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Abstract

The second order transverse bundle T2M of a foliated manifold M
carries a natural structure of a smooth manifold over the algebra D? of
truncated polynomials of degree two in one variable. Prolongations of
foliated mappings to second order transverse bundles are a partial case of
more general D?-smooth foliated mappings between second order trans-
verse bundles. We establish necessary and sufficient conditions under
which a D?-smooth foliated diffeomorphism between two second order
transverse bundles maps the lift of a foliated linear connection into the
lift of a foliated linear connection.
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bundle, projectable linear connection, Lie derivative, Weil bundle.

2010 Mathematics Subject Classification: 58A20, 58A32, 53C12,
53C15.

1 Introduction

Transverse Weil bundle T2M of a foliated manifold M defined by a Weil alge-
bra A [7, 8] carries a natural structure of a smooth manifold over A [8]. This
makes it possible to apply methods of the theory of manifolds over algebras to
the study of geometry of TAM. The second order transverse bundle T2 M of a
foliated manifold M is naturally equivalent to the Weil bundle TEZM defined
by the algebra D? of truncated polynomials of degree two in one variable. In
this paper, we study the behavior of lifts of foliated connections (lifted con-
nections) on second order transverse bundles under D?-smooth diffeomorphisms
preserving the lifted foliations and establish conditions, in terms of transverse
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Lie derivatives, under which such a diffeomorphism maps a lifted connection
into a lifted one. Another way to obtain conditions under which a D?-smooth
diffeomorphism maps a lifted connection into a lifted one is to generalize the
notion of a Lie jet with respect to a field of A-velocities [10].

We define the lift of a foliated connection applying to the connection object
the functor T2 which is viewed as the functor of D2-prolongation. Lifts of linear
connections to higher order tangent bundles and to Weil bundles were introduced
by A. Morimoto [5, 6]. A. P. Shirokov [1] applied theory of manifolds over alge-
bras to the definition and study of these lifts. D?-smooth linear connections on
second order tangent bundles studied in [2]. Applying A. Morimoto’s approach,
R. Wolak [12] constructed lifts of linear connections in transverse bundles T}, M
to higher order transverse bundles. V. V. Vishnevskii [11] applied methods used
by A. P. Shirokov and A. Morimoto to the study of lifts of projectable linear
connections on manifolds fibered by a sequence of submersions.

2 D?-smooth structure on the second order transverse
bundle

The projection p: R"*™ =R" x R™ > {z,y*} + {2'} € R", where the indices
i,7,... and «, B, ... run, respectively, through the sets of values {1,...,n} and
{n+1,...,n+m}, defines the model codimension n foliation 7, ,,, on the space
R™*™ representing it as a union of m-dimensional leaves. A diffeomorphism
f:U 3 {ah g} = {f7 (2%, y%), fP(z*,y*)} € U’ between open subsets U and U’
of R™™ is called a local automorphism of F,, ,,, if f7 /0y® = 0. A codimension
n foliation F on an (n+m)-dimensional smooth manifold M is given by an atlas
A whose coordinate changes are local automorphisms of the model foliation F,, ,,
[4]. Charts from A are called foliated charts. A manifold M with given foliation
F on it is called a foliated manifold. A foliated manifold is also denoted by
(M, F). A connected open subset U of a foliated manifold M is called simple if
the induced foliation on U is generated by a submersion with connected leaves.
A foliated chart (U, h) is called simple if U is a simple open subset of M. The leaf
of a foliated manifold M passing through a point x is the maximal connected
submanifold L, > x in M defined in terms of simple foliated charts by equations
of the form z° = x} = const. A smooth mapping f: M — M’ between two
foliated manifolds (M, F) and (M’, F') is a foliated mapping (a morphism of
foliations) if in terms of any foliated charts (U, h) on M and (U’,h") on M’ such
that f(U) C U’ it has equations

o=,y =), daf” =0 (1)
Here and in what follows we use the following notation for partial derivatives:
0" =0f" 0x?, Ouf” =0f" JOy*, O = %" [0aT 0",
Dol =021 0a7 0y,

and so on.
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A foliated mapping maps leaves of M into leaves of M’'. If U is a simple
open set, equations (1) take the form

o’ = [ @h), y = ). (2)

In what follows we will assume that equations of foliated mappings in ques-
tion are written for simple open subsets of their domains.

