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SOME FURTHER RESULTS ON LIFTS OF LINEAR VECTOR
FIELDS RELATED TO PRODUCT PRESERVING GAUGE
BUNDLE FUNCTORS ON VECTOR BUNDLES

A. NTtvam, G. F. WANKAP NONO, AND BITJONG NDOMBOL

ABSTRACT. We present some lifts (associated to a product preserving gauge
bundle functor on vector bundles) of sections of the dual bundle of a vector
bundle, some derivations and linear connections on vector bundles.

1. INTRODUCTION

Weil functors (product preserving bundle functors on manifolds) were classified
by [1], [8] and [3]. Indeed the results of these papers say in particular that the set
of equivalence classes of such functors are in bijection with the set of equivalence
classes of Weil algebras. These functors were used by many authors (ex. [2], [5], [6],
[7]) to present some lifts of various geometric objects (smooth functions, tensor
fields, linear connections on manifolds,. . .).

Product preserving gauge bundle functor on vector bundles (an example of
bundle functors on local categories) were classified in [I0]: The set of equivalence
classes of such functors are in bijection with the set of equivalence classes of pairs
(A,V), where A is a Weil algebra and V' a A-module such that dimg (V) < 0.
Similarly to what is done for Weil functors some authors (ex. [11], [14]) present
some lifts of some geometric objects related to product preserving gauge bundle
functor on vector bundles.

In this paper, we continue what we began in [I4] by presenting some lifts
(associated to a product preserving gauge bundle functor on vector bundles)
of sections of the dual bundle of a vector bundle, some derivations and linear
connections on vector bundles.

2. ALGEBRAIC DESCRIPTION OF WEIL FUNCTORS

2.1. Weil algebra.
A Weil algebra is a real commutative unital algebra such that A = R-14 @ N,
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where N is a finite dimensional ideal of nilpotent elements. For other equivalent
definitions of Weil algebras and examples, one can refer to [7].

2.2. The Weil functor 74: Mf — FM.

We write Mf for the category of finite dimensional differential manifolds and
mappings of class C'°°; furthermore, F M is the category of fibered manifolds and
fibered manifolds morphisms.

Let us recall this construction of Weil functors based on [I6]. For a Weil al-
gebra A = R- 1,48 N and any point z of a manifold M, let C°(M,R) and
Hom(C2*(M,R), A) be the algebra of germs on x of smooth functions and the set
of algebra homomorphisms from C2°(M,R) into A respectively; If Ens denotes the
category of sets and mappings, one defines a functor 74: Mf — Ens by:

TAM := ] Hom(C®(M,R),A) and (T*f), () =0 f3,

zeM
for a manifold M and f € C°°(M, M’), where f3 € Hom(C7r, (M',R), CZ°(M,R))
is the pull-back algebra homomorphism defined by f* ( germi s, (h) ) = germ,, (ho f).

Now, let gan: TAM — M, (T4M) 3 ¢ — x; hence (TAM, M, qan) is a

well-defined fibered manifold. Indeed let ¢ = (U, u?), 1 < i < m be a chart of M;
then the map

¢e: (qan) T (U) — U x N™
is a local trivialization of T4 M. Given another manifold M’ and a smooth map
f: M — M', TAf is a fibered map. Indeed for charts ¢ = (U, u,m), ¢/ = (W, w, m’)
of M, M’ such that f(U) C W, ¢ o TAf o ¢! is the map

UxN™ W x N™

where 7} = Y 4Do(w! o fou ) (u(z))nit ... ngr, 1 < j < m/ with
aeN™\{0}
j _ a|a\Fj
DOCF - (8$1)Q1u~(8fl/‘7n)am M

TA: Mf — FM is a product preserving bundle functor called the Weil functor
associated to A.

Let ¢ = (U,u) be a chart of M; in all the paper, we’ll use fibered charts
(qZ}M (U) ,ui’a), 1<i<m,0<a<K (=dimN) of TAM associated to the
fibered isomorphism T4y and defined by u>® = e’ o T4 (ui), where (e) is the
dual basis of a fixed basis (€q)y<,< Of A such that eg = 14.

