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Abstract

The article is devoted to a generalization of Clifford and Grassmann al-
gebras for the case of vector spaces over the field of complex numbers. The
geometric interpretation of such generalizations are presented. Multieu-
clidean geometry is considered as well as the importance of it in physics.
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It is well known that Clifford and Grassmann algebras play an important role
in different branches of geometry (see [1]). In this article, using a non-quadratic
fundamental form we construct certain generalizations of such algebras over
complex numbers and bring the geometric interpretation of them.

Let us consider an n-dimensional vector space V' over complex numbers C.
Let

Qa) = a7 + 2+t 2t

be a homogenous form, 0 < k < n, e, es,...,e, be some basis of Vand x =
e; +ey+---+e,. Using this form we construct the associative unitary algebra
B(V,Q), the basis of which is formed by monomials

— a1 az a 0 0 0 —
€aias..an =€1 - €% ... e, 0<a,<m—1, el-e-... e, =1,
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multiplication is given by commutation relations
€, €ep = ey €y, a>b, €y €y =0mep €y, a<b, (1)

where v, is m-~th primitive root of unity—for example
2r .. 2w
Oy, = COS — +128In —,
m m
and by identities

e =Qe,)ieel'=---=¢'=1 €'\ 1="-=e

m_, 2)

n

The dimension of the algebra B(V, Q) is equal to m™. The algebra constructed
by this way will be called a generalized exterior algebra with fundamental form
Q (see [2]). It is evident that for k = n, m = 2 we get a Clifford algebra. For
arbitrary natural numbers m, the generalized exterior algebra will be called an
elementary algebra of order m and it will be denoted by B;,'. For the case k = 0,
m = 2 we obtain a Grassmann algebra; for arbitrary natural numbers it will be
called a radical algebra of order m and it will be denoted by X" (see [3]). The
following theorem expresses the basic property of generalized exterior algebras.

Theorem 1 For every vector
r=1x1€1+296+ - +ae, €V C B(V,Q)
the following identity holds
" = (161t xoea+ - Fane,)” =allel +alel +- - +ater = Q(x). (3)

Proof We prove this theorem by mathematical induction for dimension of
vector space V C B(V, Q).

Let n =2, x = x1€1 + 202 + -+ xpe, € Vo C B(V,Q). Then we may
write:

(z1€1 + 22€2)™ = 2" —&—pl(am)xm*lxge;”*l - ey
+ -+ pr(am)e] Tx2e" T - €

m—1 m—1 m
+ o+ pmo1(m)xi2d " ey - el T + xael’,

where p,.(c;,) is some polynomial of «,,. Let us prove p,(a,,) = 0.
Using

(r1e1 + z2€2) - (Y161 + Y2€2) = (Amy1e1 + yae2) - (Amzie1 + T2€2),

we may write

(r1€1 4 12€2)™ = (T1€1 + T2€3) - (T1€1 + T2€2) - (T1€1 + T202)" 2 =

= (amxlel =+ xzeg) . (amxlel + SCQEQ) . (1’161 + $2€2)m_2 =

= (amrie] + T9€2) - (ApmTie; + T2es) - (T1€1 + Toes) - (T1€1 + T0€5)™ 3 =

2 3 —

= (apmrie; + 12e9)? - (@2, x1€1 + 20€3) - (T1€] + T2€9)" 3 = =

m—1 (fm—l

= (amx1€1 + T2€2) ap T rier + x2e2) = (aprier + xoe)™,
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which means
(x1e1 + x2€2)™ = (amz1€1 + 2202)™,

and
'ITL m-—-r_.T m—r T
E 7w (o) e ey = E " Trhar pr(am e’ ™" - el.

Therefore
pr(am) = appr(am) or (1 —ap)pr(am) =0,
which implies that p,(a,,) = 0 because of 1 — ], # 0. We have got
(z1€1 + 2e2)™ = x7"e]" + x3'ey" = Q(x).
Let us suppose that the theorem holds for n = {:
(161 + 220 + -+ 21€))™ = Q(),

and prove the theorem for n = [+ 1. Since elements x = x1e; +zses+- - -+ 1€
and e;;1 fulfill commutation relations (1) in the form

et T=anpT-eq; and T e =0y T,

we obtain

(x1e1 + xz0€2 + - - + 216 + Ti1€041)™ = (& + Ti41€041)™

=z a7} e} = QT+ Tip1e141).
The theorem has been proved. ]

Now, let us investigate the algebra B7j' more detail. According to [3], this
algebra may be represented as a noncommutative composition of two cyclic
algebras C,,(e1) and C,,(ez), for example. Thus any element & € B3' may be
expressed by

