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LINEAR NATURAL OPERATORS LIFTING p-VECTORS

TO TENSORS OF TYPE (q, 0) ON WEIL BUNDLES

Jacek Dębecki, Kraków

(Received June 10, 2015)

Abstract. We give a classification of all linear natural operators transforming p-vectors
(i.e., skew-symmetric tensor fields of type (p, 0)) on n-dimensional manifolds M to tensor

fields of type (q, 0) on TAM , where TA is a Weil bundle, under the condition that p > 1,
n > p and n > q. The main result of the paper states that, roughly speaking, each linear
natural operator lifting p-vectors to tensor fields of type (q, 0) on TA is a sum of operators
obtained by permuting the indices of the tensor products of linear natural operators lifting
p-vectors to tensor fields of type (p, 0) on TA and canonical tensor fields of type (q − p, 0)

on TA.
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1. Introduction

In this paper we give a classification of all linear natural operators transforming

skew-symmetric tensor fields of type (p, 0) (which we call p-vectors) on n-dimensional

manifoldsM to tensor fields of type (q, 0) on TAM , where TA is a Weil bundle, under

the condition that p > 1, n > p and n > q. Similar problems in some special cases

were studied earlier by Kolář [7], Grabowski and Urbański [4], and Mikulski [10]. The

theorem we prove here generalizes the results of [2] and [1]. The former of the two

papers was devoted to the case q = p, whereas in the latter canonical tensor fields of

type (p, 0) on Weil bundles were studied. We now prove that in the general case each

linear natural operator lifting p-vectors to tensors of type (q, 0) on TA is a sum of

operators obtained by permuting the indices of the tensor products of linear natural

operators lifting p-vectors to tensors of type (p, 0) on TA and canonical tensor fields

of type (q − p, 0) on TA. Therefore in the general case each natural operator under
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consideration can by constructed from those described in [2] and [1] by using well

known operations on tensors. However, the proof of this fact is much more difficult

then the proofs in both the special cases and needs some new ideas.

2. Background on the Weil bundles

For the convenience of the reader we first summarize without proofs some basic

information on Weil bundles. As was proved by Eck [3], Kainz and Michor [5] and

Luciano [9], every product preserving bundle functor is equivalent to a Weil bundle.

A new approach to this matter was presented by Kolář in [6]. We give a brief sketch

of this result following the last paper. For a general theory of natural bundles and

natural operators we refer the reader to [8].

Let F be a functor which transforms each manifoldM into a locally trivial bundle

πM : FM → M and each smooth map f : M → N into a smooth map Ff : FM →

FN such that πN ◦ Ff = f ◦ πM . We call F a bundle functor if for every integer

n > 0 and every embedding f : M → N between n-dimensional manifolds Ff is an

embedding and Ff(FM) = πN
−1(f(M)). Hence we can identify FU with π−1

M (U)

for each open subset U of a manifold M . Such F is said to be product preserving if

for all manifolds M and N the map (FpM , FpN) : F (M ×N) → FM × FN , where

pM : M ×N → M and pN : M ×N → N are the projections, is a diffeomorphism.

Hence we can identify F (M ×N) with FM × FN .

A Weil algebra is, by definition, a finite-dimensional associative and commutative

R-algebra A with unit which has an ideal N such that A/N is one-dimensional and

N r+1 = 0 for an integer r > 0. The basic examples are the algebras Drk of r-jets at 0

of smooth functions Rk → R. For an arbitrary Weil algebra A there is a surjective

algebra homomorphism D
r
k → A for some integers r > 0 and k > 0.

Let F be a product preserving bundle functor. Put A = FR. Applying F to the

addition and multiplication R×R → R in the field R as well as to multiplying R → R

by any real number in R we obtain an addition and multiplication A × A → A in

A as well as multiplying A → A by this real number in A, so A is an R-algebra. In

fact, it is a Weil algebra.

Conversely, let A be a Weil algebra and let p : D
r
k → A be a surjective algebra ho-

momorphism. We say that two smooth maps γ, δ : R
k →M , whereM is a manifold,

determine the same A-jet if p(jr0(ψ ◦ γ)) = p(jr0(ψ ◦ δ)) for every smooth function

ψ : M → R. We will denote by jAγ the A-jet of a smooth map γ : R
k → M and by

TAM the set of A-jets of all such maps. Since every chart ϕ : U → R
n onM induces

the chart TAU ∋ jAγ 7→ (p(jr0(ϕ
1 ◦ γ)), . . . , p(jr0(ϕ

n ◦ γ))) ∈ An on TAM , TAM is

a manifold, and so a bundle overM with the projection TAM ∋ jAγ 7→ γ(0) ∈M . If

f : M → N is a smooth map between manifolds then we define TAf : TAM → TAN
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by TAf(jAγ) = jA(f ◦ γ). The functor TA is called the Weil bundle induced by A.

