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Abstract. For any positive integer k > 3, it is easy to prove that the k-polygonal numbers
are an (k) = (2n+n(n—1)(k—2))/2. The main purpose of this paper is, using the properties
of Gauss sums and Dedekind sums, the mean square value theorem of Dirichlet L-functions
and the analytic methods, to study the computational problem of one kind mean value of
Dedekind sums S(an(k)am(k), p) for k-polygonal numbers with 1 < m,n < p— 1, and give
an interesting computational formula for it.

Keywords: Dedekind sums; mean value; computational problem; k-polygonal number;
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1. INTRODUCTION

It is well known that Pythagoreans linked numbers with geometry. Pythagoras
introduced the idea of polygonal numbers: triangular numbers, square numbers,
pentagonal numbers, etc. The reason for this geometrical nomenclature is clear
when the numbers are represented by dots arranged in the form of triangles, squares,
pentagons, etc., as shown in following figure.

For any positive integer k > 3, it is easy to prove that the k-polygonal numbers
are an (k) = (2n +n(n —1)(k — 2))/2. For example, a1(3) =1, a2(3) = 3, a3(3) =6,
as(3) = 10, a5(3) = 15, ag(3) = 21, a7(3) = 28, ... are the triangular numbers.
a1(5) =1, a2(5) =5, az(5) = 12, a4(5) = 22, a5(5) = 35, ag(5) = 51, a7 (5) =70, ...
are the pentagonal numbers.

This work is supported by N. S. F. (11371291) of P. R. China and G. I. C. F. (YZZ15009)
of Northwest University.
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In this paper, we use the analytic methods and the properties of Gauss sums to
study the mean value properties of Dedekind sums on the sequence {a,(k)}, and
give an exact computational formula for it. For convenience, we first introduce the
definition of Dedekind sums:

Let g be a natural number and h an integer prime to q. The classical Dedekind

s =3 (E)()

xr—[x] — L1 if z is not an integer;
(x) =

sums

where
27
0, if  is an integer,

describe the behaviour of the logarithm of the eta-function (see [7], [8]) under mod-
ular transformations. Many authors have studied the arithmetical properties of
S(h, q), and obtained many interesting results, some of which can be found in [2]-[11].
Perhaps the most famous property of Dedekind sums is the reciprocity formula (see
references [2], [3], [6] and [7]):
R4+ k2+1 1

(1) S(h, k) + 8k, h) = —5— =
for all (h,k) =1, h>0and k > 0.

An interesting three term version of (1) was also discovered by Rademacher and
Grosswald [8].
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The main purpose of this paper is to consider the computational problem of the
mean value of Dedekind sums

p—1 p—1

(2) DY Slan(k)an(k),p),
m=1n=1
where a,,(k)a,, (k) = 1 mod p, providing a,(k) = 0, if p | a,(k). Here k > 3 is
a fixed integer, and p is an odd prime.
We will use the analytic method and the properties of Gauss sums to give an exact
computational formula for (2). That is, we shall prove the following:

Theorem. Let p be an odd prime. Then for any fixed integer k > 3 we have the
computational formula

p—1 p—1
>N S(an(k)am(k), p)
m=1n=1
0, it plk—2;
0, if p|k—4 and p=1mod 4;
_ (p—l)hf,, if p|k—4 and p=3mod 4;
CD(p—2) 1— (—1)-D/2
(p i;p ) _1-( 2) h2, otherwise,

where h, denotes the class number of the quadratic field Q(y/—p).

For a general integer g > 3, whether there exists a computational formula similar
to that of our theorem is an unsolved problem that we will further study.

2. SEVERAL LEMMAS

To complete the proof of our theorem, we need to prove several lemmas. Here-
inafter, we shall use some properties of Gauss sums and Dirichlet L-functions, all of
which can be found in reference [1], so they will not be repeated here.

Lemma 1. Let ¢ > 2 be an integer. Then for any integer a with (a,q) = 1 we
have the identity
1 d? 9
Saq) = 2>~y 2 M@,
4 dlq SO( ) x mod d
x(=1)=-1
where L(1,x) denotes the Dirichlet L-function corresponding to the character
x mod d.

