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Some remarks on the interpolation spaces A%, A

MOHAMMAD DAHER

Abstract. Let (Ao, A1) be a regular interpolation couple. Under several different
assumptions on a fixed A%, we show that A? = Ay for every 6 € (0,1). We also

deal with assumptions on Z’B, the closure of A® in the dual of (AS,AT)B-

Keywords: interpolation

Classification: 46B70

Introduction

We are looking for sufficient conditions on a regular interpolation couple (Ag, A1)
implying that A% = Ay for every 6 € (0,1). We already considered such questions
in [Dal] and [Da2]. Unhappily, there was a mistake in a crucial lemma at the
beginning of [Da2]. A corrected version of this paper was put on arXiv as [Da3].
The present paper uses the same machinery, which we essentially reproduce in
part 2, with simplifications.

In the first part we recall the definitions and some known properties of A?
and Ay. In the second part, we collect results about the mapping 7 € R —
9’ (0 + i), where g € G(Ap, A1), and give in Theorem 5 a key abstract condition
on a fixed A?, stronger than A? = Ag, implying that A’ = Ay for every 6 € (0,1).
We also define and study the maps R? : A% — [(A§, A})o]*.

In the third part we deduce that A? = Ay for every 6 € (0,1) under geometric

conditions on a fixed A”, or on Zﬁ, defined as the norm closure of R?(A”) in the
dual space of (A, A})g.

1. Notation, definitions and properties of interpolation spaces

We denote by X* the dual of a Banach space X, by Co(R, X) the space of
X-valued continuous functions on R that tend to 0 at infinity. We denote by
B1(R,C) the space of first Baire class functions f : R — C. Let B be the o-
algebra of Borel subsets of R, completed by sets with Lebesgue measure zero. An
a.s. defined map f : R — X is strongly measurable if there exists a sequence (fy)n
of finitely valued maps f,, : R — X such that, for every open ball B in X and
neN, f,71(B) € B, and as. ||f — fullx —n—oo 0.
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Let S={z€ C|0<Re(z) <1} and S° its interior. Given a map f: S — X,
we denote by f(6+1i-) : R — X the restriction of f to the line Rez =0, 6 € [0, 1]
and by f. the translated map f,(z) = f(z +i7), T € R.

Let C' = (Cp,C1) be a complex interpolation couple in the sense of [BL]. We
first recall the definition of the interpolation space Cy, 8 € (0, 1) [BL, Chapter 4].
Let F(C) be the space of functions f with values in Cy + C;, which are bounded
and continuous on S, holomorphic on S°, such that, for j € {0,1}, the maps
f(j + i) lie in Co(R, C;). We equip F(C) with the norm

£l @) = max[sup || £ (i7)[l ¢, sup | (1 + i7)]|c, ]
T€R T7€R

The space Cyp = (Co,C1)o = {f(0) | f € F(C)}, 0 < § < 1, is a Banach space
[BL, Theorem 4.1.2] for the norm defined by

lallc, = inf{|[f @) | f(6) = a}.

We now recall the definition of the complex interpolation space C? [BL, Chap-
ter 4]. Let G(C) be the space of functions g with values in Cy+ Cy, which are con-
tinuous on S, holomorphic on SY, such that the map z — (1+ |2])7||g(2)|lco+cy
is bounded on S (this condition will be denoted by (C)), such that g(j + it) —

g(j+ir") € C; for every 7,7 € R, j € {0, 1}, and such that the following quantity
is finite:
C;| '

This defines a norm on the space QG(C), quotient of G(C) by the subspace of
constant functions with values in Cy + Cy, and QG(C) is complete with respect
to this norm [BL, Lemma 4.1.3]. We recall [BL, proof of Lemma 4.1.3] that every
g € G(O) satisfies

19l os,
Hg (1+4i7) — g(1 +i1)
CU’T;éT 'eR T—1

Hg —g(it’")
T—1

= max | sup
T#T ER

(1) lg" () lcorer < llgllgge)> = €S-

The space C? = {a € Co+C |IFg € G(C),a=g'()} is a Banach space [BL,
Theorem 4.1.4] with respect to the norm defined by:

lallce = 1nf{||g ||Qg(c) | g'(0) = a}

By (1), the canonical map C? — Cj + C; is a one to one contraction. By [B],
Cy is isometrically identified with a subspace of C?, and by [BL, Theorem 4.2.2],
CoNCyisdensein Cy, 0 < 0 < 1.
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Every function f € F(C) admits an integral representation involving the har-
monic measure

@ )= [ it [ f0+ Qe e s

where t — ?ﬂgcjtz) and Qﬁgzz’t), z € 89 t € R are probability densities. By [BL,
Lemma 4.3.2], every f € F(C) satisfies

@ 15Ol < ([ 1role, 2L a) ™ ([ 1 +infe, 2L ar)”

For x € Cy N (4, taking f = ¢ ® x for a suitable ¢, (3) implies

0
(4) lzllcy < llallg, ll=l,

Let A = (Ag, A1) be an interpolation couple. If AgN A; is dense in Ay and Ay,
A is called a regular interpolation couple. Then we have [BL, Theorem 2.7.1]

(5) (Ao M A" = Af + AL, AZN AT = (Ag+ Ay)*

(in general, there is only a canonical contraction Af+ A} — (AoNA1)*). Moreover
we may apply the reiteration theorem [BL, Theorem 4.6.1] and the dual of Ay is
the space (Af, A3)?, 0 < 6 < 1 [BL, Theorem 4.5.1].