A transverse 2-velocity on M at x € M is an equivalence class of germs
of smooth curves on M with respect to the following equivalence relation: two
germs 7v: (R,0) — (M, z) and v': (R,0) — (M, x) are equivalent if and only if
the 2-jets j2(po h o) and j2(po ho~') coincide for any foliated chart (U, h),
x € U. The transverse 2-velocity defined by a germ + is denoted by j2~v or
j& 7. The numbers

2t = (h% 0 4)(0), y” = (h* 09)(0),

) ) ) 3
B = d(h o) /dtl, = Ld2(ht o) /di%]g ®

are the coordinates of the transverse 2-velocity j2 .7 in terms of the chart (U, k).

Let T2 ,M denote the set of all transverse 2-velocities at * € M and T2 M =
Uzenm T2 .M the set of all transverse 2-velocities on M. T2 M carries a structure

of a smooth (3n + m)-dimensional manifold fibered over M. This structure is
defined as follows. Let

e TEM 352 vz eM

be the canonical projection assigning to a 2-velocity j2 v € T2

M the point
x € M. A foliated chart (U, h) on M induces the chart

R (72)"HU) 3 X = g2 vy {2t y*, 3" &'} € R3T™ (4)
on T2 M. If the change of coordinates on a simple open subset of the overlapping
of the domains of two charts (U, h) and (U’,h’) on M is of the form (2), then
the corresponding change of the induced coordinates on T2.M is of the form

o' = [,y =y, @ = (07 5)
i = (05)i + 3 (O )idk.

Thus, the collection A% of charts of the form (4), where h runs through the
atlas A, is an atlas defining a structure of a smooth manifold on T2 M.

As it follows from (5), the bundle T2M carries a foliation F2 with basic
coordinates z%, i, 7. We will call F2 the lifted foliation [4] and consider T2 M
as a foliated manifold with foliation F2. The projection 73 is a morphism of
foliations (T2 M, F2.) and (M, F).

The second order transverse bundle T2 M can be viewed as the bundle TEQ M
of transverse D?-velocities on M [7, 8], where D? is the algebra of truncated
polynomials of degree less or equal to 2 in one variable, i.e. the three-dimensional
commutative associative algebra whose elements are of the form a + be + ce?,
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a,b,c € R, with multiplication defined by the relation > = 0, and so T2 M
carries a natural structure of a smooth manifold over D?. This structure can be
described as follows.

On the manifold T2R™*™ there arises a structure of a D?-module naturally
isomorphic to the D?-module (D?)" & R™ with the action of D? on (D?)" ® R™
defined by the relation

oclu®v)=0cud0

for o = be + ce2. Coordinate chart (4) defines the mapping
T2h: 77U 3 X = j2y — { X' = a' +ei® +23, 92} € T2R™™ = (D?)"@R™.

Let U be a simple open subset of (D?)? ®R™. An arbitrary D?-smooth mapping
F:U — (D?)" @ R™ is of the form [8]

Xi’ _ f7/($7) —‘r&‘(i‘jajfil +gi’<xi))
+ 2 (#0;7 + LR+ 20,97 + 17 (2 y%)), v = £ (2h, ). (6)

Therefore, coordinate changes (5) are D?-smooth diffeomorphisms between open
subsets of the module (D?)" & R™, and T2 M carries a structure of a smooth
manifold over the algebra D? modelled by the module (D?)" & R™.