3. PRODUCT PRESERVING GAUGE BUNDLE FUNCTOR ON VECTOR BUNDLES

3.1. Product preserving gauge bundle functor on VB.
Let F: VB — FM be a covariant functor from the category VB of all vector
bundles and their vector bundle homomorphisms into the category FM of fibered



SOME FURTHER RESULTS ON LIFTS OF LINEAR VECTOR FIELDS 133

manifolds and their fibered maps. Let Byg: VB — Mf and Bra: FM — Mf
be the respective base functors.

Definition 3.1. F'is a gauge bundle functor on VB when the following conditions
are satisfied:
e Prolongation. B o F' = Byg i.e. I transforms a vector bundle F L M in

a fibered manifold FE *8 M and a vector bundle morphism F L Gover M LN

in a fibered map F'E L RG over f.

e Localization. For any vector bundle F 4 M and any inclusion of an open
vector subbundle i: ¢~ (U) — E, the fibered map Fq~*(U) — pg'(U) over idy
induced by F'i is an isomorphism then the map F'i can be identified to the inclusion
g (U) — FE.

Given two gauge bundle functors Fy, Fy on VB, by a natural transformation
7: F} — F5 we shall mean a system of base preserving fibered maps 75: F1 E —
FyF for every vector bundle E satisfying Fsf o 75 = 7 o Fy f for every vector
bundle morphism f: £ — G.

A gauge bundle functor F' on VB is product preserving if for any product
F
projections Ej S FEy x By P, E5 in the category VB, FE; s F(E; %

E») pre FE5 are product projections in the category F M. In other words, the
map (Fpry, Fpry) : F(Ey X Ey) — F(FE1) X F(Es) is a fibered isomorphism over
idar, xm, -

Example 3.1. Let A=R-14& N be a Weil algebra.

(a) Each Weil functor 74 induces a product preserving gauge bundle functor
T4: VB — FM in a natural way.

(b) The A-vertical bundle functor V4: VB — FM: For a vector bundle

(E,M,q), let VaE = |J T4 (E,) and ¢j the restriction to V4E of the bundle
xeM

projection g4 g: TAE — E. Let ¢ = (¢"Y(U),2%,97), 1 <i<m,1<j<nbea
fibered chart of E; then ¢, € VAEOqZ}E(q*I(U))) iff ¢, (germ,, (2" — 2% (q (u))) =
0, 1 <4 < m. This shows that V4 F is a submanifold of TAFE and (VAE, E, ¢a) is
a fibered manifold. For a vector bundle f: E — G over f: M — N, one defines
a fibered morphism Vuf: VAE — V4G over f by (Vaf). = T?(f.). The gauge
bundle functor Va: VB — FM is given by:

VA(E7M7 q) = (VAEa Mapg‘)
and

VA(?» f) = (?a VAf) )

with p‘é = qoqé. Moreover Vy is product preserving. Indeed let (E;, M;, q;), i = 1,2
vector bundles and p,;: Fq X E5 — F;, 1 = 1,2 the induced projections. Then the
isomorphisms (T4p,1, T4p2): TA(Ey x Ey) — TAE; x TAEy sends Va(E; x E»)
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on V4 FE1 x V4 E5. The local trivialization of V4 E associated to ¢ is the map
et (p5) ' (U) — U x A
pu — (q(u), pu(germ, (y7))) -

(c) The gauge bundle functor T4V : VB — FM: Let V be a A-module such
that dimg (V) < co. For a vector bundle (E, M, q) and z € M, let

THVE =
{(62:12) /s € Hom(C°(M,R), A) and ¢, € Hom,,, (C3>7H(E),V)}

where Hom(C2° (M, R), A) is the set of algebra homomorphisms ¢, from the alge-
bra C°(M,R) = {germ,(g) / g € C*°(M,R)} into A and Hom,, (C7/(E),V)
is the set of module homomorphisms v, over ¢, from the C°(M,R)-module
CTYER) = {germ,(h) / h: E — R is fiberwise linear } into V. Let T4V E

