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ON COMPLETE MOMENT CONVERGENCE
FOR WEIGHTED SUMS OF AANA RANDOM VARIABLES

Hatwu HUANG, HANJUN ZHANG AND QINGXIA ZHANG

In this work, a complete moment convergence theorem is obtained for weighted sums of
asymptotically almost negatively associated (AANA) random variables without assumption of
identical distribution under some mild moment conditions. As an application, the complete
convergence theorems for weighted sums of negatively associated (NA) and AANA random
variables are obtained. The result not only generalizes the corresponding ones of Sung [13] and
Huang et al. [8], but also improves them.

Keywords: AANA random variables, complete moment convergence, complete conver-
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Classification: 60F15

1. INTRODUCTION
Firstly, let us restate the definition of AANA random variables.

Definition 1.1. A sequence of random variables {X,,,n > 1} is called AANA if there
exists a nonnegative sequence p(n) — 0 as n — oo such that

Cov (fi (Xn) s fo (X1, X)) < g (n) (Var (f1(Xn)) Var (f2 (X, X)),

for all n,k > 1 and all coordinatewise non-decreasing continuous functions f; and f,
whenever the variances exist. {g (n),n > 1} is so-called the mixing coefficient sequence.

The concept of AANA was introduced by Chandra and Ghosal [3]. It is obviously
seen that the family of AANA random variables contains NA random variables (with
u(n) = 0,n > 1) and some more sequences of random variables which are not much
deviated from being NA random variables. As pointed out and proved by Joag-Dev
and Proschan [I0], a number of well known multivariate distributions possess the NA
property. Hence, extending and improving the limit properties of NA random variables
to the case of AANA random variables has very important significance in the theory
and application.

Since the concept of AANA was introduced by Chandra and Ghosal [3], many appli-
cations have been established. For more details, we can refer to [3] 4 [7, [9] 11| T2} [T4]
15], 16, [17), 19} 20, 2], and so forth.
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Recently, Sung [I3] obtained the following complete convergence result for weighted
sums of identically distributed NA random variables.

Theorem 1.2. Let {X, X,,,n > 1} be a sequence of identically distributed NA random
variables, and let {an;,1 <7 <m,n > 1} be an array of real constants satisfying

> lan|* =0 (n), (1.1)
i=1

for some 0 < o < 2. Let b,, = n'/@ (log n)l/V for some vy > 0. Furthermore, suppose that
EX=0forl<a<2 If

E|X|" < o0 for a >+,
E|X|"log(1+|X]) <oco for a=1, (1.2)
E|X|" <o for a<~,

then

o 1 J
25" (m 2 o
1=

n=1

> ebn> < oo for Ve>D0. (1.3)

Huang et al. [§] extended Theorem for NA random variable to AANA random
variables by using a method different from Sung [13], and obtained the following results.

Theorem 1.3. Let {X,,,n > 1} be a sequence of AANA random variables which is
stochastically dominated by a random variable X, and let {a,;,1 <i <n,n > 1} be an
array of real constants satisfying

> Jan ™ = 0 (), (1.4)
=1

for some 0 < a < 2 and v > 0 with @ # ~. Let b, = nl/a(logn)l/v. Assume that
EX, =0for 1< a<2and (1.2) holds for « # +, then (1.3) holds.

Theorem 1.4. Let {X,,,n > 1} be a sequence of AANA random variables which is
stochastically dominated by a random variable X, and let {a,;,1 <7 <n,n > 1} be an
array of real constants satisfying (1.4) for some 0 < o < 2 and v > 0 with a = 7. Let
b, = nl/“(logn)l/a. Assume that FX,, =0 for 1 < @ < 2 and (1.2) holds for a = ~,
then (1.3) holds.