When A is a regular interpolation couple, let Bj be the closure of A5 N A} in
A3, j=0,1. Tt is clear that

(6) ByN By = Aj N A7

isometrically and the couple B = (By, By) is regular. By (5) and (6), isometrically,
™) B+ Bi = (BoN B1)* = (45 0 A7) = (Ag + Ay)""

By [BL, Theorem 4.2.2 b] we have isometrically, for 0 < 6 < 1,

(8) By = (Ag, A)o.

Since B is regular, for 0 < 6 < 1,

(9) (Bo)* = (B5, BY)".

We now define maps p : G(Ag,41) — G(B§,By) and R : QG(Ap, A1) —
QG(Bg§, BY). Let p be the canonical isometry Ag+ A1 — (Ag+ A1)**. By (7), pis
also an isometry Ao+ Ay — Bj+ Bj. Since Aj, j € {0,1}, embeds in Ay + A, for
a; € Aj, p(aj) is well defined as a continuous linear form on By N By = Af N Aj.

Let 4; : B — A7 be the canonical isometry and let 7 : A7* — B be the
conjugate onto contraction (which is not one to one in general). Note that B
embeds in Bg+ B7. If a; € Aj,i}(a;) = p(a;) is in Bg+ By (in particular 7} is one
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to one on Aj), hence p is also a one to one contraction A; — B}. Consequently
the map g(z) — p(g(z)) defines a one to one map p : G(Ap, A1) — G(B§, BY)
and a one to one contraction R : QG(Ag, A1) — QG(B§, BY). We shall see in
Lemma 6 below that R induces a one to one contraction R’ : A’ — (Bg, By)?,
0<0<1.

2. Properties of ¢'(6 +i-), g € G(Cy,C1); the map R?
We first collect some basic properties.

Lemma 1. Let C = (Cy,C;) be an interpolation couple.

a) Let f € F(C). Then, for every § € (0,1), 7 € R, we have that || f(0 +
ir)|lcs < 11fll £ and f(0 + i) : R — Cj is continuous.

b) If moreover f(8+i-) lies in Co(R, Cg) and f(vy+1i-) in Co(R, Cy) for some
B,v €[0,1], then the map F : z — f((y— 3)z+ ) belongs to F(Cgs, C,),
with norm less than ||f||]_-(5).

¢) Let G € G(C) be such that G(j + i-) is valued in Cj, j € {0,1}. Let
§ € (0,1]. Then the map f5(z) = "% G(z), z € S, lies in F(C). In
particular, for every 6 € (0,1), G(6 + ¢-) : R — Cy is continuous.

PROOF: a) Since || f|| @) = /-]l 7@ for every 7 € R, the first assertion follows
from the definition of Cy. By (3), for 7,7/ € R,

150 = 1 Oles < ([ 152600 160, 28D ) ™ @l )

Since functions in Co(R, Cp) are uniformly continuous, this implies the (uniform)
continuity of f(8+ i) : R — Cp.
b) The function F has on S° the integral representation, with values in Co+Cj:

(10) F(z) = / F(it)Qo(z,7)dr + / F(14i1)Q1(z,7)dr.
R R

Indeed, since F'(j + i-) lies in Co(R, Cy + C4), the RHS of (10) is well defined,
harmonic, bounded: S° — Cy + C; and extends as a continuous function: S —
Co+ C; (by conformal mapping this follows from the well known analogous result
on the unit disk). It coincides with F on the boundary of S, hence on S° since
F : 8% — Cy + € is holomorphic (harmonic). Since F(i-) lies in Co(R,Cp)
and F(1 + i) in Co(R,C,), with norm less than [|f|| £, the RHS of (10) lies
in Cg + Cy, with norm less than || f|| z&) and, as before, extends as a bounded
continuous function: S — Cs + C,.

