n > 0). Then there exist my,...,my > 0

such that V (%, ,72) N V(Jc{nj ,Tx) = & for distinct i,5 € {1,...,k}.

PRrROOF: If k = 2, then the lemma is valid by Lemma 3.2. Suppose p > 2 and the

lemma is valid whenever k € {2,...,p}. If (zL : n >0),..., (22T : n > 0) are p+1
disjoint strict A-anti-orbits, then using our hypothesis there exist r,...,r, > 0
such that V(z} ,72),..., V(zfp,n) are pairwise disjoint. For ¢ € {3,...,p+ 1}

two strict A-anti-orbits (x? : n > r;) and (22! : n > 0) are disjoint, thus by

Lemma 3.2 there exist m; > r; and t; > 0 such that V(Jcim,T,\) N V(chfl, T>) =

@. Let mpy1 = max(t1,...,t,). For all ¢ € {1,...,p} since t; < my11 by
Lemma 3.1(1) we have z,,,,, € V(2" 7)) hence V(ahtl 1) C V(@i )
and:

V(chm,T,\) N V(ac]”Jr1 7\) C V(chm,T,\) N V(acfflm/\) =g,

Mp41?
On the other hand for distinct 4,5 € {1,...,p} we have:
V(xi, )N V(ac{nj,T,\) CV(zl,m)N V(l‘f;j,T,\) =g,

m;?
since V(al, ,72) C V(zl,,7\) and V(ac{”j,T,\) C V(ch.j,T,\) by Lemma 3.1(1).
Thus V(2y,,,7),- - - V@b, T, V(x{’ntilm,\) are pairwise disjoint and we are

done. d
For A : X — X, we call a subset A of X A-invariant if A(A) C A.
Lemma 3.4. For A : X — X and

Y :={x € X : there exists a strict A-anti-orbit with the initial point x},

we have:

(1) Y is A-invariant.

(2) If K is a A-invariant subset of X, then for all x € K we have V(z, T, )
= V(x,7a) N K (in the corresponding functional Alexandroff spaces
(K,Ta1x) and (X,7x)). In other words the functional Alexandroff to-
pology on K induced by \ [k: K — K coincides with subspace topology
on K inherited from the functional Alexandroff topology on X induced
by A: X — X, ie Tajx = 7Ta K.

PROOF: (1) Suppose z € Y. There exists a strict anti-orbit (x,, : n > 0) in X
with the initial point zyp = x. We have the following cases:

e First case: for all n > 0, A(z) # z,,. Therefore for x_1 = A(z), (z, :n > —1)
is a one-to-one sequence, therefore it is a strict anti-orbit with the initial point
x_1, hence A\(z) =x_1 €Y.

e Second case: There exists m > 0 such that A\(x) = z,,,. Therefore (z,, : n >
m) is a one-to-one sequence so it is a strict anti-orbit with the initial point z,,
which shows A\(z) =z, €Y.
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By the above two cases, Y is A-invariant.
(2) Suppose K is a A-invariant subset of X and x € K, then we have:

V(z, arx) = U{)\ Ik "(z):n >0}

{ye K:In>0 A [g"(y) =z}

{ye K:In >0 \'(y) ==}

= {yeX:Im>0\N"(y)=z}NnK
U@ in=0nK =V(z,m)NK,

which leads to the desired result. O

Now we are ready to obtain the main result of this section in the following
theorem.

Theorem 3.5. For A: X — X and
Y :={x € X : there exists a strict A-anti-orbit with the initial point x},

in the functional Alexandroff topological spaces (X, 7y) and (Y, Tx;, ) we have:

(1) a(A) = c* (Y, a1y ).

(2) Consider the following statements:
(a) a(A) = (X, m);
(b) X =Y;
(¢) A: X — X is surjective and Y contains all periodic points of .
Then we have (c)<(b)=-(a). Moreover if ¢*(X, 7)) is finite, then (a), (b),
and (c) are equivalent.