Inspired by the above theorems obtained by Sung [I3] and Huang et al. [§], in this
work, we will further study the strong convergence for weighted sums of AANA random
variables without assumption of identical distribution, and obtain an improved result
(i-e., so-called complete moment convergence, which will be introduced in Definition
[[-6] under some mild moment conditions. As applications, the complete convergence
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theorems for weighted sums of NA and AANA random variables are obtained. The
main result of this paper not only generalizes the corresponding ones of Sung [13] and
Huang et al. []], but also improves them, respectively.

We will give some definitions used in this paper as follows.

Definition 1.5. A sequence of random variables {X,,,n > 1} converges completely to
a constant A if for all € > 0,

> P(IXn =M >¢) <.
n=1

This notion was firstly given by Hsu and Robbins [6].

Definition 1.6. Let {X,,,n > 1} be a sequence of random variables, and a, > 0 ,
b, >0,q>0. If for all ¢ > 0,

o0
Z%E (b, |1 Xn| — 6)1 < oo0.
n=1

Then the above result was called the complete moment convergence by Chow [5].

Definition 1.7. A sequence of random variables {X,,,n > 1} is said to be stochastically
dominated by a random variable X if there exists a positive constant C such that

P(|Xn| 2 2) <CP(|X| = 2),

for all z > 0 and n > 1.

2. MAIN RESULTS AND PROOFS

To prove the main results, we need the following lemmas.

Lemma 2.1. (Yuan and An [20]) Let {X,,n > 1} be a sequence of AANA random
variables with the mixing coefficients {u (n),n > 1}, let {f,,n > 1} be a sequence of
all non-decreasing (or all non-increasing) continuous functions, then { f,, (X,),n > 1} is
still a sequence of AANA random variables with the mixing coefficients {p (n),n > 1}.

Lemma 2.2. (Yuan and An [20]) Let {X,,n > 1} be a sequence of AANA random

variables with the mixing coefficients {s (n),n > 1} such that > p*/®=1) (4) < oo for
i=1

some p € (3 Sok—1 4. 2’“*1}, where the integer number £ > 1, EX,, = 0. Then there

exists a positive constant C' = C (p) depending only on p such that for all n > 1,

J P n n p/2
d X > <C | EXi|P+ (ZEX?) : (2.1)
=1 i=1

i=1

FE | max
1<j<n
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Lemma 2.3. (Adler and Rosalsky [I]; Adler, Rosalsky and Taylor [2]) Suppose that
{X,,n > 1} be a sequence of random variables which is stochastically dominated by a
random variable X. For all ¢ > 0 and = > 0, the following two statements hold:

E| XL (|Xn] < 2) < CL(EIX|T (|X] < 2) +29P (X > 2)), (2.2)

E|X,T (| X,| > 2) < CE|X|T (|X] > z), (2.3)

where C'y and Cy are positive constants.

Lemma 2.4. (Wu, Sung and Volodin [18]) Let {ay;, ¢ > 1,n > 1} be an array of real
constants satisfying (1.1) for some o > 0, and X be a random variable. Let b, =

n'/*(logn)"/" for some v > 0. If p > max {c, 7y}, then

© | = CE|X|* for a >+,
> —5 > Elani X['T (JaniX| < by) < CE|X[*log(1+|X]) for a=7, (2.4)
n=1 W0 i CE|X|" for a <.

Throughout this paper, the symbol C represents a positive constant whose value
may be different in various places, and a, = O (b,) stands for a,, < Cb,. I(A) be
the indicator function of the set A. Let {X,,n > 1} be a sequence of AANA random
variables with the mixing coefficients {u (n),n > 1} and {a,;,1 <i<mn,n > 1} be an
array of real constants.

Now, we state and prove the main result as follows.