Let T2 denote the functor which assigns to a foliated manifold its second
order transverse bundle and to a foliated mapping f: M — M’ the mapping
T2f: T2M — T2M' defined by the composition of jets: T2 f: j27 + j2(fo~).
In terms of local coordinates, T2 f is of the form (5). In what follows we assume
that the functor T2 assigns to a foliated manifold M the bundle T2 M endoved
with the above described structure of a D?-smooth manifold.

Let ig: M — T2 M denote the zero section which assigns to a point x € M
the jet j2 of the constant curve v(t) = z. We will identify the image of the zero
section ig(M) C T2 M with M. From (6) it follows that an arbitrary D2-smooth
mapping F: T2M — T2M' is defined by its restriction f = F|M — T2M' to
M. Tt also follows from (6) that a D*-smooth mapping F: T2 M — T2M' is
a morphism of foliations (the functions h* in (6) do not depend on y®) if and
only if f = F|M is a morphism of foliations. This being the case, we call F
a foliated D?-smooth mapping. If a D?*-smooth mapping F: T2M — T2M'
is defined by a morphism of foliations f: M — T2M', we denote it by sz
and say that it is the D?-prolongation of f. In the case when the image of f
belongs to the zero section of T2M’, the D2-prolongation of f coincides with
the mapping T2 f: T2M — T2M'. Let in addition f = 72 o f. The above
mentioned mappings form the commutative diagram

oy F=1” o
TtrM —>TtrM (7)

1k

M——- M.
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3 Foliated linear connections and their lifts to the second
order transverse bundles

With a foliated manifold (M, F) one can associate the following fiber bundles.
1. The bundle P]%OIM of second order foliated frames on M whose elements
are 2-jets of germs of morphisms of foliations

f: R™™ 0)3 {u* v’} =M, a=1,....n, p=n+1,...n+m. (8)
A local foliated chart (z%,y%) on M induces the chart
(@' Y™ @ Tap Yo Yp s Yabs Yaps Yo ) 9)

where @, = 9,2" = 9z /Ou®, o}y, = Oz’ y§ = Day™ = Oy*/Ou’, Y5 = dy* =
Ay JOvP, Yy = 02y, Yo, = agpy“, Yoo = 8303/“. We will consider P)%on as a
foliated manifold with basic coordinates (z*, z},, 7). P}, M is a principal fiber
bundle over M with structure group thm consisting of 2-jets of germs at zero
of automorphisms of the model foliation

g: (R™™ 0) 5 {u®, v} = {u® 0"} € (R™™,0),

wherea=1,...,n,p=n+1,...n+m,a’ =1,...;0/, p) = (n+1),...(n+m)’.
The action Pf20lM x Gz, — P]%OZM is defined by the rule of composition of
jets: j2f 0 4% = j2(f o 9).

2. The principal bundle P}olM of first order foliated frames on M whose
elements are 1-jets of germs of morphisms of foliations (8).

3. The principal bundles PL M and P2 M of first and second order transverse
frames on M defined as bundles whose elements are equivalence classes of germs
f: (R™0) > {u*} = M such that poho f is a germ of diffeomorphism for any
foliated chart (U,h) with respect to the following equivalence relation: two
germs f and f’ are equivalent if and only if the jets, respectively, of the first
and the second order of poho f and po h o f' coincide. A local foliated
chart (2%, y*) on M induces the charts (z%, y*;z%) and (2%, y*; 2%, 2%,) on PLM
and P2M respectively. There are natural projections p? : PJ?OZM — P2M and
ptlr: P}OIM — PtlrM.

4. The transverse bundle (or the first order transverse bundle) T, M is
defined as the quotient bundle of the tangent bundle T'M by the distribution of
tangent spaces to leaves or, equivalently, as the bundle of transverse 1-velocities
on M, i.e. the fiber bundle over M whose elements are equivalence classes j}. v
of germs of smooth curves on M with respect to the equivalence relation: two
germs v: (R,0) — (M, z) and v': (R,0) — (M, ) are equivalent if and only if
the 1-jets j'(po ho~) and jl(po ho~') coincide. A foliated chart (U, h) on
M induces the chart hl: (n})"Y(U) 2 X = jl v — {2*,y*, '} € R*"T™ on
Ti M, where 7r(1): T M > jtlmfy — o € M and the numbers #* are the same
as in (3). The bundle Ti, M can also be obtained as the base of the projection
72: TAM — Ty, M induced by the algebra epimorphism 77 : D? — D, where D
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is the algebra of Study dual numbers. T}, M carries a natural structure of a
smooth manifold over the algebra D modeled by the D-module D™ & R™.

