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GENERALIZATIONS OF MILNE’S U(n + 1)
¢-CHU-VANDERMONDE SUMMATION
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Abstract. We derive two identities for multiple basic hyper-geometric series associated
with the unitary U(n+1) group. In order to get the two identities, we first present two known
g-exponential operator identities which were established in our earlier paper. From the two
identities and combining them with the two U(n + 1) ¢-Chu-Vandermonde summations
established by Milne, we arrive at our results. Using the identities obtained in this paper,
we give two interesting identities involving binomial coefficients. In addition, we also derive
two nontrivial summation equations from the two multiple extensions.

Keywords: U(n + 1) group; multiple basic hypergeometric series; basic hypergeometric
series

MSC 2010: 33D80, 33D70, 33C80, 11B65, 15A09

1. INTRODUCTION AND MAIN RESULTS

The importance of the g-analogue of the basic hypergeometric series in U(n) was
first discussed by Andrews in [1]. Since the multiple basic hypergeometric series
associated with the unitary U(n+ 1) group was systematically studied by Milne [16],
it has been studied by many researchers, who have produced much literature about
it. For instance, the authors ([2], [6], [11], [12], [13], [15], [17], [18], [22], [21]) made
a systematic study on it. Wang [23] applied the ¢-Beta integral transformation to ob-
tain several generalizations of Milne’s U(n+1) ¢-binomial theorems. Zhang [24] gave
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several U(n + 1) generalizations of the Kalnins-Miller transformations by applying
g-exponential operators which were constructed by Rogers [19], [20], and developed
by Carlitz [4], Chen and Liu [5], Liu [14] and Bowman [3]. Mainly inspired by [15],
[23], [24], we will focus on the generalizations of the following Milne’s U(n + 1) ¢-
Chu-Vandermonde formulas which were presented as Theorem 5.12 and Theorem 5.36

(cf. [15]):

Let b, ¢ and x1,...,x, be indeterminate, and let N; be nonnegative integers
for i = 1,2,...,n; ea(y1,-..,Yyn) is the second elementary symmetric function of
{y1,.-.,Yn}, and we suppose that none of the denominators vanishes:

1— x_Tqyr_ys

1) H""“)N"’: > { I =

i=1 x—”cq 0<y; <N; “1<r<s<n Ts
i=1,2,...,n
n n
T; \Yi Cq Vn Zrg—Ne ) Yr
() (55)
H Tn 11 q)yr
n
X H (—c q) (b:9)y, y2+2y3+...+(nl)ynez(y1,~~~,yn)}
i=1
and
n N; 1 — Zrg¥r—ys
Ty Cq . .4
(2) H(x b ’q)N‘ Z H R
i=1 v ‘ 0<y; <N; “1<r<s<n Ts
i=1,2,...,n
L g\ T (52aN5q),
L) () 1=,
i—1 rs=1 (Z%Q)yr

In Nn—Ni 4, Vn—VYi.
“cq g

n
X
g I”L Can quyn Yi- q)
x (b;q)y qy2+2y3+m+(n—1)yn+e2(y17---,yn)}.
We adopt the notation used in [10]. Throughout the paper unless otherwise stated

we assume that 0 < |g| < 1. For any complex parameter a, the g-shifted factorials
are defined as

n—1 0
(3) (@o=1, (0n=[[0-0ad"), n=12,..., (a:¢)ec = [J(1 - ad®).
k=0 k=0

For brevity, we also use the notation
n n
@) (a1,02,- -, am; Qo = (013 QOn(a2; D -+ (A5 Dy A =D Niy Vo= _ .
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The ¢-binomial coefficient is defined as

n (G Dn
5 —_ \jn
®) M (4 k(¢ Dn—rk
The g¢-differential operator D, and the g¢-shifted operator 1, acting on the vari-
able a, are defined as (cf. [5], [6], [7], [8], [9], [14], [19], [20], [24])

fla) = f(aq)

(6) Do{f(a)} = and  n{f(a)} = f(aq).