Let us verify that F : S — Cs + C, is holomorphic. More generally, if a
function F : S° — X is holomorphic, bounded by K as mapping: S° — Y
where Y continuously embeds in X, then F : S — Y is holomorphic. Indeed
let D(zg,7) C S° be a closed disk, with 0 < 7 < 1. Since F' is holomorphic with
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values in X, we have F'(z) =3, ck(z — 20)* in X for z € D(zg,7). Since

°r —ikt dt
HMW—H Flao+ret)e ™ 2| <K,
2

the series converges normally in Y on D(zg,7), hence its sum F : D(zp,7) — Y
is holomorphic. Taking Y = Cs +C,, X = Co + Ci, K = HfH}-(@) ends the
verification.

¢) In order to show that f; lies in F(C) we only have to verify that fs5(j+4-) lies
in Co(R, C}), j € {0,1}, and that fs5 : S — Cy + C; is bounded. By assumption
G(j + 1) is valued and Lipschitz in C}, hence continuous: R — C;. Moreover

IN

(GG + i) = GG)lle, + 1GG)le,)
< TG gy + I1GG) ),

I fs(7 + iT)llc;

N

which proves the first assertion. Condition (C) gives the desired boundedness
since, for z = 0 41T € .5,

1156 + i)llcoren < K(G)e! ™ (14 V1 472).
By a), f5(6 +1i-) : R — Cy is continuous, hence so is G(0 + i-). O

Lemma 2. Let C = (Cy,C;) be an interpolation couple and let g € G(C). Let
Fi(2) = tlg(z +ih) — g(2)], z € S® and h # 0. Then, for every 0 < 6 < 1, for
every T € R,

i) in Cy + C4, one has that

T+h
(11) hFn(0 4 i1) = g(0 + it +ih) — g(0 +iT) = z/ g' (0 +it)dt,
and letting n be in N*|
(12) Fr(0+ir) — nig (0 +iT).

ii) Fr(0+i-): R — Cy is continuous (hence (11) holds in Cy) and is bounded
by llg°llgec@)
i) [lg'(0 +im)llco < llg'llgg@)-

Note that in general the map ¢'(6 +i-) : R — C? is not strongly measurable.

PROOF: i) The function g : S° — Cy + C is holomorphic, which implies (11) and
the continuity of ¢ — ¢'(6 +it) : R — Cy + C1, hence (12).

ii) The map Fj, lies in G(C); on Rez = j its values in C; are bounded by
9l gg@)> 7 € {0,1}. Lemma 1 ¢) applied to G = Fj, gives the first assertion.
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Let frns(z) = % Fy(z), z € 8,6 > 0. By Lemma 1 ¢) again

_sp2
IFw@)lc, = 17 frs@lc, < Ifnsllz
(13) < max(sup ||F}L(it)||co,€6 sup || Fr(1 4+ it)Hcl)
T€R T€R
< llg'llgge)-

Let g;(2) = g(z+i7), so that [g; | og@) = l9'llgg@)> and (g9-(z+ih) —g-(2))/h =
Fp(z +i7). By (13) applied to g, we get

1Fw (0 +i7)llc, < elgllog@):

Taking § — 0 ends the proof.
iii) Keeping the notation of ii), by definition,

lg"(0 +it)llco < llgillgge) = 19" llgg@)- -

Lemma 3. Let A be a regular interpolation couple.
a) Every x* in the unit ball of (Ag)*, 0 < 6 < 1, is w*-limit of a sequence in
the unit ball of (Af, A})e.
b) Let g € G(A) and assume that, for some (3 € (0, 1), for every t € R, ¢’ (3+
it) € Ag. Then, for every z* € (Ag)*, (¢'(8 + i-),x*) lies in By (R, C). In
particular the function ¢’'(6 + i) : R — Ag is weakly measurable.

PROOF: a) Let z* be in the open unit ball of (4p)* = (A§, A})? and let h €
G(Ap, A7) be such that h'(0) = ™ and ||h'||gg(az, ax) < 1. Let Hy/, be associated
to h as in Lemma 2. By Lemma 2 ii), i), the sequence (Hy/,,(0)) lies in the closed
unit ball of (Af, A})g, hence of (Af, A7)? and converges to h'(0) in A} + A%, hence
w* on Ag N Ay. Since Ag N A; is dense in Ag, (H;/n(0))n converges w* in (Ag)*
to h'(0) = z*.

b) The map ¢5 = ¢'(3+ i) : R — Ag + A; is continuous, bounded: R — AP
by Lemma 2 iii), hence by assumption it is bounded: R — Ag. Hence (¢g(.), a*)
is continuous on R for every a* € A§ N Aj and even for every a* € (A§, AT)g,
since (A, A7)g is the closure of A N Af in (Ag)* = (4§, A7)P. Let 2* be in the
open unit ball of (Ag)*. By a) there exists a sequence (), in the unit ball of
(A§, AT)p such that

VEER  (5(1).05) — (65(t). 7).