Proof. See Lemma 2 of [10]. O
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Lemma 2. Let p be an odd prime, x any primitive character x mod p. Then for
any fixed positive integer k > 3 we have the identity

- %y(k—%@—l)’ if x=x2andp|k—4;
an(k)) =
nzz:l X X2 700 T(x") X(k —2)x%(4 — k), otherwise,

p—1
where 7(x) = > x(a)e(a/p) denotes the classical Gauss sums, x2 denotes the Leg-
a=1

endre symbol and e(y) = e*™¥.

Proof. For any primitive character x mod p, from the definition of a, (k) and
the properties of Gauss sums we have

0 jéx(an(k» - Z_jx(%( n+n(n— 1)k - 2))
~ %) _ X2+ (0 — 1)k~ 2))
_ % :IY(b)‘f(Mp_ k) :;X(n)e<b(/g - 2)n)
- X :w)x(b(k -2 (HE)

(1) > x(an() = EZ x = 2)p - 1)

Otherwise, from (3) we have

p—1 — —2
X(2)T0) T(X7)
) 3 (k) = XTI 35 gy y24 ),
= (%)
Now combining (4) and (5) we complete the proof of Lemma 2. O
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3. PROOF OF THE THEOREM

In this section, we shall complete the proof of our theorem. First, if p is an odd
prime, then from Lemma 1 and the definition of S(a,p) we have

© Sp) =527 X x@L0f
Ny

and

(7) S(l,p):Z(%—%)2:%.

a=

Combining (6) and (7) we can deduce that

2 (p—1)23(p—
®) > lawp- ==

x mod p
x(=1)=-1

It is clear that if p | k — 2, then from (6) and Lemma 2 we have the identity

p—1 p—1

(9) > > San(k)@m(k).p) = 0.

m=1n=1
If p| k—4 and p = 1 mod 4, then the Legendre symbol x2 is not an odd character
mod p. So for any odd character Y mod p, x? is not the principal character mod p.
From (6) and Lemma 2 we have the identity

p—1 p—1

(10) > D Slan(k)am(k).p) = 0.

m=1n=1
If p| k—4 and p = 3mod 4, then the Legendre symbol 2 is an odd character
modp. Note that |7(x)| = /p if x is not the principal character. From (6) and
Lemma 2 we have the identity

(11) SN S(an (k) G k), p)
p—1 p—1
L S Y Y am )R B)IL,
m“p—1
ch_rrlu))iflm,=l n=1
— ST - IO P = (- DR
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where we have used the identity [L(1,x2)| = hp(n/\/p), and h, denotes the class
number of the quadratic field Q(\/—p).

If (p,k—2) = (p,k—4) =1 and p = 1 mod 4, then from (6), (8) and Lemma 2 we
have the identity

(12) S5 S(an(k) @ (k). p)
m=1n=1
=D DI D) BRI VIRl
x mod p m=1n=1
x(—1)=-1
x(=1)=-

If (p,k —2) = (p,k—4) =1 and p = 3 mod 4, then note that 7(x3) = —1, and
from (6), (8) and Lemma 2 we have the identity

p—1 p—1
(13) SN S(an (k) G (), p)
m=1n=1
1 D p—1 p—1
=51 2 2 > xlam(B)X(an (k)LL)
p x mod p m=1ln=1
x(—1)=-1
1 p2 2 1 p 2
=5 L(1 —L ra
| mZ LA + 5= 1L x2)
x(=1)=-1
XFX2
1 p? s 1p—p? )
== L(1 — L(1
TEQp—l XI%;dp | ( aX)| +TE2 p_1| ( 7X2)|
x(=1)=-1
_-1)r-2) 2
12 P

Note that (1 — (=1)®P=1/2)/2 = 1, if p = 3mod 4, and (1 — (=1)P~1/2)/2 = 0, if
p =1 mod 4. Combining (9)—(13) we immediately complete the proof of our theorem.
(]
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