= UMT{‘*VE and pV i TAVE — M, TAVE 5 (9,4) = o (TYVE, M,piy") is
zE
a well-defined fibered manifold. Indeed let ¢ = (¢~ }(U), 2" = uf o q,y?), 1 <i <m,

1 < j <n be a fibered chart of E; then the map
det ()T U) — U x N™ x V"
(s a) — (2, 00 (germ, (u' — u'(2))), o (germ, (v7))) ;

is a local trivialization of T4V E. Given another vector bundle (G, M’,¢') and a
vector bundle homomorphism f: F — G over f: M — M’ let

TA,Vf: TA,VE SN TA,VG
(@xvd’x) L (‘Pm O?Z,% © f;)v

where f, : O (N) — C3*(M) and f;: C;‘(’;J;‘l'(G) — CoI'1(E) are given by

the pull-back with respect to f and f. Then T4V f is a fibered map over f.
T4V VB — FM is a product preserving gauge bundle functor (see [10]).

Remark 3.1. Let F': VB — FM be a product preserving gauge bundle functor.

(a) F associates the pair (A", V') where A" = F (idg: R — R) is a Weil algebra
and V¥ = F (R — pt) is a A¥-module such that dimg (V) < co. Moreover there
is a natural isomorphism ©: F — TA" V" and equivalence classes of functors
F are in bijection with equivalence classes of pairs (AF JVE ) In particular, the
product preserving gauge bundle functors T4 and V) are equivalent to T4“and
T®A respectively.

(b) Let ¢ = (¢ Y(U),2%y7), 1 <i <m, 1 < j <n be a fibered chart of a
vector bundle (E, M, q) i.e. § := (wi,yj) : ¢ Y(U) = u(U) x R" is a chart of E
such that (U,u) is a chart of M and the map ¢ := (u™! x idgr) 0 % is a local
trivialization of E. For such a chart, we’ll associate the local frame ((j), ;<
given on U by (; (z) = ¢! (z,e;), where (e;) is the canonical basis of R™. If
0:T(E*) — C2(E) denotes the canonical module isomorphism over C°°(M)
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between the module of smooth sections of the dual bundle E* and the module
of fiberwise linear smooth functions E — R, the dual local frame ((j ) of

1<js<n
(Gi)1<j<p is defined by ¢G=01(y),1<j<n.
(c) Let 1+ K = dim AF and L = dim V¥ let ¢ = (¢ (U),2%,97),1 <i <m, 1 <
j < n afibered chart of F, the map 3 := (2%,¢7) : ¢~ (U) — u (U) x R™ is a vector
bundle isomorphism over U — u (U) x pt, hence F@: p' (U) — Fu (U) x (VF)n
induces the fibered chart (p' (U),2"%,y7%),0<a < K,1< 3 < L of FE given
by

(3.1)

rh = e oF (9:1)
yO=c5oF (1)

where (¢;) is the dual basis of a fixed basis (€4), .5, of VE

4. ON LIFTS OF SECTIONS

Let F: VB — FM be a product preserving gauge bundle functor and a vector
bundle (E, M, q).

4.1. Natural transformations Q (a) : F — F.

Similarly to what is done in [I4], let us denote fig: Rx E — E, Rx E,; 3 (o, u) —
a-u € F,, the fibered multiplication. This is a vector bundle morphism over the
projection R x M — M, hence for any a € A, we have a natural transformation

Q(a): F — F given by the partial maps Fiig (a,-) : FE — FE.
Assume that F' = T the canonical product preserving gauge bundle functor

deduced from a Weil bundle, then the maps Q (a),, := ka0 Q (a)py, © 5, define
the natural affinor Q (a) : TT4 — TT* associated to a € A (see [7]).