The functions (¢g(.),b%) are continuous and uniformly bounded on R, hence
(ps(.), z*) belongs to Bi (R, C). O

Lemma 4. Let C be an interpolation couple, g € G(C), let F1 be associated to
g as in Lemma 2, 0 < 8 < 1. Let us consider the following properties:
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a) for almost every 7 the sequence (F1 (8 + it)) converges in Cp,
b) ¢'(8 + i) : R — Cjs is strongly measurable,
c) there is a closed separable subspace E of Cg such that ¢'(8 + it) € E for
every t € R.
Then b) < a). If C is a regular couple, then c) = b).

Let a’), b’) be analogous to a), b) with C” instead of Cg. Then we have that
b)) & b) & a)) < a).

Comments. We shall prove in Theorem 5 that a) implies c) if C is regular.

The sequence (F1 (3 + 7)) always lies in C by Lemma 2 ii). Condition b)
obviously implies that ¢’(8 + i) is a.s. valued in a closed separable subspace F
of Cg, but b) = c) is less obvious. In the proof of ¢) = b) we actually use that
g (B +it) € Cp for every t € R and ¢'(8 +i-) is a.s. valued in a closed separable
subspace of Cg. In the appendix we shall remove the regularity assumption in

¢) = b) and the same proof will give ¢’) = b’), where in ¢’) F is a closed subspace
of CP.

PROOF: b) = b’) and a) = a’) are obvious.

b’) = a): By Lemma 2 iii), ¢g = ¢’(8+1-) is uniformly bounded in C”. Hence,
by assumption, ¢g : R — C? is locally Bochner integrable. By the Lebesgue
differentiation theorem [DU, Chapter II, Theorem 9, p. 49] in C¥,

7'+%
lim n/ ¢p(t)dt = ¢p(7), as.in 7.

By Lemma 2 i) and ii), the integral lies in Cy for every 7 and coincides with
fle% (B +i7). Since Cj is closed in C”, the limit holds in Cj, implying a).

a) = b): The a.s. limit coincides a.s. with i¢’(8+4-) by (12). By Lemma 2 ii),
Fi(f+i): R — Cg is continuous, hence the a.s. limit is strongly measurable:
R— Cjs. The same argument shows that a’) = b’).

¢) = b): By assumption and Lemma 3 the map ¢'(8 +i-) : R — Cp is weakly
measurable and a.s. valued in a closed separable subspace of Cl3. By Pettis’
theorem [DU, Chapter II, p. 42] it is strongly measurable. O

By the equivalence a) < b) in Lemma 4, the next theorem was proved in [Da3],
in a more intricate way. The proof below closely follows the proof of [BL,
Lemma 4.3.3].

Theorem 5. Let 3 € (0,1). Let A be a regular interpolation couple.

a) Let g € G(A), let F1 be associated to g as in Lemma 2. Assume that
for almost every T, the sequence (F1 (84 i7))y, which is valued in Ag by
Lemma 2 ii), converges in Ag (necegsan’]y toig'(6+i7) by Lemma 2 i)).
Then, for every 6 € (0,1) and every 7 € R, the sequence (F1(0 +i7)),
converges in Ay (necessarily toig'(0+it), which thus lies in Ag)n. Moreover
g’ (0 + i-) is valued in a closed separable subspace of Ag.
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b) If the assumption of a) holds for every g € G(A), then Ay = AY for every
6 (0,1).

PROOF: a) By Lemma 2 ii), the sequence (F% (6 4 i+))n is uniformly bounded
by [lg'llggca) and it is continuous: R — Ag. Let f1(z) = eZQF%(z). Then
f1 B+1i)= e(ﬂJri')ZF% (B + 1) lies in Co(R, Ag). Let v € {0,1}. By Lemma 1,
f1((y=B)z+p) lies in F(Ag, Ay), with norm less than el|g(|ogca)- By (3) applied
in F(A4g, A,), for n € (0,1),

[(fr = fo)((v =B+ B)ll(ap,a.),
( ’t) 1-n ] ,
< ([ 103 = £ = gyt + ), 2 ) el lggn)

By the assumption and Lebesgue’s convergence theorem the above integral tends
to 0 as m,m — oo, hence so does the LHS. Let 6 = (1 — )8 +ny € (8,7) (so
6 runs through (0,8) U (5,1)). By the reiteration theorem [BL, Theorem 4.6.1]
(Ag, Ay)n = Ay, and the LHS is 662”(}7% - Fﬁ)(Q)HAe- Hence (F1(6))n is a
Cauchy sequence in Ay, so it converges in Ay, to ig’(f) by Lemma 2 i). Applying
this to g-, 7 € R, instead of g, one gets F1 (0+iT) — ig’(0+iT1) in Ap. In particular
the assumption of a) also holds at 6 instead of (. Since F1 O+i):R— Ay is
continuous by Lemma 2 ii), it takes values in a closed separable subspace E,, of
Ap and ¢’ (0+1i-) is valued in the (separable) closure of U, E,, in Ag. This proves a)
for 6 # (. Since the assumption of a) holds at 6, the conclusion also holds at .
b) is obvious from a). O