T =y, +yest+yses+- Yy, €5, (4)

where y; = 210 + zne; + -+ sz71€717171 are cyclic coordinates of the element
x € By and z, € C. In this case, using commutation relations (1) we may
define the multiplication of elements of algebra BY' which are written in the
form (4) by the following commutation identities

e Y1 = yilay,) - e, (5)
where y,(a,) = 20 + ol zi1€1 + a2 zppe2 + - + oM l)rzlm_le;”_l. Non-
commutative composition of algebras C,,(e;) and C,.(e2) will be denoted by

Cm(el) * Cm(62)7 i e.
72% = C’m(el)*Cm(eg). (6)

Now let us give some definitions.
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Definition 1

a) Let ¢ = xo+ 1€+ zo€2+ -+ x,_1e™ ! be an arbitrary element of the
cyclic algebra C,,(e) with a generator e fulfilling identity €™ = 1. Then
the element

2 2 -1 -1
x(am) =20 + amrie+ o, x0e” + -+ Xy, _1e™

will be called a resolvent of the element x € C,,(e). An operator
Qs Cr(€) = C(e) such that éyy () = x(ayy,) will be called a resolvent
operator. In this case, the element

ar(x) =x(al) = 2o + o, x1e + a2 xoe® 4+ + ozqu_l)Tm(m,l)Tem_l
will be called a resolvent of the order r.

b) The value

apg QAm—-1 Am-—2 ... A1

a1 ag Qm—-1 ... a2

A(a) = as aq ap ... Qs
Am—1 Qm—-2 Am-3 --. GQ

will be called a determinant of the element a = ag + a1e + aze® + --- +
am_1€™ 1 € Cp(e).

¢) The value sp(a) = ag+ a1 +as + -+ + amym—1 will be called a trace of the
element a € C,,(e).

d) The value

bo  bm-1(am) bm- Q(O‘En) . bl(agil)
by bo(am) [ 1(0572n) .. bg(a%_l)
Ar(b) =| b2 bi(am)  bo(az,) ba(am™t)
bt bra(m) bus(Z) .. bo(a~)

will be called a right cyclic determinant of the element
b= bo + b1€2 =+ b2€§ 4+ 4 bm,legnfl S B;n = Cm(el) * Cm(62)7
where by € Cy,(eq).

By direct calculations it may be easy proved that the notions defined above
have properties that are presented in the following theorems (see [3]).

Theorem 2

a) The resolvent operator is an multiinvolutory endomorphism of a cyclic
algebra. It means &y (x+vy) = () + 0 (Y), dm(T-y) = dm(T) - am(y)
and & (x) = id.
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b) The following identities hold

Ala) =a-alay,)-a(e?)- ... -a(a™™)

= spa spa(.,) spa(af") . spa(aﬁfl). (7)

¢) The determinant of an element a € Cy,(e) represents the determinant
of a system of linear scalar equations which is equivalent to the algebraic
equation a - = c.

d) In cyclic algebras, the determinant is a multiplicative functions; it means
that for every a,b € C,,(e) it holds

Ala - b) = A(a)A(b). 8)

e) The right cyclic determinant of an element a € B]' represents the deter-
minant of a system of linear equations which is equivalent to the linear
algebraic equation a - x = c that is written in cyclic coordinates.

f) In algebras B)', the right determinant is a multiplicative function; it
means that for every a,b € B it holds

Ar(a-b) = Ar(a)Ag(b). (9)

g) Let C(e1) x C(e2) = By'. If a € C(ey) then Agr(a) = A(a) and if
b € C(ez) then Ar(b) = A(b), where A(a), A(b) are determinants in
cyclic algebras C(ey), C(es).

Further, let us study an analytic continuation of entire functions of a complex
variable into a cyclic algebra C,,,(e); we obtain it by putting variable € C,,(e)
into a power series of the given function of complex variable. Especially, for an
exponential function of variable te € C,,(e), t € C we get:

exp(te) = E'(t) + eE*(t) + 2B (t) + -+ €™ 'Er_,(t), (10
where functions E"(t) are defined by the following series

qurr

Z (mg+r)!

q=0

Analogically, we obtain the expression for exponential function of variable
te?. For a full cyclic variable x = xo+x1e+xoe2+- - -+x,,_1e™ ! the following
identity holds

m—1

expT = H exp(z,e"”). (11)
r=0

For exponential functions of cyclic variables we have the following theorem.
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Theorem 3 For every element * = xo + z1e +xoe2+ -+ z,,_1e™ ! it holds
A(expx) = 1. (12)

Proof For x = z,e” the identity (12) follows from the relation (7) and from the
fact 1+, +a?, +---+a” ! = 0. Thus for x = zo+re+r9€*+- - -+ 2, 1™}
the identity (12) follows from the relation (11), immediately. O

Using Theorems 2d and 3 we can for cyclic algebras introduce a geometric
structure where the fundamental form is represented by the determinant of a
variable element and motions are given by linear algebraic functions

@' = (expé) @ = (exp(§re + L€ + -+ & 1e™ ) - . (13)

The correctness of such definition of motions in the linear space of this cyclic
algebra follows from identities (8) and (12) because the determinant of an vari-
able element of cyclic algebra is invariant with respect to any transformation
which is given by the relation (13).