The basic hypergeometric series ;®; is given as

Ry (a1, 02, -0 s x) :i (a1, a9, ...,05; Q)% = ()]1+t ok

bla an"'vbt k=0 (qabla"'abt;q)
where s,t = 0,1,2,... The main results of this paper are stated as follows:
Theorem 1.1. Let b, ¢, d, e, x, y and x1,...,%y,a1,...,as be indeterminate, let
N; be nonnegative integers for i = 1,2,...,n with n > 1, and suppose that none of
the denominators in (8) vanishes. For |e| < min{|z|, |y|}, |az;| < 1,7 = 1,2,...,¢,
e2(y1,...,yn) being the second elementary symmetric function of {y1,...,yn}, we

have

1—2egrrve 0 (207 759), (7 f ')71

® > {KH =11

Ty
0y SN; <ris<n Ts r,s=1 (ﬁfs q’q)yr i=1

n .
% H (ml )y" (qz/Vn))in qyz+2y3+...+(n71)y7ﬁez(y1,...,yn)

=1
T T T T .
y (3; dr a1’ a1 7Q)y" (cbda1a3 .. .a2t1)y"}
X X X xr .
(e e a Oy, €204 0
n T Ty Yr—Ys N Zr ,—Ng.
- 11 (zevia) y, 3 { 11 L=2g (524 M10),,.
i ( ncx’q)N,: 0<y: <N; “1<r<s<n T ps=1 (zbq’q)y
i=1,2,...,n
Ti . -t ba- " n yot2ys+...t(n—1)yn—ea(y1,--,yn)
x —cy;q) (cbg™) g
i1 Tn Yi

—Yn z d. J t —Ji—1 @2i—1
cy WREer e s

z 4. x ql Ji— 1112L 2. ’
(@859, STainn (02, )

where a_1 = d, ap = e, jo = j, and t is a nonnegative integer.
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Theorem 1.2. Letb, ¢, d, e, z,y and x1,...,Zy,0a1,...,a2: be indeterminate, let

N; be nonnegative integers for i = 1,2,...,n with n > 1, and suppose that none of
the denominators in (9) vanishes. For |e| < min{|z|, |y|}, |az;| < 1, 7 = 1,2,...,¢,
e2(y1,.-.,Yyn) being the second elementary symmetric function of {y1,...,yn}, we
have
1— ﬁqyr_ys n T y. n I_ qu)
T Ln \"* N, 3777 Ao 2 Ay,
oy { I SEEEE) e I S e
0<y; <N; “1<r<s<n Ts i=1 rs=1 :r; )
i=1,2,...,n
n (Zn Np—N; ;Vn—Yi.
X H (x ~ ! ’q)N"' y2+2ys+...+H(n—Dyn+tea(yi,-yn)
Np—N; gVn—Yi-
L (2e @ visa),,
r X X T .
v (37 dr a1’ " ase_1’ Q)yﬂ (cbda1a3 e a2t1)y"}
(%,;—/2,5—4,...,&2“(]) easay . .. a
Tr Yr—Ys n Ty —N
_ L TT ()" (beq™ H (Gra7™:q),,
1—2 Ly, q;q)
0Ly KN; ~1<r<s<n Ts =1 r,s=1 Ts Yr
1=1,2,...,n
n (Zn Nyn—Ni Vi —yi
« H (xq, cya q ’q) qy2+2y3+w+(n71)yn+ez(y1,...,yn)(g;q)
i (fc—’;quN,L N/qun yl;q)yi b v,
—Vn d. j —Ji— i ji
(0% 459),¢ Ll S 59,7
(q z E.q) Z H - ql Ji-1 o, o ’
0<j<Vn o Yy oggin<omiimt (@ ars T )j,;

where a_1 = d, ap = e, and t is a nonnegative integer.

Remark. Throughout the paper, convergence of the series is no issue at all
because they are terminating series.

2. LEMMAS AND PROOFS

In this section, we will apply the g-exponential operator

(10) W (b c6) = 10 <f;q, _09> 3 (bq()qn#

which is constructed by us (cf. [7], [8], [9]) to obtain the results. For convenience, we
will use W (b; ¢f),, to denote the operator (10) acting on the variable a in this paper.

In order to complete our proof, we need to use the following known identity which
was established in our earlier papers [8], [9]:
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Lemma 2.1 ([9], Theorem 1.1 or [8], Lemma 2.1). If [est/w| < 1, s/w = ¢~ ",
and n is a nonnegative integer, then

S

as,at; q)so as, at,bet; q) oo b, £, %L
(11) W(b;ce)a{( 7 }:( ? 3%( P ‘i;q,q)-

(aW;Q)oo (awvct;Q)oo ct’ a

Taking n = 0 in the above lemma, then replacing s by ¢, we have

Lemma 2.2. If |cs| < 1, then

(as,bes; q)oo

(12) Wb c)ad (@53 9)oot = =25

Proof. We will start our proof by the following steps.