It is a product preserving bundle functor. Though the construction of TA depends

on the choice of p, TA is unique up to an equivalence.

Therefore we have a Weil algebra for every product preserving bundle functor and

a product preserving bundle functor for every Weil algebra. These constructions

are inverse to each other if isomorphic algebras and equivalent functors are identi-

fied. Thus we have a one-to-one correspondence between product preserving bundle

functors and Weil algebras.

It is worth pointing out that the Weil bundle induced by the simplest nontrivial

Weil algebra D1
1 is nothing but the usual tangent bundle functor T .

3. Construction of some natural operators

We now turn to the main subject of the paper.

Fix a Weil algebra A, as well as integers n > 0, p > 0 and q > 0.

Let us denote by Vr(M), where M is a smooth manifold and r > 0 is an integer,

the vector space of all tensor fields of type (r, 0) onM , and by SVr(M) the subspace

of Vr(M) consisting of all skew-symmetric tensor fields.

Definition 3.1. A natural operator lifting p-vectors to tensors of type (q, 0)

on TA is a system of maps LM : SVp(M) → Vq(TAM) indexed by n-dimensional

manifolds and satisfying for all such manifolds M , N , every embedding f : M → N

and all t ∈ SVp(M) and u ∈ SVp(N) the implication

(3.1)

p
∧

Tf ◦ t = u ◦ f =⇒

q
⊗

TTAf ◦ LM (t) = LN(u) ◦ T
Af.

Of course, such a natural operator L is called linear if the map LM is linear for each

n-dimensional manifold M .

For every integer r > 0, every k ∈ {1, . . . , r} and every a ∈ A we have the linear

map Zka :
⊗r

A→
⊗r

A such that

Zka (b1 ⊗ . . .⊗ br) = b1 ⊗ . . .⊗ bk−1 ⊗ abk ⊗ bk+1 ⊗ . . .⊗ br

for all b1, . . . , br ∈ A.

Suppose that q > p. Let EDqp(A) denote the vector space of all (q−p)-linear maps

D : A× . . .×A→
⊗q

A such that

(3.2) Zia ◦D = Zja ◦D
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for all i, j ∈ {1, . . . , p} and every a ∈ A, and

(3.3) D(cp+1, . . . , ck−1, ab, ck+1, . . . , cq) = Zka (D(cp+1, . . . , ck−1, b, ck+1, . . . , cq))

+ Zkb (D(cp+1, . . . , ck−1, a, ck+1, . . . , cq))

for every k ∈ {p+ 1, . . . , q} and all a, b, cp+1, . . . , ck−1, ck+1, . . . , cq ∈ A.

If p > 1, then elements of the vector space EDqp(A) may be multiplied by elements

of the algebra A. Indeed, it suffices to take any k ∈ {1, . . . p} and put

aD = Zka ◦D

for every a ∈ A and every D ∈ EDqp(A). By (3.2), it is immaterial which k ∈

{1, . . . , p} we choose. In addition, we see that EDqp(A) is an A-module.

Let e1, . . . , en denote the standard basis of the vector space R
n.

Proposition 3.1. If p > 1 and q > p, then for every D ∈ EDqp(A) there is

a unique natural operator D lifting p-vectors to tensors of type (q, 0) on TA such

that

(3.4) DU (t)(X) =

n
∑

i1=1

. . .

n
∑

iq=1

(TAti1...ip(X) ·D)(X ip+1 , . . . , X iq )⊗ ei1 ⊗ . . .⊗ eiq

for every open subset U of Rn, every t ∈ SVp(U) and every X ∈ TAU .

The right hand side of the above equality needs some explanation. Since TAR = A

and ti1...ip : U → R, we have TAti1...ip(X) ∈ A for all i1, . . . , ip ∈ {1, . . . , n}. More-

over, since TAU is an open subset of An, the tangent bundle TTAU can be identified

with TAU × An. But the isomorphism An ∋ X 7→
n
∑

i=1

X i ⊗ ei ∈ A⊗ R
n enables us

to identify An with A⊗ R
n, and consequently

⊗q An with
⊗q A⊗

⊗q
R
n.

In order to prove the proposition, we first show a lemma.

Suppose now that q > p. Let Ep(A) denote the subspace of the vector space
⊗p

A

consisting of the tensors V which for all i, j ∈ {1, . . . , p} and every a ∈ A satisfy the

condition Zia(V ) = Zja(V ), and let Dq−p(A) denote the vector space of all (q − p)-

linear maps F : A×. . .×A→
⊗q−p

A such that F (cp+1, . . . , ck−1, ab, ck+1, . . . , cq) =

Zk−pa (F (cp+1, . . . , ck−1, b, ck+1, . . . , cq))+Z
k−p
b (F (cp+1, . . . , ck−1, a, ck+1, . . . , cq)) for

all a, b, cp+1, . . . , ck−1, ck+1, . . . , cq ∈ A and every k ∈ {p+ 1, . . . , q}.
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Lemma 3.1. Let I : Ep(A)⊗Dq−p(A) → ED
q
p(A) be the unique linear map such

that for every V ∈ Ep(A), every F ∈ Dq−p(A) and all ap+1, . . . , aq ∈ A

I(V ⊗ F )(ap+1, . . . , aq) = V ⊗ F (ap+1, . . . , aq).