ProoF: (1) For k € {0,1,2,...} we show:
a()\) > k= C*(Y,T)\h,) > k.

It is clear that ¢*(Y, 7y, ) > 0. If a(A) > 1, then there exists a strict A-anti-
orbit (z, : m > 0) in X, thus zp € Y and Y # @, therefore ¢*(Y, 7y}, ) > 1.
If a(\) > k > 2, then there exist k& > 2 disjoint strict A\-anti-orbits (zl : n >
0),...,(xF : n>0). Ttisclear that foralli € {1,...,k} wehave {x! :n >0} CY,
therefore (x} : n > 0),...,(zF : n > 0) are k disjoint strict A [y-anti-orbits (by
Lemma 3.4, Y is Ad-invariant). By Lemma 3.3 there exist mq, ..., my > 0 such that
V(zh, Aty )s-- -5 V(ak . 7a}, ) are pairwise nonempty open subsets of (Y, 7, ).
Hence ¢*(Y, 7ar, ) > k which leads to ¢*(Y, 7y, ) > a(A).
Conversely, for k € {0,1,2,...} we show:

C*(Y,TA[Y) > k= 0,()\) > k.

It is clear that a(A) > 0. If ¢*(Y, 7y, ) > k > 1, then there exist k disjoint
nonempty open subsets Uy, ..., Uy of (Y, 7z, ). For each i € {1,...,k} choose
y; € U;. Since y; € Y, there is a strict A-anti-orbit (yfl :n > 0) in X with initial
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point y§ = y;. It is clear that {y% : n > 0} C Y and (y%, : n > 0) is a strict
A ly-anti-orbit in Y, so by Lemma 3.1(1) we have

for alli € {1,...,k}. Since Uy, ..., Uy, are pairwise disjoint, (y% : n > 0),..., (y*
n > 0) are k pairwise disjoint strict A-anti-orbits and a(\) > k. Thus a(A
c¢*(Y, 7a, ) which completes the proof.

(2) For “(b)=-(a)” use (1), also the implication “(b)=-(c)” is obvious. In order
to show “(c)=-(b)”, suppose = € X, using the subjectivity of A : X — X there
exists (2, : m > 0) with 29 = 2 and A(zp41) =@, for alln > 0. If (2, : n > 0) is
one-to-one, then using the definition of Y we have x € Y, otherwise there exists
n > m > 0 with x, = xnn, hence x = A" (x,) = N"(zp) = AN (zp)) =
A"~ (z) and z is a periodic point of A. In order to complete the proof of (2), we
prove the following two claims.

Claim 1. If ¢*(X, 7)) = a(\) is finite, then A : X — X is surjective.

Yy
) >

PRrROOF OF CLAIM 1: Suppose ¢*(X,7y) = a(X) = k > 0 is finite, then there exist
disjoint strict A-anti-orbits (zl : n > 0),...,(z* : n > 0), and by Lemma 3.3
there exist mq,...,mg > 0 such that V(z}, ,72) N V(z), ,7a) = @ for distinct
i,7 € {1,...,k}. W1thout loss of generality we may suppose m; = mg = -+ =

my = 0, so

’H’L 7

Vi § (V(zg, a) NV (zh, ) = 2).
If A\ : X — X is not surjective, then there exists x € X \ A(X), so {z} is an
isolated point of (X, 7). We have the following cases.

(i) For all i € {1,...,k}, = ¢ V(x},7»). In this case {V(x}, 7)) : i €
{1,...,k}}U{{x}} is a collection of k+1 disjoint open subsets of (X, 7)),
thus ¢*(X,7y) > k 4+ 1 > a(\), which is a contradiction.