Lemma 6. Let A be a regular interpolation couple. Then the mapping R :
QG(Ap, A1) — QG(Bg, BY) (defined in part 1) induces a one to one contraction
R A% — (Bg, BY), for 6 € (0,1).
PrOOF: We identify A? and (B¢, Bf)? with quotients of
QG(Ao, A1) and QG(By, BY)
respectively. We define R’ by R%(¢'(#)) = (R(g'))'(#). Since R is a contraction:
QG(Ag, A1) — QG(Bg, BY), R? is a contraction: A’ — (By, B)?. Let us verify
that it is one to one. For a € A% and b € By N By = Aj N AY = (Ag + A1)*, we
have
<R0(a’)a b> = <a7 b> .

If R%(a) = 0in (B, Bf)? = (By)*, then (a,b) = 0 for every b as above, thus a = 0
in Ag + Ay, hence in A?. O

We denote by 2’ the norm closure of RH(AG) in (Bg,Bf)?. Note that a’
embeds in Ag+ A; since A? does, and (B, B;)? embeds in Bf + B} = (Ag+A1)**.
Thus Af N A7 is a subspace of (AG) .
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—0 o . .
Let og : A — (B, Bf)? = (Bg)* be the isometric inclusion map. Its adjoint is

onto, i.e. (Ae)* = 0;[(Bg)**]. Let U, respectively Up, be the unit balls of (AG)*,
respectively By. Since By N By is dense in By, it follows that o} (Up N (By N B1))
is w*-dense in U. Since o coincides with the identity on By N By = Aj N A7, we
get that

(14) UpN (A5 N A7) is w* dense in U C (Ze)*.

Lemma 7. Let A be a regular interpolation couple. For every 6 € (0,1), RY :
Ag — (Bg, B})? = [(A, A})a]* is an isometry. In particular Ay is closed in A" .

PRrROOF: By Lemma 3 the unit ball of (Af, A7) = By is w*-dense in the unit ball
of (Ap)*. Hence, for a € Ayg N Ay,

lalla, = sup{] (@, b) [ | 1o, < 1} = [ R*(a)ll(3,)-- U

Comment. Though we shall not use it, note that by Lemma 7, By may be iso-

metrically identified with a (closed) subspace of (A" )*, hence, with the notation
of (14), Up N (A5 N AT) =UnN (A5 N A7). Indeed, for b € By N By, by (8) for the
first equality and Lemma 7 for the first inequality,

1Bl By = 1Bl (a9)- < [1Bll 2y~ < [1Bll(36)+ = 1Bl 35-

Remark 8. Let g € G(A) and let F1 be associated to g as in Lemma 2. Then,
for every t € R and b € (A, AT)o = By

(15) (Fi(0+it),b) —, i (R’ o g'(0+it),b).
In particular the RHS of (15) lies in B (R, C).
Indeed, by (12), (15) holds for every ¢t € R, a* € A§N A}. By Lemma 2 ii) and
Lemma 7, ||[F1(0 +it)||(y)- < l9'lgg@)- By Lemma 6 and Lemma 2 iii)
IR 0 g'(6 +it)| 5oy < llg"(0 + it)lla0 < 19l gg(2)-

Then a 3¢ argument proves the first claim since Aj N A} is norm dense in By.
Lemma 2 ii) proves the second claim. ]

Lemma 9. Let A be a regular interpolation couple and let g € G(A). If, for some
B, RPopg=RPog (B+i):R— A% is strongly measurable: , then ¢5 : R — Ag
is strongly measurable.

PROOF: It is similar to the proof of b’) = a) in Lemma 4, replacing A% by Zﬁ,
since Ag is closed in A’ by Lemma 7. O

The following lemma completes Lemma 9.
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Lemma 10. a) Let ¢ : R — X* be a strongly measurable function such
that for every x € X, (p(.),z) =0 a.s.. Then ¢ =0 a.s..

b) In particular, let ¢ : R — A" be a strongly measurable function and
g € G(A). Then R® o ¢5 = ¢ a.s. as soon as, for every a* € Ay N A},
(p(.),a*) = (RP o ¢g(.),a*) a.s.
PROOF: a) Since ¢ is strongly measurable, ¢ is a.s. valued in a closed separable
subspace F C X*. Then the closed unit ball of E* = X**/EL7 being compact
and metrizable for its w*-topology, is separable for this topology. Hence there
exists a countable set (zx) in the unit ball of X whose image is w*-dense in X*.
By assumption, a.s. in ¢, (¢(t), xx) = 0 for every k. For such a t, p(t) = 0.

b) Since R? and the canonical map (B, Bf)? — Bg + Bf are one to one, it is
enough to show that R o ¢3 = ¢ a.s. as functions with values in Bj + Bj. Note
that RP o ¢35 = ¢p is continuous: R — By + Bf = (By N By)* = (Ag + A1)**
(see (7)). The claim follows from the assumption and from a) applied to X =
BoﬂBlez‘)ﬂA*{andRﬁoqbﬁ—gp. Il

3. Conditions implying A? = Ay for every 6

Proposition 11. Let A be a regular interpolation couple. Assume that Ag has
the Radon-Nikodym property [DU] for some 0 < 3 < 1. Then A’ = Ay for every
0<0<1.