Proof of Theorem 1.1. Replacing (b,c) by (bz,cz) and (by,cy) in (1), then
comparing the two identities obtained, we get

1— Zegyr—ys N (Zc g Ne: n 1
i ¥ { I S I ] ()
0<ys <N; “1<r<s<n Ts  ps=1 w4 )y i=1 vi

i=1,2,...,n

n ) N,
T; \Yirecqm Yn _ _ ]
% I I (x;) ( ; ) (bx;q)y,”qyzﬁyﬁ“'*(” Dyn ez(yly...,yn)}
i—

Zi . _ Ty Yr— n
(e, > { M =511

T 1— 2=
i=1 (;c,, ’q)NL ogylgN 1<r<s<n Ts r,s=1
i=1,2,..

T; ) 1 ( €T; )yl (Cq n )yn
X —cy; —

x (by: q)y, qy2+2y3+~~+(nl)ynez(yh...,yn)}.

Letting b — 1/b, we rewrite (13) as

1 — Zrgyr—¥Ys M ﬂqus;q
a3 { I —=1I ((7)1’

1<r<s<n Ts r,s=1 x_sq7Q)y7

— n .
1)
Yi =1 Tn

> (_qu(/Vn )y" qy2+2y3+...+(’ﬂ71)yn*€2(y1:~~~7yn)q(y2n) <q17y" g; q) Oo}



i=1 (%Cw,Q)M 0<y; <N; “1<r<s<n 1- ;E—
i=1,2,....,n
(22¢N+5q)

1-Yn
y2+2y3+...+(n71)yn762(yl """" y")q(y;z) (q y;qr,q) }
(43:9)

Applying the operator W (d; ef), to both sides of (14) and using (11) and (12), we

have
1— %qyr—y n /rq— .;. )
(15 3 { ey S
0<1y <N 1<r<s<n Ts rs=1 ur
1=1,24,..0
1" T \Y
ALema), TTE)
(deq ) qy2+23/3+ A(n—1)yn—e2(y1,...,y )(%’ %’q)y
(£59)y,
(3;-7, y’q)N 1— _qyr—y
g (Srema)y, OgéM 1<T1:[8<n —
1=1,2,..., n
n

—Vn x
X qyz+2y3+...+(n71)yn762(y1 ..... yn)(g.q) By q , d, P 0. .
b v, y z®

1— Zegueye (227 Noyq) g -1
(16) Z { H 1955 Tr H (xbzr R )yr H<—C$7q)
0<y2<N 1<r<s<n Tz rs=1 (I_Sq’q)yr i—1 “Tn Y
1=1,2,...,
n ) )
XH(E)%(C&] ) Y2+2y3+..+(n—1)yn—e2(y1,.-,yn)
S \ay, e

- o _ Tr aYr—yY
_ H (:cnc ’q)N { H 1 4
B Ti . —
i1 (z cx,q)N 0<y; <N; “1<r<s<n T
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(cbg )" guate (=D —ealunseeswn)

y (g;q) (q_%’%?q)jqj (Z,ffﬂ) }
b Vn 0<i<Vn (%%v%%@j (d%aQ)OO

X

Applying the operator W (ay;a260)4 to both sides of (16), applying (11) and (12),
then letting a1 — a1/az2, we have

1 — Zogyr—yYs T ﬁq—Ns;q
(17) Z { H 1xiqh H (’C(grr " )yr
Yr

0<y; <N; “1<r<s<n Ts r,s=1 x_5q7q

XIIC_WQ)jﬁ(%YKéﬁgf»%

Yi - €eas
1=

xXq

Yy2+2ys+...+(n—1)yn—e2(y1,.-,yn) (%’ q)yn (%’ %; q)y" }
%;q)yn <aiz)y"
i s (g Ee g G
1 (Grew; Q)N, 0<yz,£N 1<r1:[s<n 11— ﬁ_r nlsll (ﬁ—ZQ;Q)yT
i=1,2,.

n

7

The equation (8) follows by induction. O

Proof of Theorem 1.2. Replacing (b,¢) by (bz,cz) and (by,cy) in (2), then
comparing the two identities, we get

1— x_Tqyr_ys

w2 L —n<—><>

0y <N, ~1Sr<s<n Ts i=1
1=1,2,...,n

- —N;, n n i
(—q ' _Cqu “Nigvizg N,

n n
X
'r",ls_ll (xgq’q) 1;[ xnquN” quyn Yi -+ q)

Yi

x (bz; q)y gVttt (n=Dyntea(vio.yn) }
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)y'n

(524 M50),, ﬁ (Seyg™Nig™Viq)
rom (B6a), i (Sreye™ Mg Trg)

SRR (CORC

SN T1<r<s<n Ts i=1
)

Yi

% (by;q)y, qy1+2y2+w+(nl)ynJrez(th,yn)}.