(i) There exists i € {1,...,k}, with x € V(z§,75). First of all note that
in this case there exists a unique i € {1,...,k} with 2 € V(z{, 7)), so
we may suppose x € V(z},7\) and = ¢ V(x{, 7)) for all i > 1. Since
x € V(z$,7), thus there exists p > 0 with A\P(x) = z} and \*(z) # x} for
all s < p (using x ¢ \(X), we have x # \(x1) = 8 = \P(z), thus p > 1).
We have the following cases.

o ¢ V(x),7x). Inthis case {V(xf,7a) s i € {2,...,k}}U{V(zp, Ta)}U
{{z}} is a collection of k + 1 disjoint open subsets of (X, T,\) thus
c*(X,7m2) > k+ 1> a(N), which is a contradiction.

o zeV(x, T,\). In this case there exists ¢ > 0 with \9(z) = z,, thus

= N (29) = MW(M(x)) = M(N\(x)) = A(zf) (note that using
acgéA(X,wehaveac;é)\( p_H)—a: = X(z), thus ¢ > 1) so z}
is a periodic point of A. So {A\"(x) : n > 0} = {)\”( ):0<n<
p} U {A"(z}) : n>0}:{)\"() 0<n<ptu{\*(z{):0<n<gqg}

is finite, but (x}, : n > 0) is a one-to-one sequence, thus there exists
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t >0 with 7 ¢ {\"(z) : n > 0}, so z ¢ V(x},7\). Similarly to the
previous item {V(z},7\) :i € {2,...,k}} U{V(z{, ) U {{z}} is a
collection of k + 1 disjoint open subsets of (X, 7)), thus ¢*(X, 7)) >
k+ 1> a(X), which is a contradiction.

Cases (i) and (ii) complete the proof of Claim 1.
Claim 2. If ¢*(X, 7)) = a()) is finite, then Y contains all periodic points of A.

PROOF OF CLAIM 2. Suppose ¢*(X,7y) = a(\) = k > 0 is finite, then similarly to
the proof of Claim 1, there exist disjoint strict A-anti-orbits (z} : n > 0),..., (zF :
n > 0) with
Vi # j (V(zg, ™) NV (w9, m0) = D).

If £ € X \Y is a periodic point of A, then {\"(z) : n > 0} C V(z, 7). Since
Y is A-invariant (use Lemma 3.4) and « ¢ Y, hence V(z,7\) NY = @&, and for
i € {l,...,k} we have 2, € Y \ V(x, 7)), thus V(x},7\) € V(z,7\). Moreover
zh € Y\ V(x,ma) C Y\ {\(z) : n > 0}, so x ¢ V(z},7») which leads to
V(z,7y) € V(x§,7x). Using Remark 1.1 we have V(z,7\) NV (z}, 7)) = & for all
i €{l,...,k}, thus {V(x},mn) :i € {1,...,k}}U{V(z,7\)} is a collection of k+1
disjoint open subsets of (X, 7)), which is a contradiction and leads to the desired
result. O

4. Interaction between infinite orbit number of A : X — X and cellu-
larity of (X,7))

In this section we prove o(\) = ¢*(X, 7)) for a self-map \ : X — X without
any periodic points.

Theorem 4.1. For A\ : X — X, W(X, \) is A-invariant and
(1) o(A) = c*(W(X, )‘)’?/\fw(x,)\))'
(2) Consider the following statements:
(a) o(A) = c*(X,Ta);
(b) X =W(X,));
(¢) the map A : X — X does not have any periodic points.
Then we have (c)<(b)=(a). Moreover if ¢*(X,T,) is finite, then (a), (b),
and (c) are equivalent.

PROOF: It is clear that W (X, A) is A-invariant.
(1) Let W := (W(X,\),Tx For k € {0,1,2,...} we prove:

W(X,)\))'
o(A) > k=c"(W)>k.

It is clear that ¢*(W) > 0. If o(A) > k > 1, then there exist x1,...,2, € X
such that (A"(z1) : n > 0),...,(A\*(xx) : n > 0) are pairwise disjoint one-to-one
sequences in X. Thus z1,...,2r € W(X,A) and {A\"(z1) : n > 0},..., {\"(ag) :
n > 0} € Ty are pairwise disjoint which leads to ¢*(W) > k. Hence
(W) = o(N).