PRroOOF: Since Ag has the Radon-Nikodym property, Lipschitz maps: R — Ag
are a.s. differentiable [DU, Chapter IV, Theorem 2, p. 107]. Actually, the proof
does not use the fact that the Lipschitz map f under consideration is valued in
a Radon-Nikodym space, but only that the differences f(b) — f(a) are, for every
a,b € R. So, for g € G(A), by Lemma 2 ii), we may apply this result to g(3 +i-):
it is a.s. differentiable: R — Ag. The conclusion follows from Theorem 5. O

Comment. Actually, for any interpolation couple C' and g € G(C), there exists ¢ €
Co+ C1 such that g(j +it)+cliesin Cj, j € {0,1}, t € R, which, by Lemma 1 c),
implies that (g+c¢)(6+:-) is valued in Cy. Indeed, let g(1) — g(0) = ¢+ ¢1, where
¢; € Cj and where ||collc, + lleilla, < lg(1) = 9(0)llco+or + [l97llgg@)- By (1),
l9(1) = 9(0)lcores < llgllggee)s so that [[collc, + llerlles < 2/lg°llgg@), and we
then let
c=—g(0) —co=c1—g(1).

Theorem 12. Let A be a regular interpolation couple. Assume that, for some
B €(0,1),

1) Ag is weakly sequentially complete,

2) (AavAT)ﬁ - (AaaAT)ﬁ
Then A? = Ay, for every 6 € (0,1).

PROOF: Let g € G(A). We claim that ¢/(3 +4-) is valued in a closed separable
subspace of Ag. Indeed by Lemma 2 ii), the associated function Fy ,,(6+i-) : R —
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Ap is bounded and continuous, hence valued in a separable subspace E,, of Az. By
Remark 8, for every t € R and a* € (A, A7)g, the sequence ((Fy (8 +it),a"))n
is Cauchy. By assumption 2), (Af, A7)s = (Ag)*. So, for every t € R, (F1 /(8 +
it)), is weak Cauchy in Ag, hence in E, the norm closure of U, E,, in Ag. By
assumption 1) it converges weakly in E. Since the canonical map Ag — Ag + A
is one to one, the limit point is ig’(3 + it), which thus lies in the separable space
E. Then Lemma 4, ¢) = a) and Theorem 5 end the proof. O

In [Dal] we showed that if A is a weakly compactly generated Banach space
(in short WCG, see [DU, Chapter VIII, p. 251]) for some 3 € (0, 1), then A? = Ay,
for every 6 € (0,1). The next theorem weakens the assumption. Two properties
of a WCG space X will be used:

(P1) if a convex set Z is w*-dense in the unit ball Bx«, then every z* € Bx-
is the w*-limit of a sequence in Z (see e.g. [FHHMZ]),

(Py) if ¢ : R — X is a weakly measurable function, then there exists a strongly
measurable function ¢ : R — X such that, for every a* € X*, (¢(.),a*) =
(p(.),a*) a.s. [DU, p. 642].

For the convenience of the reader we give a direct proof of (Py): Since X
is WCG, there exists, by the Davis-Figiel-Johnson—Pelczynski theorem (see e.g.
[FHHMZ, Corollary 13.24]), a reflexive space E and an injection with dense range
J:E — X. Let 2* be in the unit ball of X*. By assumption there is a net (z,)
in Z such that z, — z* in the w*-topology of X*. Then J*(z,) — J*(z*) weakly
in E. So there is a sequence (y,) in Z such that J*(yn) —n—oco J*(z*) in the
norm of E*. Then y,, —n—oo * in the w*-topology of X* because J(E) is dense
in X.

Theorem 13. Let A be a regular couple and let 3 € (0,1). Assume that 27 s
WCG. Then A% = Ay for every 6 € (0,1).

The proof needs the following lemma:

Lemma 14. Let A be a regular couple, let € (0,1) and assume that Zﬁ is
WCOG. Let g € G(A). Then the map R° o ¢/(8 +i-) = RPogg : R — a7 s

strongly measurable. Moreover, for every z* € (ZB)*, <Rﬁ o ¢g(.),z*> lies in
Bi1(R,C).