Then similarly to the proof of Theorem 1.1, we complete the proof. O

Remark 2.1. Setting b — 1/b, and letting d = e = a; = ... = ag; = 0, then
setting x =1, y = 1/b in (8) and (9) we come back to Milne’s formulas (1) and (2),
respectively.

3. SOME SPECIAL CASES

Setting ¢ = 0, replacing (b,d, e) by (1/b,1/d,1/e), then letting e = bdy in (8), we
get

Corollary 3.1 ([24], Theorem 3.4). Let b, ¢, d, z, y and x1,...,x, be indetermi-

nate, let N; be nonnegative integers for i = 1,2,...,n with n > 1, and suppose that
none of the denominators in (19) vanishes. For es(y1, ..., Yyn), the second elementary
symmetric function of {yi,...,yn}, we have

r

1— ﬂqyr*ys n (;_:qué"q)y

19 S eI

0<y; <N; “1<r<s<n Ts r,s=1 (z_5q7 q)y,,,
1

i=1,2,...,n
i T; -1 Ti \Yi A\Vn
Xil;[l(acx,q)% E(E) (cyq”™)

m+zy3+...+<n-1>yn-62<y1,...,y,»w}
(bdzy; q)y,
1— Zegyr—vs

n

I SR ) =

= -

pale} cx Q)N 0<y; <N; “1<r<s<n Ts
1_1,2,....n

y ﬁ ($2¢~ y H(xz ” q)—.l(qu )y”

r,s=1 (

X q

X qyz+2y3+...+(n—1)yn—e2(y1,...,yn) (by, dy; @), }

(bdzxy; q)y,

402



Setting ¢ = 0, replacing (b,d, e) by (1/b,1/d,1/e), then letting e = bdy in (9), we
find

Corollary 3.2 ([24], Theorem 3.16). Let b, ¢, d, z, y and x1,...,2, be indeter-
minate, let N; be nonnegative integers for i = 1,2,...,n with n > 1, and suppose
that none of the denominators in (20) vanishes. For ez(y1,...,Yyn), the second ele-
mentarily symmetric function of {y1,...,yn}, we have

]__ﬂ Yr—Ys N i
e S T e G e
N; i=1 v

1<r<s<n Ts

n (17 qus. n
< 11 H
r,s=1 (ﬁfe ¢ q) =1
y2+2y3+~~+(n—1)yn+e2(y17---7yn)M}
(bdzy; @)y,
1— x_Tqyr_ys

L x (I EEC R e

T
0<yi<N; “1<r<s<n Ts i=1 v
1=1,2,...,n

n (z, q—Ns.

I ﬁ

o (BFwa), iﬁcqu" Nig¥n=vi; q)

ﬁ an_Niqyn_yi;q)

i

N, —N; qji,, —Yi- q) "

X q

% qy2+2y3+~~~+("*1)yn+62(y1,m,yn) M }

(bdzy; q)y,

Remark 3.1. Obviously Corollary 3.1 is a limit case of the transformation of
Theorem 3.1 in [6] and Corollary 3.2 is a limit case of Theorem 3.13 in [2].

Letting n = 1 in (8) or (9) and then replacing (b,d, e, a;) by (1/b,1/d,1/e,1/a;),
i=1,2,...,2t, we have

Corollary 3.3. If |e| < min{|z|, |y|}, |az;| < 1, j =1,2,...,t, and t is a nonne-
gative integer, then

g N, bx, dx, a1z, ..., age—1T  ceag. .. ase g™
(21) t+3Pry2 T
CX, €X, AT, ..., QX bday . ..ao_1
_ cyq Z byqyl(qu)yl S (g §obasa), iy
(cx;a)vy =y (@ cyia b = (aex,by;q);

t q —Ji—1 az;

y Z H _ ) age_1 A2i—3%; q)

q a2i—3 1 ]1‘,—1 aQ,x.q)‘ ’
0<ji ... <o go=j i=1 1’ azi—z 24 » e 1) g,

where d = a_1, e = ag.
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Letting cx = ex = asx = ... = agx, ag;fasi-1 = ¢, * =y, a_3 = b, a9 = ¢,
=-1,0,1,...,t in (21), we find