Then I is an isomorphism of vector spaces.

P r o o f. Fix a D ∈ EDqp(A). Let v1, . . . , vm be a basis of the vector space A.

There are uniquely determined Fi1...ip : A × . . . × A →
⊗q−p A, where i1, . . . , ip ∈

{1, . . . ,m}, such that for all ap+1, . . . , aq ∈ A

D(ap+1, . . . , aq) =

m
∑

i1=1

. . .

m
∑

ip=1

vi1 ⊗ . . .⊗ vip ⊗ Fi1...ip(ap+1, . . . , aq).

From the uniqueness it follows that Fi1...ip ∈ Dq−p(A) for all i1, . . . , ip ∈ {1, . . . ,m}.

Let F1, . . . , Fd be a basis of the vector space Dq−p(A). By the above, there are

uniquely determined V1, . . . , Vd ∈
⊗p

A such that for all ap+1, . . . , aq ∈ A

D(ap+1, . . . , aq) =

d
∑

j=1

Vj ⊗ Fj(ap+1, . . . , aq).

From the uniqueness it follows that V1, . . . , Vd ∈ Ep(A). Therefore

D = I

( d
∑

j=1

Vj ⊗ Fj

)

and I is a surjection. It is also an injection, because of the uniqueness of V1, . . . , Vd,

and the lemma follows. �

P r o o f of Proposition 3.1. Fix a D ∈ EDqp(A). From what has already been

proved, we have D = I
( d
∑

j=1

Vj ⊗ Fj

)

, where F1, . . . , Fd is a basis of the vector space

Dq−p(A) and V1, . . . , Vd ∈ Ep(A) are uniquely determined. For every n-dimensional

manifold M and every t ∈ SVp(M) we put

DM (t) =
d

∑

j=1

V j(t)⊗ F j ,

where V j with j ∈ {1, . . . , d} is the linear natural operator lifting p-vectors to tensors

of type (p, 0) on TA induced by Vj in the manner described in [2], and where F j
with j ∈ {1, . . . , d} is the canonical tensor of type (q − p, 0) on TA induced by Fj in
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the manner described in [1]. It is known that for every j ∈ {1, . . . , d}, every open

subset U of Rn, every t ∈ SVp(U) and every X ∈ TAU

V j,U (t)(X) =

n
∑

i1=1

. . .

n
∑

ip=1

(TAti1...ip(X) · Vj)⊗ ei1 ⊗ . . .⊗ eip ,

F j,U (X) =

n
∑

ip+1=1

. . .

n
∑

iq=1

Fj(X
ip+1 , . . . , X iq )⊗ eip+1 ⊗ . . .⊗ eiq .

Using these formulas it is easily seen that D satisfies (3.4). Since we may take as f

in (3.1) the inverse of any chart on an n-dimensional manifold, it is obvious that D

satisfying (3.4) is unique. This proves the proposition. �

4. The main result

Let Ω denote the group of all permutations of the set {1, . . . , q} and let ω ∈ Ω.

For every manifold M we define ωM to be the linear map V
q(M) → Vq(M) such

that

ωM (V1 ⊗ . . .⊗ Vq) = Vω(1) ⊗ . . .⊗ Vω(q)

for all V1, . . . , Vq ∈ V 1(M). Of course, if L is a linear natural operator lifting p-

vectors to tensors of type (q, 0) on TA, then so is the system of maps ωTAM ◦ LM
indexed by n-dimensional manifolds. We will denote it by ω ◦ L.

For all k1, . . . , kp ∈ {1, . . . , q} such that k1 < . . . < kp we define ωk1...kp to be the

permutation of the set {1, . . . , q} satisfying ωk1...kp(1) = k1, . . ., ωk1...kp(p) = kp and

ωk1...kp(i) < ωk1...kp(j) for all i, j ∈ {p+ 1, . . . , q} such that i < j.

We can now formulate our main result.

Theorem 4.1. Suppose that p > 1, n > p and n > q. Then for every linear

natural operator L lifting p-vectors to tensors of type (q, 0) on TA there are uniquely

determined Dk1...kp ∈ EDqp(A), where k1, . . . , kp ∈ {1, . . . , q} and k1 < . . . < kp, such

that

L =
∑

16k1<...<kp6q

ω−1
k1...kp

◦Dk1...kp .
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5. Proof of the main result

The remainder of the paper will be devoted to the proof of this theorem. Through-

out the proof, L denotes a linear natural operator lifting p-vectors to tensors of type

(q, 0) on TA.