Any geometry defined on the linear space of a cyclic algebra C,,(e) by the
fundamental form A(z) and group of motions which are given by functions (13)
will be called a cyclic geometry of the order m. In such geometry, we define a
cyclic norm of the vector represented by & € C,,(e) by the following relation:

jz]* = A(z) A=),

where A(x) is a form complex conjugate to A(z). It is clear to see that such
norm is invariant with respect to any motion. In a cyclic geometry it is possible
to define a measured angle of two vectors represented by elements x,y € C,,(e)
bounded up by some motion; if y = (expf) - x, then £ can be considered as a
cyclic angle between given vectors. Thus, motions given by linear functions in
the form (13) get the meaning of cyclic rotations.

Structures of cyclic geometries defined on algebras C,,(e;) and C,,(e2)
generate a geometris structure on the algebra B3' = C,,(e1) x Cy,(e2) with
the fundamental form Ag(x) and motions which are defined by linear algebraic
functions of the following form

x' = (exp&) - x - (expn), (14)

where £ and 7 are arbitrary cyclic variables with zero real part. This choice of
transformations in the meaning of motions is correct due to Theorems 2g and 3
since for determinant A () it holds Ag(x’) = Ag(x).

Now, let us show that the geometric structure of the algebra B as defined
above may be extended to the case of arbitrary algebra B] . It is important
to see that algebra BY' is a commutative composition of an algebra B (e, e2)
and a cyclic algebra C,,,(e; ~e’2“71 - e3) because the element e - egnfl - e3 com-
mutes with basis elements e; and es of the algebra B5'(e1, e3). Commutative

composition of algebras BY' (e, e;) and C,,(e; - €)' - e3) will be denoted by

BY' = BJ'(e1 - e3) o Ciy(ey -e;nfl -e3).
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By an analogical way, the algebra B is a commutative composition

B]'= B (e;-e))o By (e;-ef ! -e3, e el -ey),
etc. By this way, we will obtain representations of arbitrary algebras B;, in the
following form of commutative compositions:

B { B (ey - €3) 0o BY'(é5,&4) 0 -+ 0 By (&3,_1, €3,), if n=2r |

" Bg"”(el '62) O"'OB;n(éQT_17é2r)OCm(é27-+1), if n= 2r+1
(15)

where é3 = e - 672n_1 - e3, é4 = e] - e;”_l + ey, é5 = é3 . éZl_l + €5, éﬁ =

é3- &' ! eg, etc. The relation (15) generalizes a well known representation

of Clifford algebras in the form of commutative compositions of algebras of

complex quaternions and algebras of dual complex numbers.

Now, let us investigate a linear space
E = By'(e1,e3) ® By'(€3,€4) © -+ ® By'(€2,-1, €2r)
on which a form of order m is defined by
g, (@) = Ag(x1) + Ar(x2) + - - + Agr(x,), (16)

where x = x1 + @2 + -+ @, ; € By (€9,_1, €g;). This form is invariant with
respect to the transformations of the following form

x' = (exp&)) - x - (exp(—&1)), (17)
where & € BJ'(ég;_1, €9;) are cyclis variables with zero scalar part since

9 (@) =gy (1 +- + (exp&) - (exp(—&)) + - + )
= Ag(z1) + - + Ar(exp§)Ar(x)) - Ap(exp(=&)) + -+ Ar(zr) = g ().

The group of transformations, which are generated by linear algebraic func-
tion of the type (17), defines a geometric structure on a linear space E with
fundamental form (16). For m = 2 this group is identical to the group of spinors
of a complex Euclidean space (see [5]). Therefore we can call the geometry of
a space E with the fundamental form (16) a multieuclidean geometry of the
order m.

A multieuclidean geometry have been here introduced by an analogy with
the geometry of a complex Euclidean space, the geometry of which is given by
a group of spinors. In this sense, the multieuclidean geometry represents some
abstract geometric construction. However, such geometry may be for m > 3
used for a description of spaces of symmetry of hadrons, the basis elements of
which may be identified with different generations of quarks, because the system
of hadrons admits the presence of several quarks of one generation (see [4]).

Let us conclude, that geometric structures with the fundamental form of
an arbitrary order m may be (locally) defined also on smooth manifolds M in
the case when on a tangent bundle there is given a linear algebra structure
the restriction of which on any tangent space T'x, X € M gives the algebra

B(Tx,Q).
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