Corollary 3.4. If |cz| < 1, t is a nonnegative integer, then

Ny
1 (1 — bx)t+2 k (5)+k(t+2)
(22) {kj} 1 — bxzgk)tt+2 -l q( )
=0

} 1—bx b 1)y1q(y21)+y1

1 — bzg¥r

(
N
-l
Y1 e " ¢ 1—bx .
X jz:; [ ] bxq, _1)Jq(z)—y1]+3 Z H - bxqit g’

0<jt <. <J1<jo=7 i=1

Setting bx = ¢ in the above identity, then letting ¢ — 1, we have

Corollary 3.5. Ift is a nonnegative integer, then

Ny 1 ) N1 (Nl)(_l)yl Y1 (y;)(_l)j
23 — 2t ].
kzz:ok'f-ltJrQ y;o y1+1 JEZ:O Jj+1

Letting cx = ex = agw = ... = anx, agz;/az,—1 = ¢, qx =y in (21), we get

Corollary 3.6. If |cz| < 1, t is a nonnegative integer, then

(24) %1: |:N1:| ((1 - bx)t+2 (_1)kq(§)+k(t+2)

=Lk 1 — bagh)tt2

_ 1= bag™ I8N (1= bag) (-1
(1 —bxq) =lvl 1 — bxgyrt!

1 _ ba?)( ) q(‘;)+j—y1j
Z [ ] bxq, q); (1 —bxg?)

1-10 -
o Z o H 1- bxzﬁ ¢
<< =j i=
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Setting bx = ¢ in the above identity, then letting ¢ — 1, we have

Corollary 3.7. If t is a nonnegative integer, then

1 N1 (N1)(_1)k
(25) N, 12 Z (kk+ 1)t+2

Ny 1)( 1 2 (yjl)(_l)j t 1
-2 Y1 +2 2 (j +1)? 2 Hji+1'

y1=0 j=0 0t <. <1 <jo=y i=1

Setting x — agi—1 in (8), we get

Corollary 3.8. Let b,c,d,e,y and x1,...,Ty,a1,0as2,...,a be indeterminate, let
N; be nonnegative integers for i = 1,2,...,n with n > 1, and suppose that none of
the denominators in (26) vanishes. For |e| < min{|z|, |y}, |az;| < 1, j =1,2,...,t,
e2(y1,...,yn) being the second elementary symmetric function of {y1,...,yn}, we
have

(26) 1= i —xx_” i > { 11 1_§_q:—y ﬁ (ﬁ_:x 9,
i=1 T CaQt_l; q) Ni 0y <N; “1<r<s<n 1- T rs=1 (I_Zq; q)yr

n
X (que/Vn)y" H (—Cy q) ‘qszl‘Q'yJ"F A(n—=1)yn—e2(y1,-.. 7yﬂ)(g7q)y

i=1
x D

(a7, 25, $5a) 4

azt—1 Yy
ooy, (&),

a2i—1 Qa2¢t—1,

t —Ji—1 Ji
(] > az; O’ agi-3’ q)ja‘,q
x z : H azt—1 G2i—2 1. ?

1-jia
0<5: < .. <o i=1 % Tag; v asisd ’q)ji

where a_1 = d, ag = e, jo = j, and t is a nonnegative integer.

Setting © — ag¢—1 in (9), we find

Corollary 3.9. Let b, ¢, d, e, y and x1,...,Zn, a1,...,a2 be indeterminate, let
N; be nonnegative integers for i = 1,2,...,n with n > 1, and suppose that none of

the denominators in (27) vanishes. For |e| < min{|z|, [y}, |azj| < 1, =1,2,....t,
e2(y1,.-.,Yyn) being the second elementary symmetric function of {y1,...,yn}, we
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have

n
x
27 ( n _ Nn*Ni; )
( ) II xicazt 19 qu

i=1
— Ty gYr—yYs M . n Zr =N
- ¥ 11 1-2tq II Tn y”(bc Nn)y" 11 (54 "4,
a 1— 2= ; ! (224:9)
0Ly <N; ~1<r<s<n Ts i=1 r,s=1 zs 12y,
i=1,2,...,n

No=Nig¥=vi; )

n
(S2eya
« ,
H (i_’r;cqun*Niqyn*yi-q)

N; qy2+2y3+w+(nfl)yn+ez(y1,...,yn) (E q)
VRS
Yi
—Jin a j
(a 2t 4q) 0!

azt—1 Y.
S COerat S 10

tq]71a211a2t1

L i), ¢
X § : H azt—1 a2i—2 . :

ql Ji—1 q)
0<jt <...<jo=j i=1 9 Tan; v anis * 2 g4
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