4.2. Lifts of sections.

Any smooth section s: M — E of E is a vector bundle morphism over itself, hence
Fs:TA"M - TA"E by Remark (a). To have some lifts of s using previous
natural transformations, it is necessary to consider the case F = T4.

Definition 4.1. For a smooth section s: M — E of (E, M, q), its a-lift (a € A)
related to F is given by s(*) = Q (a), o F's.

In particular let E =TM and X € X(M) ; hence X .= Q(a),; o FX is the
a-lift of [2].
Definition 4.2. For any ¢ € ' (E*), its p-lift (u: VF — R linear) related to F
is given by p®) = 6*1(650”)), where (: T ((FE)") — Cp2(FE) is the canonical
module isomorphism.

Clearly, (h* (¢))™ = (Fh)* (¢W), for h: G — E a vector bundle morphism
over idy; and h*: T'(E*) — T'(G*) the pull-back map. Moreover (¢; + 4,02)(”) =
O o8, for all g1, 2 € T (E®).
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Let ({;3) be the local frame of F'E associated to the fibered chart
(p;;l(U), b yj’ﬁ), Remark (b); the dual local frame ((jﬁ) satisfies

I8 =1 (yj,ﬁ) — 1 (yj(e;)) = IR
hence

Proposition 4.1. The o#), o € ' (E*) and pu: VE — R linear, generate the
module T' ((FE)™) over C*°(FM).

5. ON LIFTS OF DERIVATIONS

5.1. The Lie algebroid of derivations on a vector bundle.
Let M be a differential manifold.

Definition 5.1.

(1) A Lie algebroid on M is a vector bundle (E, M, q) on which the module
I' (E) of smooth sections of E is endowed with a Lie algebra structure and there
is a vector bundle morphism p: E — TM over idy; called the anchor of E, such
that:

(a) Vs1,s0 € D(E), Vf € C(M),[s1, f - s2] = f[s1, 2] + (p(s1) - f)s2,
(b) The map p: I' (E) — X(M) is a Lie algebra homomorphism.

(2) A derivation on a vector bundle (E,M,q) is a R-linear endomorphism
D:T(E) — T (FE) such that

D(fs)=fD(s)+a(D)(f)s, for fe C® (M) and s € T'(E)
where « (D) is a vector field on M.

Example 5.1.
(1) The tangent bundle (T'M, M, qj) is a Lie algebroid with the anchor idray,
the composition law on I'(T'M) = X(M) is just the usual bracket on vector fields.
(2) The covariant derivative of a linear connection V: X(M) xI' (E) — ' (E)
induces a derivation Vx: T'(E) —» T'(E), S +— VxS, for a fixed vector field X on
M.

Let us denote D (E) the set of all derivations on E; this is a C*° (M)-module.

A derivation D on E is obviously a local operator and the value D (s) ()
depends only on the 1-jet jls of s at z. Indeed let (¢;) be a local frame of E over
a neighborhood U of , let s |y= s/e; ; consider A € C*° (M) such that A =1 in a
neighborhood W of x and Supp A C U. Define

~ As? on U ~ Xej on U
sl = and &5 =
0 on M -U 0 on M —-U,;
hence 5 = ZSNJ@ € T'(E) coincide with s on W. So if jls = 0, D(s)(z) =
J

D(3)(x) = 1 () D () (2) + a (D) (57) () & () = 0.
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There is a vector bundle morphism
¢p: J'E = E, jus— D (s) (2)

and the map D (E) — {¢p,D € D(E)}, D+ ¢p is a module isomorphism. The
set Diff" (E) := {(¢p)as, D € D(E), x € M} C Hom(J'E, E) is a sub bundle, see
[9], hence D (E) corresponds to the module I'( Diff! (E)) c I'(Hom(J'E, E)) of
smooth sections of Diff!(E).