A linear connection on M is a right invariant horizontal distribution on the
first order frame bundle P*M [1, 3] and can be viewed as a field I': P2M —
R(M+m)* of second order geometric objects on M corresponding to the represen-
tation G2, x R("+m)° 5 R™m)? of the second order differential group G2, ,,
[1, 3] on the space R("*™)° defined as follows:

ra BC = zﬁ,ch + FB/C/zg zgzﬁ,
A, B,C=1,...n+m, A B, C'=1,...(n+m),

where T'4 . and ngc, are the coordinates of elements of R™*™)° and 2 4" =

daz?, 245 = 0% 52" are the coordinates of an element from Gn+m defined by
a germ of diffeomorphism at zero given by equations A = A (z4).

The subgroup G3, ,,

model foliation leaves invariant the submanifold F ¢ R("+™)" defined by the
equations

C G2, of 2-jets of germs of automorphisms of the

¢ =T =T% =0
and acts on F' as follows:

’ i / /
@ =l ud, + T8 ub ul ul,,

’ ! / /
P PP a b, P
Lo = 00y + Ty ug vy,
’ / ’ / ’ ’ / ’ ’ / ’ ’
b b
+ b, (T guy ug +Tpguy vy +Th o ug +T0, vf yl ),  (10)

’ ’ ’ / ’ ’
re, = oo +vr, (L0, v5 ug +Fp, ,U‘TUT)

oc p oc
ry = vp vbTJrv (Fb, ,ubv 417 e vT )7

T8, = ot + T sy
The manifold F is fibered over R"” with Coordlnates I'¢., and action (10) defines
the action of the differential group G2 on R"* given by the first relation of ( 10).

Denote by E(M) the bundle associated to PJ%OZM corresponding to action
(10). A local foliated chart (z%,y®) on M induces the chart (x?, y<, Fj-,w %1%,
I'5,,I'%) on E(M). By a foliated linear connection on M we will mean a foliated
section

V: M — E(M) (11)

with respect to the foliation on E(M) with basic coordinates z°, Fé-k. In terms
of a simple foliated chart, such a section is given by equations

F;’k = F;’k(xz)a (12)

G =T8 (2%, 9°), T9, =T%"y°), T4, =% @"y°), T =T%" ).
(13)
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A foliated connection V defines a projectable connection in the transverse frame
bundle PLM with coefficients (12) in terms of simple foliated charts. A pro-
jectable connection in PLM exists if and only if the Atiah class a(M) of M is
zero [4]. Therefore, vanishing of the Atiah class a(M) is necessary condition for
existence of a foliated linear connection on M. This condition is also sufficient.
In fact, let g, be the Lie algebra of the Lie group G}, = GL(n,R), g, ,, the Lie
algebra of the Lie group G}L’m, and let wi, be the gl-valued connection form
of a projectable connection in PLM. A local trivilization of the bundle PJ}OZM
over a domain of a foliated chart U C M defines a local trivialization of PLM
over U. Along a section of P]}OZM over U one can choose a g}hm—valued connec-
tion form wy which projects into wy, and then extend it by right translations
on P;,M over U. Then, using a partition of zero for M over a covering {Uy}
consisting of domains of foliated charts over which P]}OZM is trivial, one can
glue such local connection forms and obtain a connection form which defines
a foliated linear connection on M. In what follows we assume that the Atiah
classes of foliated manifolds under consideration are zero. This takes place, e.g.,
for foliations defined by submersions.