Our proof starts with several lemmas.

Let n > p and let e be the p-vector on R
n given by the formula

e : R
n ∋ x 7→ e1 ∧ . . . ∧ ep ∈

p
∧

R
n,

where, as usual, e1, . . . , en stands for the standard basis of the vector space R
n.

Lemma 5.1. Suppose that p > 1 and n > p. If LRn(e) = 0, then L = 0.

P r o o f. The proof of this lemma is similar to that of the analogous lemma in [2].

Let α1 > 0, . . . , αn > 0 be integers. We first prove that for every i ∈ {0, . . . , p− 1}

we have LRn(eα,i)|TA0 Rn = 0, where eα,i : R
n ∋ x 7→ (x1)α1 . . . (xi)αie1 ∧ . . . ∧ ep ∈

p
∧

R
n. The proof is by induction on i. Let i > 1 and let g : (−ε, ε) → R, where ε > 0,

be an embedding such that g(0) = 0 and g′ = 1+ gαi. If LRn(eα,i−1)|TA0 Rn = 0, then

(3.1) with

f : R
i−1 × (−ε, ε)× R

n−i ∋ x 7→ (x1, . . . , xi−1, g(xi), xi+1, . . . , xn) ∈ R
n,

t = eα,i−1 and u = eα,i−1+eα,i yields LRn(eα,i)|TA0 Rn = 0, as desired. Next, consider

eα : R
n ∋ x 7→ (x1)α1 . . . (xn)αne1 ∧ . . . ∧ ep ∈

p
∧

R
n. Let g : (−ε, ε)n−p+1 → R be

such that g(0) = 0, (∂g/∂xp)(xp, . . . , xn) = 1 + g(xp, . . . , xn)αp(xp+1)αp+1 . . . (xn)αn

for every (xp, . . . , xn) ∈ (−ε, ε)n−p+1 and that

f : R
p−1 × (−ε, ε)n−p+1 ∋ x 7→ (x1, . . . , xp−1, g(xp, . . . , xn), xp+1, . . . , xn) ∈ R

n

is an embedding. Then (3.1) with the above f , t = eα,p−1 and u = eα,p−1 + eα leads

to the equality LRn(eα)|TA0 Rn = 0. Finally, for all i1, . . . , ip ∈ {1, . . . , n} such that

i1 < . . . < ip we consider eα,i1,...,ip : R
n ∋ x 7→ (x1)α1 . . . (xn)αnei1 ∧ . . .∧eip ∈

p
∧

R
n.

Let τ be the permutation of the set {1, . . . , n} such that τ(1) = i1, . . . , τ(p) = ip and

let us denote β1 = ατ(1), . . . , βn = ατ(n). Then (3.1) with

f : R
n ∋ x 7→ (xτ

−1(1), . . . , xτ
−1(n)) ∈ R

n,

t = eβ and u = eα,i1,...,ip leads to the equality LRn(eα,i1,...,ip)|TA0 Rn = 0.
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Obviously, for every smooth t : R
n →

p
∧

R
n and every integer r > 0 there are poly-

nomials ui1...ip ∈ R[x1, . . . , xn] for all i1, . . . , ip ∈ {1, . . . , n} such that i1 < . . . < ip
with the property that jr0t = jr0u, where u =

∑

16i1<...<ip6n

ui1...ipei1 ∧ . . . ∧ eip . But

from what has already been proved, we have the equality LRn(u)|TA0 Rn = 0. Therefore

the Peetre theorem applied to the operator which maps each smooth t : R
n →

p
∧

R
n

to Rn ∋ x 7→ LRn(t)(x, y) ∈
⊗q

An, where y is any point of the standard fibre of the

bundle TARn → R
n, implies LRn(t)|TA0 Rn = 0 for every smooth t : R

n →
p
∧

R
n.

Now (3.1) with f : R
n ∋ x 7→ x−c ∈ R

n, where c ∈ R
n, any smooth t : R

n →
p
∧

R
n

and u = t ◦ f−1 shows that LRn(t)|TAc Rn = 0 for every c ∈ R
n, which proves the

lemma. �

If L is a linear natural operator lifting p-vectors to tensors of type (q, 0) on TA,

then there are unique smooth functions Bi1...iq : An →
⊗q

A, where i1, . . . , iq ∈

{1, . . . , n}, such that

LRn(e)(X) =

n
∑

i1=1

. . .

n
∑

iq=1

Bi1...iq (X)⊗ ei1 ⊗ . . .⊗ eiq

for every X ∈ An. We will call them the coordinates of L. On account of Lemma 5.1,

L is fully determined by its coordinates, provided p > 1 and n > p, which we assume

from now on.