Theorem 2.5. Let {X,,,n > 1} be a sequence of AANA random variables which is
stochastically dominated by a random variable X, and let {a,;,1 <i <n,n > 1} be an

array of real constants satisfying (1.1) for some 0 < a < 2. Let b, = n'/*(log n)l/7 for
some vy > 0. Furthermore, assume that FX,, = 0 for 1 < a < 2. If 0 < ¢ < a, the
following statements hold:

(i) for a > 7, then E|X|* < oo implies

q
= 1

— — — fi . 2.
Zl - ( 1121]a<xn Zam i 5) < oo for Ve>0 (2.5)
n= +

(ii) for a =+, then E|X|"log (1 + |X]|) < oo implies (2.5).

(iii) for @ < v, then F|X|" < oo implies (2.5).
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For Ve > 0, since

oo 1 [e'e)
E — — max
n Jo n 1<5<n

§ anz
i=1

i —5>t1/q> dt

n=1

>~ 1 1 1 J

So2 [P max > ents] > e et/e) at
1 v Jo by 1<j<n i=1

oo
1 oo

E — — max
n Jy n 1<j<n

§ aniX,
i—1

> 6+t1/q> dt

—_ (2.6)
00 J
; nP <1%aé(n ;amX > ¢eb )

ABS bntl/q> dt

To prove (2.5), it suffices to show that I < oo and J < co. By the above listed
Theorems |1.3] and [1.4] of Huang et al. []], we can easily obtain that I < oco.

Without loss of generality, assume that a,; > 0. For all ¢ > 1 and ¢ > 1, define

E, =

—b, g (amXi < —bntl/q) Tan X, I (|am-X,-| < bntl/q)

bt T (am-Xi > bntl/q) :
aniXi —Y;
(amXi n bntl/q) I (am-Xi < fbntl/q) + (am-Xi _ bntl/q) I (amXi > bntl/q) ,

ﬂ (Yi=anXi), B = A= U (Y; # aniXi) = U (|am'Xi| > bntl/q),
) =1 =1

It is easy to check that for Ve > 0,

E,=FE,AUE,BC (max

J
DY

1<j<n |4

i=1

> bntl/q> U (O (Jani X3l > bntl/q)> ,

i=1
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which implies that

J
P(E, < P <113]a<xn Y Yi| > butt/7) + P <U1 (JaniXi| > bntl/q)>
WA — =
J
vy, 1/q _ 2.7
< P (1@%1 ;(1@ EY;)| > bt Jmax. ZEY ) (2.7)
+

P (|am-Xi| > bntl/q) .
i=1

Firstly, we will show that

J

> ey

i=1

1
max

max bt 1 —0 as n— oo. (2.8)

For 0 < a < 1, it follows from (2.2) of Lemma the ¢, inequality, the Markov
inequality and F|X|* < oo that

J

> ey

1
max — /9 max
t>1 by, 1<j<n

IN

Cmax —tl/q Z |EY;|

1 n
< Y. X < 1/<1) X 1/q
< Cmax g ZlE|amXZ|I (|ale| < bt +CIP§1X§P (|asz| > byt )
1 - . . 1/q 1/q . 1/q
< O Z (E|amX|I (|amX| < byt ) +but/1p (\amX| > byt ))
) 1/q)
+CI}1§¥ZP <|amX| > byt
< Cmax— Za E|X|* I(|a X| < by, tl/q)—i-Cma ! Za E|X|*
- t>1 bata/q i n bata/q ni
< 20izaa E|IX|*
— b% P ni
< C’(logn)_a/’yE\Xrl —0 as n— oo. (2.9)

Note that when a,;X; > b, tl/q 0< Z; = an; X; — bptt/1 < an; X;; when an,; X; <
bnt 9, 05X < Zs = ani X+ bpt1/9 < 0. Hence, | Zi] < |aniXi| I (lani Xi| > bpt'/7).
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For 1 < o < 2, it follows from EX,, = 0, (2.3) of Lemma the ¢, inequality and
E|X|" < oo again that