Applying the functor T2 to the bundle P]%OZM with structure group G2

n,m?
we arrive at the D2-smooth principal bundle TthPJ?OlM over T2 M with structure
group T2G? . A local chart (9) induces the chart

(Xivya;X(iuX(izb;ygay?aygmygpvyga) (14)

M, where the coordinates X%, X¢, X? , take values in D?. The appli-

a

on TthP)%ol
cation of the functor T2 to relations (10) gives the expressions for the action of
TerfL’m on T2 F. To write down these expressions, one should replace the first
relation in (10) by

Tg, = UlUs, + T4 UY US UG, (15)
where all components in (15) belong to D?. This action leads in turn to the
associated bundle T2 E(T2M). A local foliated chart (z*,y%) on M induces the
chart (X*,y®, [%,,T'%,, [, T4, I'%) on T2E(T3M) with I, € D?. Finally,
the application of T2 to (11) defines a D?-smooth D?-linear connection T2V
on T2 M, which will be called the lift of a foliated connection (11), or a lifted
connection. If a foliated connection V on M is given in terms of a simple foliated
chart by equations (12) and (13), then to get the equation of its lift in terms
of the unduced chart on T2E(T2M), one should take all equations (13) and
replace equations (12) by the equations

D (XY =T (af) + efOuTy, + &2 (#70T% + $a*aPORT%) . (16)

Let now M and M’ be two isomorphic foliated manifolds and F': T2AM —
T2M’ a foliated D?-smooth diffeomorphism. Our aim is to find conditions under
which a foliated D?-smooth diffeomorphism F maps the lift of a given foliated
connection on T2 M into a lifted connection on T2 M.

Consider diagram (7) for a foliated D?-smooth diffeomorphism F. It is obvi-
ous that the prolongation 72 f of an isomorphism of foliations f: M — M’
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maps the lift 72V of any foliated connection V into the lift of the image
of V under f. Hence F' maps the lift 72V of a foliated connection V into
a lifted connection 72V’ if and only if the composition T2(f~1) o F maps
T2V into itself. This composition is the D?-prolongation of the section ¢ =
T2(fYoF|M: M — T2M. In terms of local charts, the section ¢ and the
D2-diffeomorphism T2(f~!) o F = goDz are given, respectively, by equations of
the form X'* = z? + eg’(2*) + £2hi(2*), y'* = y* and

X'=a'+¢ (a:l + gl(xk)) +&? (a:’ +370;9" + hi(a:k)) , Y=y (17)

Note 1 As was mentioned above, the first order transverse bundle Ti.M is
the base of the projection 77: T2M — Ty,M corresponding to the algebra
epimorphism 77: D? — D), where the algebra of dual numbers is viewed as
the quotient algebra of D? by the ideal ¢2D?. Applying this epimorphism to
the relations in the above discussion, we obtain the respective formulas for the
bundle T;, M. To write down these formulas, one should reject in formulas for
T2M the terms containing 2.

In accordance with Note 1 made above, we apply first the D-prolongation
¢°: TtwM — Ty M of the section g = w% ow: M — Ty, M to the connection
object B

TU(X) = T (af) + ed*0pT,.

Using formulas similar to (15) in which U® are replaced by dX''/0X* =
0X'"/9xk = 61 + edrg’ and UL by 0?°X''/0XF0XT = €d%.9", we obtain the
following formulas for this image:

I (af) + e (800, + 02,9’ + 9" 0Ty, — T500g" + 1059 + T5,0kg") . (18)

The formulas
079" + g 0%, — T45,.00g" +T33.0;9° + Thy0kg” 19
k9 T 9 Ol gy jk0eg” + L 059" +15,0kg (19)

are the coordinate expression for a projectable section of the tensor bundle
T4, M of type (1,2) associated to the vector bundle T, M. We will denote it by
L, and call the Lie derivative of the connection object of the foliated connection
V on T, M with respect to a projectable section g of Ti, M. The Lie derivative
(19) can be defined pointwise as the inverse image of the Lie derivative with
respect to the vector field g?(x*) of the connection object F;-k(xe) of the linear
connection given on a local quotient manifold of M [4] relative to the foliation
(within a simple foliated domain). Thus, vanishing of the Lie derivative £,I" is
a necessary condition for the image of T2V to be a lifted connection.