For derivations Dy, Dy € D (E), the bracket

[Dl,DQ]:DlngfDQODl GD(E)
and « ([D1, Ds]) = [ (D7), (D2)]; moreover for f € C* (M),
(D1, fDa] = f[D1, Do) + a(D1) (f) D2,

hence identifying D (E) with I (Diff' (E)), Diff' (E) — M is a Lie algebroid with
anchor map a: Diff' (E) — TM.

5.2. Further results on lifts of linear vector fields.
A linear vector field on a vector bundle (E, M, q) is a vector bundle morphism

E—>>TE

ql iT(Q)
X

M—TM

where X € X (E) is a vector field on E and X € X (M) is a vector field on M, i.e.
a projectable vector field on E that is a vector bundle morphism.

Let us denote X' (E) the set of linear vector fields on E. The following result
clarifies the concept of linear vector field.

Proposition 3.4.2 [9]. Let X € X (E), X € X (M). The following assertions are
equivalent:

(1) (X, X) e x''"(E) ;

(2) Viewed as a derivation, X : C*°(E) — C®(E) sends C52(E) into C2(E)
and sends ¢*C=(M) ={foq; f € C®(M)} into ¢*C>*(M);

(3) If FIX and FIX denote the flows of X and X respectively, then Flf( is a

vector bundle morphism over FltY when defined.

According to the previous result, locally each linear vector field (Y, X ) can be
write X = X' o qa(zi + Xj%, where the X7: (xk, yl) — X7 (ajk, yl) are linear on
(y'); the bracket [(X, X), (Y,Y)] belongs obviously to X' (E).

Let (X, X) € X" (E) and ¢: I'(E*) — C2(E) the canonical module isomor-

lin

phism ; according to the previous result, there is a map

DY) T (E*) — T (EY)
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defined by D( (o) = 071X (€,)). D;) is additive and for f € C*°(M, Dg;) (fp) =
f Dg() (¢) + X (f) ¢, hence Dg;) € D(E*), and we have a map

DY xlin(E) — D (E¥)
X}—>D§<),

which is linear over C'>° (M) and bracket preserving. By Proposition 3.4.4 [9], D®*)
is the induced map on sections of an isomorphism of Lie algebroids.
In [T4], we defined the a-lift of X € X" (E) (a € AF) as follows :

X :=Q(a), o (Fr) X € X' (FE),

where F: T ~ TF is the flow operator of F' and Q (a): TF — TF a natural
transformation induced by the fibered multiplication pug: R x TE — TE.

Proposition 5.1. The maps D\ )a) are the only derivations on T'((FE)") such
that

* * (a)
Dga)w (SD(H)) = (Dg() (‘P)) .
for p € T(E*) and p: VE — R linear.
Proof. D(*za) is unique by Proposition Moreover,

DY () = (X ()

P X<a>< )

—1

Il
~t

fa ) , by Theorem 5.1 [I4]

(
H(x
e 1((D<> ")
(
)

e 1€(D() )))

&<>”.

|
b

6. THE LINEAR CONNECTION F®

For a product preserving gauge bundle functor F': VB — FM on vector bundles,
let us denote k: F'oT" — T oF the natural isomorphism (Corollary 3 [10]) associated
to the isomorphism of pairs (AF°T VEeT) = (AToF yToF)

Let @: TE — TFE be the vertical projection of a linear connection on a vector
bundle (E, M, q) i.e. @ is a vector bundle morphism over idg and id7js such that
Pod = and Im® = VE = |J (Tq)™" ({OTq(u)M}) the vertical bundle of

uekr
(E,M,q).

Proposition 6.1. Then the map F® = kg o F®o /@El is the vertical projection of
a linear connection on (FE,FM, Fq).
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Proof. F® is clearly a vector bundle morphism over F'E and T'F M such that
Fd o FO = Fd. To see that Im F® = VFE it is sufficient to take F = T4V, 0O

Example 6.1. (a) Let F = T44; F® = TA® is just the vertical projection of the
Slovék’s connection 74T (see [I5] or [7]).

(b) Let F = V4 = TR®4; F& = VA® is just the vertical projection of the vertical

lift VAT of T' (see [7]).
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