PROOF: By assumption A7 satisfies (P1) and (P3). We first claim that R o ¢ :

R— A" s weakly measurable. Let U be the closed unit ball of (ZB)* and Uy be
the closed unit ball of Bg. Let Z = Uy N (AN A}). By (14), Z is w*-dense in U.
Since ¢'(8 + i-) is continuous: R — Ay + Ay, for every a* € AN A} = By N By,
(RPo¢g(.),a*) = (¢g(.),a") is continuous. By (P1), every z* € U is the w*-limit
of a sequence in Z, hence <Rﬁ o ¢a(.), x*) is in By (R, C), which proves the claim
and the last assertion of the lemma.

So, by (P3), there exists a strongly measurable function ¢ : R — Zﬁ such that,

for every x* € (Zﬁ)*, (RP o ¢p(.),2*) = (p(.),a*) a.s. In particular this holds for
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every a* € By N By = A} N A}. By Lemma 10 b), R% o ¢5 = ¢ a.s., which ends
the proof. ([

PROOF OF THEOREM 13: Let g € G(A). By Lemma 14 and Lemma 9, ¢'(5+i-) :
R — Apg is strongly measurable. Lemma 4, b) = a) and Theorem 5 end the
proof. O

Definition 15. A Banach space X is weakly Lindelof if every weakly open cove-
ring of X has a countable subcovering.

For example a WCG space is weakly Lindel6f [FHHMZ, Theorem 14.31]. We
shall only use the fact that weakly Lindelof spaces have Property (P3) [E, Propo-
sition 5.4 and (4), p. 671].

Proposition 16. Let A be a regular couple. Assume that A® = Ag and that Ag
is weakly Lindeléf for some 3 € (0,1). Then A? = Ay for every § € (0,1).

PROOF: The second assumption implies (Ps). Let g € G(A). By the first as-
sumption and Lemma 3 b), ¢3 = ¢'(8 +i-) : R — Ag is weakly measurable. So,
by (P2), there exists a strongly measurable function ¢ : R — Ag such that, for
every z* € (Ag)*, (¢p(.),z*) = (p(.),z*) a.s. This holds in particular for every
a* € Ay N A = (Ao + A1)*. By Lemma 7, Ag = A” implies Ag = Ag. So, by
Lemma 10, ¢ = ¢ a.s., i.e. ¢33 : R — Ag is strongly measurable. Lemma 4,
b) = a) and Theorem 5 end the proof. O

The next theorem extends Proposition 16.

Theorem 17. Let A be a regular couple such that Ag is weakly Lindelof for
some (3 € (0,1). Assume that

1) there exists a continuous projection P : ZB — Ag,
2) for every g € G(A) and y* € (Zﬁ)*, the map <Rﬁ og'(B+ z),y*> lies in
Bi(R,C).
Then Ag = A? for every 6 € (0,1).

Comment. Assumption 1) is consistent by Lemma 7. The conclusion of 2) is
always true for y* € (Ag, A*{)ﬁ by Remark 8. By the proof of Lemma 14, assump-

tion 2) is verified if (Zﬁ)* satisfies (P1).
Remark 18. Assume that Ag is a weakly Lindel6f space. Then assumptions 1)
and 2) in Theorem 17 are equivalent to A% = Ag.

Indeed Theorem 17 gives one implication. Conversely, if A% = Ag, then A’ = Ag
by Lemma 7, and 2) follows from Lemma 3 b).

PROOF OF THEOREM 17: Let g € G(A) and let us denote ¢'(3 + i) = ¢3.
Step 1: By both assumptions P o R® o ¢5(.) : R — Apg is weakly measurable.
Since A is weakly Lindeldf, there exists by (P2) a strongly measurable function
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¢ : R — Ag such that

(16) Vat e (Ag) (PIRPods()la’) = (p().a”)  as.

We shall apply this only to z* = a* € Aj N A]. Note that a* € (AB)* (see (14)),
but we do not know a priori whether P*a* = a*. If we get

17) Ve €A4;nAi=BonBi  (d().a’) = {p().a®) as,

Lemma 10 implies R” o ¢ = ¢ as., ie. ¢g: R — Ag is strongly measurable.
Then Lemma 4, b) = a) and Theorem 5 will end the proof.

Step 2: We now show that (16) implies (17). Let y* be in the unit ball U of
(Zﬁ)*. By (14) there is a net (a})q in Uy N (A5 N AF) such that o) — y* in the
w*-topology of (Zﬂ)*. Let F1(f + i) be associated to g as in Lemma 2 (and
valued in Ag). By (11), for every 7 € R and every integer n,

n n

T+1/n i i
18) [ (Galthan) de = —L(Fy (3 +in).a) —a — (P (B +in).07)

We shall prove in Step 3 that, for every 7, n, and y* € (ZB)*,

T+1/n

T+1/n
a9 [ syt [ (R os0.7) de
Note that R? o ¢s(.) is bounded in a’ by Lemma 2 iii), weakly measurable by
assumption 2, hence <RB o ¢a(.), y*> is locally integrable). By (18) and (19),

n

T+1/n i
(20) / (R% o ¢g(t),y") dt = 75<F1 (B+iT),y*).