Note that using the coordinates of L we may rewrite the left hand side of the

consequent of (3.1) in a more convenient form. Namely, if U is an open subset of Rn

and f : U → R
n is an embedding, then

q
⊗

TTAf(LRn(e)(X)) =
n
∑

i1=1

. . .
n
∑

iq=1

n
∑

j1=1

. . .
n
∑

jq=1

(

Z1

TA
∂fi1

∂xj1
(X)

◦ . . . ◦ Zq
TA

∂f
iq

∂x
jq

(X)

)

(Bj1...jq (X))⊗ ei1 ⊗ . . .⊗ eiq

for every X ∈ TAU .

Lemma 5.2. If {i1, . . . , iq} does not contain {1, . . . , p}, then Bi1...iq = 0. Oth-

erwise there is a unique (q − p)-linear map Ci1...iq : A× . . . ×A →
⊗q

A such that

for every X ∈ An we have

(5.1) Bi1...iq (X) = Ci1...iq (Xj1 , . . . , Xjq−p),

where the sequence (j1, . . . , jq−p) is determined by the conditions j1 6 . . . 6 jq−p and

(1, . . . , p, j1, . . . , jq−p) = (iσ(1), . . . , iσ(q)) for a permutation σ of the set {1, . . . , q}.
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P r o o f. Since L is linear, from (3.1) with f : R
n ∋ x 7→ (λ1x

1, . . . , λnx
n) ∈ R

n,

where λ1, . . . , λn ∈ R \ {0}, t = e and u = λ1 . . . λpe we have

(5.2) λi1 . . . λiqB
i1...iq (X) = λ1 . . . λpB

i1...iq (λ1X
1, . . . , λnX

n)

for all i1, . . . , iq ∈ {1, . . . , n} and every X ∈ An. By continuity, (5.2) is also true for

all λ1, . . . , λn ∈ R. The homogeneous function theorem now gives the assertion of

the lemma, and the proof is complete. �

Note that if q < p, then Lemmas 5.1 and 5.2 yield L = 0, which completes the

proof of the theorem in this case. Hence from now on we make the assumption q > p.

We will also need the assumption n > q throughout the rest of the proof.

Let ω ∈ Ω. The coordinates of ω ◦L will be denoted by B
i1...iq
ω , where i1, . . . , iq ∈

{1, . . . , n}. We also define ωA to be the linear map
⊗q

A→
⊗q

A such that

ωA(a1 ⊗ . . .⊗ aq) = aω(1) ⊗ . . .⊗ aω(q)

for all a1, . . . , aq ∈ A. It is a simple matter to observe that

(5.3) Bi1...iqω = ωA ◦Biω−1(1)...iω−1(q)

for all i1, . . . , iq ∈ {1, . . . , n}.

Lemma 5.3. Suppose Bi1...iq = 0 for all i1, . . . , iq ∈ {1, . . . , n} such that for

every k ∈ {1, . . . , p} there is one and only one l ∈ {1, . . . , q} for which il = k. Then

L = 0.

P r o o f. Let g1, . . . , gq ∈ {1, . . . , n} be such that there exist integers r1, . . . , rp
which satisfy the following conditions:

r1, . . . , rp > 1, r1 + . . .+ rp 6 q, gr1+...+rs−1+k = s

for all s ∈ {1, . . . , p}, k ∈ {1, . . . , rs}, and p < gr1+...+rp+1 6 . . . 6 gq. Since n > q,

we can choose h1, . . . , hq ∈ {1, . . . , n} with the properties that hr1+...+rs = s for

every s ∈ {1, . . . , p}, hk 6= hl if either k, l 6 r1 + . . .+ rp, k 6= l or k 6 r1 + . . .+ rp,

l > r1 + . . . + rp, and hm = gm if m > r1 + . . . + rp. We define the embedding

f : R
n → R

n by the formula

f s(x) =







rs
∑

k=1

xhr1+...+rs−1+k if s ∈ {1, . . . , p},

xs if s ∈ {p+ 1, . . . , n}.
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Consider the consequent of (3.1) with the above f , t = e and u = e. Comparing the

parts of both sides which contain eg1 ⊗ . . .⊗ egq and are linear with respect to each

variable Xhr1+...+rs−1+k with s ∈ {1, . . . , p}, k ∈ {1, . . . , rs − 1} we obtain for every