W (X,\)
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Conversely for k € {0,1,2,...} we prove:
W) > k= o\ >k.

It is clear that o(A) > 0. If ¢*(W) > k > 1, then there exist k disjoint nonempty
open subsets of W we denote by Us,...,U,. For each i € {1,...,k} choose
y; € U;. Since y; € W(X,A), (\"(y;) : n > 0) is a one-to-one sequence (and a
subset of W (X, )\)) It is clear that {\"(yi) : n > 0} = V(yi, Taty x.a,) € Ui, thus
(A"(y1) :n >0),...,(A\"(yx) : n > 0) are k disjoint strict A-orbits and o(X) > k.
Hence o(A\) > ¢*(W ) which leads to the desired result.

(2) Con51der1 ng (1), (¢)<(b)=(a) is obvious. In order to complete the proof
suppose ¢*(X, 7)) = o(A) = k > 1 is finite, we prove A has no periodic points.
There exist z1,...,z; € X such that ()\"(:rl) :m > 0) are k disjoint one-to-one
sequences, thus V(xi,%\) = {A\"(z;) : n > 0} are disjoint open subsets of (X,7).
If x € X is a periodic point of A, there exists p > 1 with M (z) = z, hence
V(x, 7)) = {\(z) : 0 < i < p}. Moreover for all i € {1,...,k} and n > 0, \"(x;)
are not periodic, thus {A\"(z;) : n > 0,1 <i < k}N{X\(z):0<i<p}=02.
Therefore {V(z;,7x) : 1 < i < k} U{V(x,7Tx)} is a collection of k + 1 disjoint
nonempty open subsets of (X,7)), which is a contradiction and leads to the
desired result. O

Here we mention that in Theorem 4.1(2) (resp. Theorem 3.5(2)) one can easily
find examples with o(A) = ¢*(X, 7)) = oo (resp. a(A) = ¢*(X, 7)) = 00) where
both (c¢) and (b) fail.

5. Main results

Now we are ready to establish our main results.

Theorem 5.1. Consider A : X — X.

1. Interaction of ¢*(X,7)) and the set-theoretical entropy of \. We have
entser(A) = ¢*(W(X, A), Taty (x. ) In particular if X does not have any periodic
points, then entger (A) = ¢*(X,7T»).

2 Interaction of ¢*(X, 7)) and the contravariant set-theoretical entropy
of \. ForY = {x € X : there exists a strict \-anti-orbit with the initial point x},
enteset(N) = ¢*(Y, 7y, ). In particular if A : X — X is surjective and Y contains
all periodic points of A, then Y = X and enteget(A) = ¢*(X, 7).

ProoF: Use Remark 2.1, Theorem 3.5 and Theorem 4.1. [l
The following corollary completes our investigations.

Corollary 5.2. Consider A : X — X.

1. Interaction of ¢*(X,7,) and the topological entropy of o). If K is
finite and discrete with at least two elements and X is arbitrary with at least two
elements, and KX is endowed with the product topology, then for oy : KX — KX
we have:

enttop(UA) =c" (W(X7 >‘)a T 10g |K|

FW(X,A))
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In particular if A does not have any periodic points, then enti.,(oy) =
c*(X,7a)log | K.

2. Interaction of ¢*(X,7,) and the algebraic entropy of o). If K is a
nontrivial finite group with at least two elements, X is nonempty and A : X — X
is a finite fiber map, then for o) |g Kk: @ x K — @y K we have

entaig(ox g, x) = " (Y, 7apy ) log | K],

where Y = {x € X : there exists a strict A-anti-orbit with the initial point x}. In
particular if A : X — X is surjective and Y contains all periodic points of \, then
Y = X and

entyy (o g k) = ¢ (X, 72) log |[K|.
Proor: Use Remark 2.3, Remark 2.2, and Theorem 5.1. (I
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