3o

i

ma ma
t>1 by, tl/q 1<]<’n, t>1 b, tl/q 1<J<n

= Cr%1>1xb tl/ Z
< Cmax ——— ! ZE\@ 4X-\I<|a ‘X‘|>bt1/q)
— t>1 b tl/ 1 n 1 n 7 n

1 1/q
< CTSFWZE\amX|I(|amX| > byt )
< 1/q)
< Cmax bat&/q ZamE|X| I(\amX| > byt

< C(logn)~ O‘/"YE|X| —0 as n— oo.
(2.10)
By (2.9) and (2.10), we can obtain (2.8) immediately. Hence, for n large enough and all
t>1,
J
P(E,) <P ( max | (Y; - EY))

1<j<n |4
1=

” bnt;/q) *Zn:P (|am‘Xz'I > bntl/q). (2.11)

i=1
To prove J < oo, it suffices to show that

j

A
= max
Z / <1<g<n P
o co N
A 1
Jp & n§:1 5/1 ;:1 P (|am»Xi| > bntl/q)dt < oo. (2.13)

By Lemma it obviously follows that {Y,, — EY,,,n > 1} is still a sequence of
AANA random variables with the mixing coefficients {x (n),n > 1}. Hence, it follows
from the Markov inequality and Lemma [2.2] that

P
) a

Z / bptp/‘l <1<j<n
0 n n p/2
1~ 1 ) )
c 51”/1 Wirla ‘2—1 EY; — EY[" + <§_1E|Yi—EYz‘ ) de

(Yi — BY;)

bt/
> =5 | dt < oo, (2.12)

zj:(y EY;)

i=1

i

IN

IN

N R R N N R v/
P - - 12
< Czlnbﬁ/l WZ;EM dHCZlnbﬁ/l tp/q<2E|YZ|> dt

2 Ju+ i (2.14)
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Hence, it follows from (2.2) of Lemma [2.3| that

Ju

<

IN

IN

11>

C’Z / ZP lani Xi| > bntl/q)d

+CZ bp/ tp/qZE|amXi|pI(|amXi|gbntl/q)dt
OZ / ZP |ani X| > bn tl/q)d

+CZ bp/ tp/qzlEmme <|amX|§bnt1/q>dt
CZ /mip (lani X1 > bat'/7)at

+Zn7z/ WZEMMXV’I(MMX\ < by)dt

+CZ e / 7 ZE|amX|pI (b < JaniX| < b tl/q>d

J2 + Ji11 + Jiie. (2.15)

n
From 0 < ¢ < o and Y |ani|* = O (n), we can obtain that
i=1

Ja

IN

IN

IN

IA

IA

Z / ZP |amX\>bnt1/q)d

Ozﬁ/ ZP(%>t>dt

cz ZE'“’“X' I (JanX]| > by)

C Z W ZE\am-X|aI (Jans X| > by)
n=1 n =1

) 1 Y n . . .
¢y~ = (logn) 73" Elay X| 1(|amX\ > n(logn) /V)

S . ar | iy nlogn
44'1 v Fla X|"T | |X]|]” > ——"—
O3 plogn) ™3 Pl X7 | X1 >

n=1 i=1

)a/v

=1 Z ‘ani|a
i=1
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oo 1 . n N
< C’Zﬁ(logn) /”Z;Emmm I<|X|>(10gn)1/v)
< 67253 (togn)~*/"BX|*I (|X| > (logn)*/")
/ S / /
= O 71 —a/y EXaI(l kl'}’ X 1 k 1 1fy>
Zn(ogn) ];L | X (logk)"" < |X| < (log (k+ 1))
/ | ,
= ¢y EIX 1(1 K)Y7 < |1X| < (log (k + 1)) 1/7) L (logn) /7,
kzl | X1 ((log k)7 < |X| < (log (k + Z::n ogn)
Note that
ko1 ¢ for a> -7,
Zflogn /7 = ! Cloglogk for a=+,
= C(Ing)l_a/’y for «a<~.
Hence,
CE|X|" for a> 7,
Jy < ¢ CE|X|%logl+|X| for a=4#,
CE|X| for a <.