It is a matter of direct verification that a projectable section ¢: M — T2 M
given locally by equations (17) defines in addition a projectable section u: M —
T+ M given locally by the equations ' = h' — %gkﬁkgi. We will call the
two sections g and u of Ti, M the sections associated to the diffeomorphism
F:T2M — T2M' in question.
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Theorem 1 Let M and M' be two isomorphic foliated manifolds and V a fo-
liated linear connection on M with connection object T' (12), (13). A foliated
D?-smooth diffeomorphism F: T2AM — T2ZM' maps the lift T2V of V to T2 M
into a lifted connection on T2 M’ if and only if

L =L,I'=0,
where g and u are the two projectable sections of Ty, M associated to F.

Proof A direct verification shows that a projectable section g: M — Ty, M
with local coordinate expression @' = g*(z*) defines a projectable section g: M —
i _ 1

T2 M with local coordinate expression &' = g*(2¥), &' = ¢"0,g". We show next

that if £,I' = 0, then the prolongation §D2 : TAM — T2 M defined by diagram
(7) maps the connection T2V into itself. Using a partition of zero for M over
a covering {Ux} of M consisting of domains of simple foliated charts, one can
glue vector fields g, which are defined on U, and are projected under the map-
ping m: TM — T, M into the restrictions g|Uy of the section g: M — T, M
to Uy and obtain, as a result, a vector field § on M which is projected by
7 into the section g. In terms of a local foliated chart, the vector field g is
given by equations {g*(z*), g®(z*,y”)}. Applying the functor T}, to the vector
field § and the section g, one obtains a D?-smooth vector field G = T:,g on
T2M and a projectable section G of the transverse bundle of T2 M with respect
to the lifted foliation. The functor T}, applied to the relation £,I' = 0 gives
LaTi, I =0, and the vector field G generates a local D?-smooth one-parameter
group ¥ = {Up(X)}, T =t + e + te2, X € T2M of transformations of T2 M
which transforms the connection T2V into lifted connections. We also have
U = T2+, where 1 = {t;(x)} is the local one-parameter group of transforma-
tions of M generated by the vector field g. If, in terms of a simple foliated chart,
1 is given by equations ¥ (x¥,t), »*(z*,y? t), then ¥ has equations

UHXP, T) =o' (2F,t) + e (250" + t0p)")
+ &2 ("0’ +top’ + i7" 0 0" + L(E)205" + dMoRYT) v (e, P ).
(20)

The D?-valued parameter T is equivalent to the three independent R-valued
parameters t,1,#. If a transformation v, (z) is defined for some ¢y and z € M,
then the transformation WU (X) is defined for all T = ¢y + fe + #c? and X €
(72)~Y(x). Letting t = ¢ = 0, £ = 1 in (20), we obtain the transformation
g% T2M — T2 M.

Let i2: T, M — T2 M denote the canonical embedding given in terms of
foliated charts by equations {z*, y*, @'} — {z%,y®,0,#'}. The composition i3ou
is a section of T2 M, and the D?-diffeomorphism <pD2 can be represented as the

iy D? 2 . \D? ~D? ; 2 . \D? ;
composition ¢ = (ijou)” og" . It remains to apply (i7ou)”" to the connection
object (16). Using again formulas similar to (15) where U% are replaced by
0X'1/0X* = 0X'0xk = 5}, + e20pu’ and UL by 02X'1/0X 0X7 = 2020,
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we obtain the following formulas for the image:
T (XY + €2 (030’ + ufThy, — T 0pu’ + T 05u’ + T ') |

which proves the theorem. O
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