By (16) and (20) applied to y* = P*a*, for a* € Aj N A7,

T+1/n T+1/n
m/ (p(t),a*)y dt = m/ (RP 0 ¢5(t), P*a*) dt
= <F%(ﬂ+i7),P*a*>:<F%(6+i7'),a*>.

Note that (¢(t),a*) is locally integrable since (R o ¢5(t), P*a*) is. Taking limits
when n — oo (by Lebesgue’s differentiation theorem on the LHS, by (12) on the
RHS), we get (17), as desired.

Step 3: We prove the claim (19). Let U, Uy be respectively the closed unit

balls of (Aﬁ)* and (Ag, A7)g. By (14), Up N (A N A7) is w*-dense in U. The
map y* — (RP o ¢g(.),y*) is continuous from (U, w*) into the space of complex
valued functions on R equipped with the topology of pointwise convergence. The
image K of U is compact for this topology and the image Ky of Uy N (A§ N A7)
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is dense in K. Moreover K is bounded in £*°(R) (see Step 2). By assumption 2),
K actually lies in B1(R,C). Hence (19) follows from [R, Main Theorem b)]. O

Our last result does not deal with the equality between Ay and AY, but uses
some of the machinery from part 2.

Proposition 19. Let (Ag, A1) be a regular couple such that Ag is a subspace of
Aq, and let 0 < 60 < 8 < 1. Assume that the embedding i : Ag — A; is compact.
Then i extends as a compact embedding Ay — Ag.

PROOF: Step 1: Since Ag = Ag N Ay and Ay = Ag + Ay we know that ¢ factors
through Ag. We claim that the embedding ig : A9 — Ag is compact. Indeed let
(n)n>0 be a bounded sequence in Ay. Since i : Ag — A is compact, there exists
a subsequence (n, k>0 such that i(x,, ) has a limit in Ay, hence (25, )r>0 is a
Cauchy sequence in A;. By (4), for every k, k' € N, we have

1—
||$nk - l‘nk/ HAQ < H‘rnk - .I'nk_, ||A06Hxnk - .I'nk_, Hﬁl’

so that the sequence (i(zn,))r>0 is Cauchy in Ag. (This step does not need the
regularity of the couple (Ag, A1)).

Step 2: By assumption Ag is dense in A; and in Ag. Hence ¢* : A7 — A is
an injection which factors through (Ag)*. Let B; be the closure of A5 N A} = A}
in A%, so that i* : By = A} — By. By the regularity of (49, 41) and by Step 1,
iy (Ag)* = (AF, A3)P — A} is a compact embedding. Hence so is its restriction
(Aj, AT)p = Bg — Aj, which is actually an embedding Bz — By.

Applying Step 1 to the regular couple (Bg, By), we get a compact embedding
with dense range j : Bg — (Bg,Bo)y, n € (0,1). By [BL, Theorem 4.2.1] and
the reiteration theorem [BL, Theorem 2.7.1], (Bg, Bo)y, = (Bo,Bg)1—y = By if
0=(1-n)p.

Hence the adjoint j* : Bj — Bj is a compact embedding. By Lemma 7, Ay
and Ag are respectively isometric subspaces of B; and BE. The restriction of j*
to Ag is a compact embedding which is identity on Ag, hence sends Ay into Ag
and coincides with ig on Ajg. O

Appendiz: We give a variant of Lemma 4, which does not need regularity for
¢) = b) and proves ¢’) = b’). Lemma 3 is replaced by the following:

Lemma 20. Let F be a separable Banach space which is a (non closed in general)
subspace of a Banach space E, let J : ' — E be the canonical map, and assume
that J is continuous. Let ¢ : R — F' be a function such that Joy : R — E is
continuous. Then ¢ : R — F' is strongly measurable.

PROOF: Since F is separable, F and J(F) (the closed subspace of E spanned

by J(F)) are Polish spaces and J : F — J(F) is one to one and continuous.
By Souslin’s theorem (see e.g. [A, Theorem 3.2.3 and its corollary]) the map

J~1: J(F) — F is Borel measurable. Since p = J 'oJoyp and Jop: R — J(F)
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is continuous, ¢ : R — F' is Borel measurable. Since F' is separable, ¢ is strongly
measurable by Pettis’ theorem [DU, Chapter II, p. 42]. O

Lemma 21. Let C be an interpolation couple, g € G(C), 0 < 3 < 1. With the
notation of Lemma 4, c) = b) and ¢’) = b’).

Proor: This follows from Lemma 20 since F' = Cg or C# embeds in E = Cy+C4

and ¢'(8+i-) : R — Cy + C} is continuous. O
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