Under the conditions of Theorem it follows that .J, < 0o and .J, < oc.
For0<g<a<2pe (3-2871 4.2"71] where the integer number k > 1, it follows
from Lemma 2.4 and conditions of Theorem 2.5 that

FEla,; X >~ 1
mlzcz Z' S 1 <) [ ot
1

1
CZ Y ZEMM PT (Jan: X| < by)
=1
s (2.16)

Taking ¢ = x9, it follows from (2.2) of Lemma and the Markov inequality that
© | oo n
CZ m/ 20-P—1 ZE|amX|P1 (by < |aniX| < byx)da
m+1
Cznbp Z/ P 1E:E|amX\”I (b < |ani X| < bpx)da

n=1

1
cz qu P 12E|amX|pI(bn < ani X| < by (m+ 1))

bP
=1

IN

IN

J112

IN

IN

= Cznbpizzmq PUE)ani X P (bns < |aniX| < by (s + 1))

i=1 m=1s=1

= CZ b,,ZZEmm PPT (bns < |ans X| < by (s+1) qupl

i=1 s=1 me—s
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IN

CZ prZElale I (bys < |aniX]| < by (5 + 1)) 577

i=1 s=1

CZ nbp ZZ bq ElamX|qI (b s < |amX| < b (5 + 1)) sI7P

IN

IN

1
CZ T ZEMM-X\QI (JaniX| > by)

Z ZE|G“’!L'LX‘ I |amX|>b )

nl

< o0 (see the proof of Jo < 00). (2.17)

IN

It follows from the ¢, inequality and Lemma [2.3] that

(Z EW

i=1

" p/2
< C <Z b2t2/qp |amX | >b tl/q> + Elan; X; ‘ I (|amX |<b tl/q))>
=1
. »/2 n p/2
=1 i=1
S n

n /2
C) vhtr/ip (lam'Xil > bntl/q) + OZ <E|am‘X¢|2)p I (\alev\ < bntl/q)
1 .

7

3

/ / - ) /
< C 1b”tp qP(|amX| > byt q) +cy <E|amX\ ) (\am)q < byt 4),

i= i=1

which implies

Jiz < i;/ ZP(|an1X| >b tl/q)d

Z nby, / tp/a Z Elani X;| ) <|aniXi| < bntl/q)dt

n i 1/q

C;n/l i_ZIP(|amX|>bnt )dt

oo 1 co M E\aniX|2 p/2 .
> g/1 2 eyl B (|am‘X| < bt q)dt

n=1 i=1 n

oo 1 o n | ,
C;n‘/l ;P(|an1X| >bnt q)dt

IN

IN
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—l—CZ / Z EILZZ;)/? (|amX| < bntl/q)dt
1
+C§O: Zz /OO 2 zn:Em X1 (la X|<b tl/q)dt
n=1 nb% 1 te/q P ni ni <b,

e I S R N 1q
+Cz_:lnb%/1 MZ;EMMM I(bn< |ani X| < bt )dt

< o0 (see the proof of Ji; < oo by replacing p with «).

(2.18)
The proof of Theorem is completed. |
Remark 2.6. Under the conditions of Theorem we can obtain that
00 1 j Py a
oo > — — max ani Xi| — €
z:: n ( 1<j<n ; >+
= il/ ( max Zam i —€>t1/q>dt
—n 1<j<n | £
> / <1Igj_a<xn ; aniXi| > bpe + tl/q> dt
1 o0 J
> C /O ; ~P (1@% ;amXi > bns> dt
o0 J
= C’Z -P <1glja<xn ;asz > bns) for Ve > 0. (2.19)

Hence, from (2.19), we can know that the complete moment convergence implies the
complete convergence. Compared with the results of Huang et al.[8], it is worth pointing
out that our main result is much stronger under the same conditions. So, Theorem

is an extension and improvement of the corresponding ones of Sung [13] and Huang et
al. [g].
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