X ∈ An

∑

φ∈Φ

Bhφ(1)...hφ(q)(X) =
∑

ψ1∈Ψ1

. . .
∑

ψp∈Ψp

Cg1...gq (Xhψ1(1) , . . . , Xhψ1(r1−1) , . . . ,

Xhψp(r1+...+rp−1+1) , . . . ,

Xhψp(r1+...+rp−1) , Xhr1+...+rp+1 , . . . , Xhq),

where Φ is the group of all permutations φ of the set {1, . . . , q} satisfying the condi-

tions φ{r1 + . . .+ rs−1 +1, . . . , r1 + . . .+ rs} ⊂ {r1+ . . .+ rs−1 +1, . . . , r1 + . . .+ rs}

for every s ∈ {1, . . . , p} and φ|{r1+ . . .+ rp+1, . . . , q} = id{r1+...+rp+1,...,q}, whereas

Ψs for every s ∈ {1, . . . , p} is the group of all permutations of {r1 + . . . + rs−1 +

1, . . . , r1 + . . .+ rs − 1}. Combining this formula with (5.1) yields for every Y ∈ An

(5.4) Bg1...gq (Y ) =
1

(r1 − 1)! . . . (rp − 1)!

∑

φ∈Φ

Bhφ(1)...hφ(q)(X)

where X is an element of the set An such that Xhr1+...+rs−1+k = Y s for all s ∈

{1, . . . , p}, k ∈ {1, . . . , rs−1}, andXhm = Y hm for everym ∈ {r1+. . .+rp+1, . . . , q}.

Let now i1, . . . , iq ∈ {1, . . . , n} be such that {1, . . . , p} ⊂ {i1, . . . , iq}. Then there

are g1, . . . , gq ∈ {1, . . . , n} such that there exist integers r1, . . . , rp which satisfy the

following conditions: r1, . . . , rp > 1, r1 + . . . + rp 6 q, gr1+...+rs−1+k = s for all

s ∈ {1, . . . , p}, k ∈ {1, . . . , rs}, and p < gr1+...+rp+1 6 . . . 6 gq, as well as an ω ∈ Ω

such that gk = iω(k) for every k ∈ {1, . . . , q}. Applying (5.4) to ω ◦ L instead of L

and using (5.3) we obtain for every Y ∈ An

Bi1...iq (Y ) = ω−1
A (Bg1...gqω (Y ))

=
1

(r1 − 1)! . . . (rp − 1)!

∑

φ∈Φ

ω−1
A (B

hφ(1)...hφ(q)
ω (X))

=
1

(r1 − 1)! . . . (rp − 1)!

∑

φ∈Φ

Bhφ(ω−1(1))...hφ(ω−1(q))(X),

where h1, . . . , hq andX are chosen for g1, . . . , gq and Y in the same manner as in (5.4).

But for every φ ∈ Φ and every k ∈ {1 . . . , p} there is one and only one l ∈ {1, . . . , q}

for which hφ(ω−1(l)) = k, hence Bhφ(ω−1(1))...hφ(ω−1(q)) = 0. Consequently Bi1...iq = 0

for all i1, . . . , iq ∈ {1, . . . , n} such that {1, . . . , p} ⊂ {i1, . . . , iq}. This means that

L = 0 on account of Lemmas 5.1 and 5.2, and the proof is complete. �
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Lemma 5.4. If Bω
−1(1)...ω−1(q) = 0 for every ω ∈ Ω, then L = 0.

P r o o f. We first show that if i1, . . . , iq ∈ {1, . . . , n} are such that ik = k for k 6 p

and ik > p for k > p, then

(5.5) Bi1...iq (X) = C1...q(X ip+1 , . . . , X iq)

for everyX ∈ An. The proof of (5.5) is by induction on the numberN(ip+1, . . . , iq) of

the elements of the set {ip+1, . . . , iq}. We fix g1, . . . , gq ∈ {1, . . . , n} such that gk = k

for k 6 p and gk > p for k > p, and suppose (5.5) holds whenever N(ip+1, . . . , iq) >

N(gp+1, . . . , gq). Let R ⊂ {p + 1, . . . , q} be such that for each k ∈ {gp+1, . . . , gq}

there is one and only one l ∈ R such that k = gl. Next, let h1, . . . , hn ∈ {1, . . . , n} be

such that hm = gm for every m ∈ {1, . . . , p} ∪R and hk 6= hl for all k, l ∈ {1, . . . , n}

such that k 6= l. Put

Sm =

{

{hm} if m ∈ {1, . . . , p} ∪R ∪ {q + 1, . . . , n},

{gm, hm} if m ∈ {p+ 1, . . . , q} \R,

and define

f : R
n ∋ x 7→

(

∑

s1∈S1

xs1 , . . . ,
∑

sn∈Sn

xsn
)

∈ R
n.

Consider the consequent of (3.1) with this f , t = e and u = e. Comparing the

parts of both sides which contain e1⊗ . . .⊗ eq we obtain
∑

s1∈S1

. . .
∑

sq∈Sq

Bs1...sq (X) =

B1...q
(

∑

s1∈S1

Xs1 , . . . ,
∑

sn∈Sn

Xsn

)

for every X ∈ An. This may be rewritten as

(5.6)
∑

sp+1∈Sp+1

. . .
∑

sq∈Sq

B1...psp+1...sq (X) =
∑

sp+1∈Sp+1

. . .
∑

sq∈Sq

C1...q(Xsp+1 , . . . , Xsq ).

But if sp+1 ∈ Sp+1, . . . , sq ∈ Sq are such that there exists r ∈ {p + 1, . . . , q} \ R

with the property that sr = hr, then B
1...psp+1...sq (X) = C1...q(Xsp+1 , . . . , Xsq )

on account of our assumption, because we have N(sp+1, . . . , sq) > N(gp+1, . . . , gq).

Subtracting all terms with such indices sp+1, . . . , sq from each side of (5.6) gives the

equality Bg1...gq (X) = C1...q(Xgp+1 , . . . , Xgq ), which completes the proof of (5.5).

Let now i1, . . . , iq ∈ {1, . . . , n} be such that for every k ∈ {1, . . . , p} there is one

and only one l ∈ {1, . . . , q} for which il = k. There are g1, . . . , gq ∈ {1, . . . , n} such

that gk = k for k 6 p and gk > p for k > p, as well as ω ∈ Ω such that gk = iω(k) for

every k ∈ {1, . . . , q}. Applying (5.5) to ω ◦ L instead of L and using (5.3) we obtain

for every X ∈ An

Bi1...iq (X) = ω−1
A (Bg1...gqω (X)) = ω−1

A (C1...q
ω (Xgp+1, . . . , Xgq )) = ω−1

A (B1...q
ω (Y ))

= Bω
−1(1)...ω−1(q)(Y ),
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where Y is an element of the set An such that Y p+1 = Xgp+1 , . . . , Y q = Xgq . This

means that L = 0 on account of Lemma 5.3 and the proof is complete. �

Lemma 5.5. If B
ω

−1
k1...kp

(1)...ω−1
k1...kp

(q)
= 0 for all k1, . . . , kp ∈ {1, . . . , q} such that

k1 < . . . < kp, then L = 0.

P r o o f. Let ω be an arbitrary permutation of the set {1, . . . , q}. Then there are

k1, . . . , kp ∈ {1, . . . , q} such that k1 < . . . < kp and the permutations σ and τ of the

sets {1, . . . , p} and {p + 1, . . . , q}, respectively, such that ω = ωk1...kp ◦ (σ ∪ τ)−1,

where

(σ ∪ τ)(m) =

{

σ(m) if m ∈ {1, . . . , p},

τ(m) if m ∈ {p+ 1, . . . , q}.

Put

f : R
n ∋ x 7→ (xσ(1), . . . , xσ(p), xτ(p+1), . . . , xτ(q), xq+1, . . . , xn) ∈ R

n.

Consider the consequent of (3.1) with this f , t = e and u = sgnσe. Comparing the

parts of both sides which contain eω−1
k1...kp

(1) ⊗ . . .⊗ eω−1
k1...kp

(q) we obtain

Bω
−1(1)...ω−1(q)(X) = sgnσB

ω
−1
k1...kp

(1)...ω−1
k1...kp

(q)
((TAf)(X))

for every X ∈ An. But B
ω

−1
k1...kp

(1)...ω−1
k1...kp

(q)
= 0, so using Lemma 5.4 completes the

proof. �

P r o o f of Theorem 4.1. For every D ∈ EDqp(A) and every X ∈ An we have

DRn(e)(X)

=
∑

φ∈Φ

n
∑

ip+1=1

. . .
n
∑

iq=1

sgnφD(X ip+1 , . . . , X iq )⊗ eφ(1) ⊗ . . .⊗ eφ(p) ⊗ eip+1 ⊗ . . .⊗ eiq ,

where Φ is the group of permutations of {1, . . . , p}. From this formula we see that

for all k1, . . . , kp, l1, . . . , lp ∈ {1, . . . , q} such that k1 < . . . < kp and l1 < . . . < lp the

coordinate of ω−1
k1...kp

◦D at eω−1
l1...lp

(1) ⊗ . . .⊗ eω−1
l1...lp

(q) equals either

(ω−1
l1...lq

)A(D(Xp+1, . . . , Xq)) if (k1, . . . , kp) = (l1, . . . , lp)

or 0 if (k1, . . . , kp) 6= (l1, . . . , lp). It follows immediately that if Dk1...kp ∈ EDqp(A)

for all k1, . . . , kp ∈ {1, . . . , q} such that k1 < . . . < kp, then the coordinate of
∑

16k1<...<kp6q

ω−1
k1...kp

◦Dk1...kp at eω−1
l1...lp

(1) ⊗ . . .⊗ eω−1
l1...lp

(q) is equal to

(ω−1
l1...lq

)A(Dl1...lp(X
p+1, . . . , Xq)).
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For all l1, . . . , lp ∈ {1, . . . , q} such that l1 < . . . < lp put

Dl1...lp = (ωl1...lp)A ◦ C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
,

where C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
is defined by the coordinate B

ω
−1
l1...lp

(1)...ω−1
l1...lp

(q)
of L as

in (5.1).

By the above, the proof will be completed as soon as we can show that

(5.7) (ωl1...lp)A ◦ C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
∈ EDqp(A)

for all l1, . . . , lp ∈ {1, . . . , q} such that l1 < . . . < lp. Indeed, if we apply Lemma 5.5

to L−
∑

16k1<...<kp6q

ω−1
k1...kp

◦Dk1...kp instead of L in this case, we obtain the desired

equality L−
∑

16k1<...<kp6q

ω−1
k1...kp

◦Dk1...kp = 0.

Therefore it remains to prove (5.7).

Let i, j ∈ {1, . . . , p} be such that i < j. Put

f : R
n ∋ x 7→

(

x1, . . . , xi−1, xi +
(xj)2

2
, xi+1, . . . , xn

)

∈ R
n.

Consider the consequent of (3.1) with this f , t = e, u = e. Comparing the parts of

both sides which contain

eω−1
l1...lp

(1) ⊗ . . .⊗ eω−1
l1...lp

(lj−1) ⊗ eω−1
l1...lp

(li)
⊗ eω−1

l1...lp
(lj+1) ⊗ . . .⊗ eω−1

l1...lp
(q)

we obtain for every X ∈ An

Z
lj
Xj

◦ Cω
−1
l

(1)...ω−1
l

(q)

+ Z li
Xj

◦ Cω
−1
l

(1)...ω−1
l

(li−1)ω−1
l

(lj)ω
−1
l

(li+1)...ω−1
l

(lj−1)ω−1
l

(li)ω
−1
l

(lj+1)...ω−1
l

(q) = 0

where l = l1 . . . lp. Consider the consequent of (3.1) with

f : R
n ∋ x 7→ (x1, . . . , xi−1, xj , xi−1, . . . , xj−1, xi, xj+1, . . . , xn) ∈ R

n,

t = e, u = −e. Comparing the parts of both sides which contain eω−1
l1...lp

(1) ⊗ . . . ⊗

eω−1
l1...lp

(q) we obtain

C
ω−1
l1...lp

(1)...ω−1
l1...lp

(li−1)ω−1
l1...lp

(lj)ω
−1
l1...lp

(li+1)...ω−1
l1...lp

(lj−1)ω−1
l1...lp

(li)ω
−1
l1...lp

(lj+1)...ω−1
l1...lp

(q)

= −C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
.
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Therefore

Z
lj
Xj

◦ C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
= Z li

Xj
◦ C

ω
−1
l1...lp

(1)...ω−1
l1...lp

(q)
.

Combining the both sides of this equality with (ωl1...lp)A yields

(5.8) Zj
Xj

◦(ωl1...lp)A◦C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
= ZiXj ◦(ωl1...lp)A◦C

ω
−1
l1...lp

(1)...ω−1
l1...lp

(q)
.

Since Xj in (5.8) may be any element of A, (ωl1...lp)A ◦ C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
satis-

fies (3.2).

Let now k ∈ {p+ 1, . . . , q}. Put U = {x ∈ R
n : xk > 0} and

f : U ∋ x 7→
(

x1, . . . , xk−1,
(xk)2

2
, xk+1, . . . , xn

)

∈ R
n.

Consider the consequent of (3.1) with this f , t = e and u = e. Comparing the parts

of both sides which contain eω−1
l1...lp

(1)⊗ . . .⊗eω−1
l1...lp

(q) we obtain for every X ∈ TAU

(5.9) Z
ωl1...lp (k)

Xk
(C

ω
−1
l1...lp

(1)...ω−1
l1...lp

(q)
(Xp+1, . . . , Xq))

= C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
(

Xp+1, . . . , Xk−1,
(Xk)2

2
, Xk+1, . . . , Xq

)

.

In the same manner, with U replaced by {x ∈ R
n : xk < 0}, we see that (5.9) also

holds for every X ∈ TA{x ∈ R
n : xk < 0}, and so, by continuity, for every X ∈ An.

Combining the both sides of (5.9) with (ωl1...lp)A yields

(5.10) ZkXk((ωl1...lp)A(C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
(Xp+1, . . . , Xq)))

= (ωl1...lp)A

(

C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
(

Xp+1, . . . , Xk−1,
(Xk)2

2
, Xk+1, . . . , Xq

))

.

Now the polarization of (5.10) with respect to Xk leads to the conclusion that

(ωl1...lp)A ◦ C
ω

−1
l1...lp

(1)...ω−1
l1...lp

(q)
satisfies (3.3). This completes the proof. �
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