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Abstract. The aim of this work is to study oscillation properties for a scalar linear
difference equation of mixed type

q
Az(n) + Z ag(n)z(n+k) =0, n>ng,
k=-p

where Az(n) = z(n + 1) — z(n) is the difference operator and {ar(n)} are sequences of
real numbers for k = —p,...,q, and p > 0, ¢ > 0. We obtain sufficient conditions for
the existence of oscillatory and nonoscillatory solutions. Some asymptotic properties are
introduced.
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1. INTRODUCTION

The aim of this work is to study oscillation properties for a scalar linear difference
equation of mixed type
q
(1) Azx(n) + Z ag(n)x(n +k) =0, n>n,
k=-p

where Az(n) = z(n+ 1) — 2(n) is the difference operator and {ax(n)} are sequences
of real numbers for k = —p,...,q, and p > 0, ¢ > 0.

Differential equations with delayed and advanced arguments (also called mixed
differential equations or equations with mixed arguments) occur in many problems
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of economy, biology and physics (see for example [2], [6], [8], [9], [11]), because differ-
ential equations with mixed arguments are much more suitable than delay differential
equations for an adequate treatment of dynamic phenomena. The concept of delay is
related to the memory of a system, past events are important for the current behavior,
and the concept of advance is related to potential future events which can be known
at the current time and could be useful for decision-making. The study of various
problems for differential equations with mixed arguments can be found in [3], [5], [4],
[7], [10], [12], [13], [14]. It is well known that the solutions of these types of equations
cannot be obtained in closed-form. In the absence of closed-form solutions a reward-
ing alternative is to resort to the qualitative study of the solutions of these types
of differential equations. But it is not quite clear how to formulate an initial value
problem for such equations and the existence and uniqueness of solutions becomes a
complicated issue. To study the oscillation of solutions of differential equations, we
need to assume that there exists a solution of such equations on the half line.

2. OSCILLATORY BEHAVIOR

As is customary, a solution is called nonoscillatory if it is eventually positive or
eventually negative. Otherwise it is oscillatory. Equation (1) is called oscillatory if
all its solutions are oscillatory.

First, we will consider the coefficients ar(n) nonnegative for all k € {—p,...,q}
and n > ng.

Theorem 1. Let a;(n) be nonnegative for all k € {—p,...,q} and n > ng. If

-1 0

(2) > arn+1)+ Y ar(n) >1

k=—p k=—p
for all n > ny > ng, then all solutions of the difference equation (1) are oscillatory.

Proof. Assume, for the sake of contradiction, that equation (1) has a nonoscil-
latory solution. Without loss of generality we may assume that {x(n)} is eventually
positive, i.e., there exists nq > ng such that z(n) > 0 for n > ny. By (1) it is easy
to see that {x(n)} is decreasing, since

Az(n) = — Z ar(n)z(n+k) <O0.
k——
So,

O=z(n+2)—z(n+1)+ zq: ar(n+ Dz(n+k+1)
k=—p
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> —a(n+1)+ Y a(n+Da(n+k+1)

szp

> —z(n+1) Z (n+Dzx(n+k+1)
k=—p
—1

> —an+1)+ Y ar(n+1x(n).

k=—p
Consequently,
—1
(3) x(n+1)> Z ar(n 4+ 1)x(n).
k=-p
On the other hand, we have
q
0==xz(n+1) + > ar(n)z(n+ k)
kffp
z(n+1) Z z(n + k)
k=—p
0
z(n+1) —z(n) + Z ag(n)z(n).
k=—p
Consequently,
0
(4) z(n+1) <xz(n) — Z ax(n)x(n).
k=—
Using inequalities (3) and (4), we get
—1 0
Z ar(n + Dax(n) < z(n) — Z ag(n)z(n)
k=—p k=—p
or
~1 0
Z ar(n+1) + Z ar(n) < 1.
k=—p k=—p
This way we obtain a contradiction. ([
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Corollary 2. Let ax(n) be nonnegative for all k € {—p,...,q} and n > ng. If
there exists m € {—p,...,0} such that

(5) Z ag(n) > 1

k=—p

for all n > ny1 > ng, then all solutions of the difference equation (1) are oscillatory.

Agarwal, in [1], Section 6.4, studies the oscillatory behavior of the difference equa-

tion
(6) p(k)u(k +1) + p(k — Du(k — 1) = q(k)u(k), keN(1),

where the functions p and ¢ are defined on N and N(1), respectively, and p(k),
q(k) > 0 for all k € N.
Equation (1) generalizes equation (6) and Theorem 1 extends Theorem 6.4.1 of [13]

as we can see in next corollary.
Corollary 3. Let ar(n) be nonegative for all k € {—p,...,q} and n > ng. If
(7) ap(n) 2 1 —pmin{ag(n): k=—-p,...,—1} >0

for all n > ny > ng, then all solutions of the difference equation (1) are oscillatory.

Proof. We have

0 —1
Z ar(n) = ap(n) + Z ar(n) = ap(n) + pmin{ar(n): k=—-p,..., =1} > 1.
k=—p k=—p

Corollary 4. Let ar(n) be nonegative for all k € {—p,...,q} and n > ng. If
(8) a_p(n) <...<a—1(n) and aog(n) >1—pa_p(n)
for all n > ny > ng, then all solutions of the difference equation (1) are oscillatory.
Corollary 5. Let ar(n) be nonegative for all k € {—p,...,q} and n > ng. If
(9) a_p(n)>...>a_1(n) and ag(n)>1—pa_1(n)
for all n > ny > ng, then all solutions of the difference equation (1) are oscillatory.
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Example 6. Consider the difference equation

q

—1
(10) Z |k_7;| TR+ Y bmaln k) =0, >4
k=1
where bi(n) is a nonnegative sequence for all k € {1,...,¢} and ¢ > 1. Since
n n n—1 n—1 n—1

4(n+2) +3(n—|—2) +4(n+1) * 3(n+1) * 2(n+1) -

for n > 2, condition (2) holds, by Theorem 1 we can conclude that equation (10) is

oscillatory.

We consider now the case when the coefficients ax(n) are nonpositive for all
ke{-p,...,q}.

Theorem 7. Let ai(n) be nonpositive for allk € {—p,...,q}, ¢ > 2 andn > ngy. If

q

(11) > arn)+ ) ar(n—1) < -1

k=1 k=2
for all n > ny1 > ng, then all solutions of the difference equation (1) are oscillatory.

Proof. Assume, for the sake of contradiction, that equation (1) has a nonoscil-
latory solution. Without loss of generality we may assume that z(n) is eventually
positive, i.e., there exists nq > ng such that z(n) > 0 for n > ny. By (1) it is easy
to see that {x(n)} is increasing since

q

Az(n) = — Z ar(n)z(n+k) > 0.

k=—p

So,

0=z(n)—z(n—-1)+ Z ag(n —Dz(n+k—1)
k=—p
< z(n) + Z ar(n —Da(n+k—1)

k=—p

n) —l—Zak(n— Dax(n+k-1)

n) + Zak(n —Dz(n+1).
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Consequently,
q
(12) xz(n) > —Zak(n— Dz(n +1).
k=2

On the other hand, we have

0O=2z(n+1)—2a(n)+ Z ar(n)z(n + k)
k=—p

Consequently
(13) z(n) <z(n+1)+ > ap(n)z(n+1).

Using the inequalities (12) and (13), we get

q

- Z ar(n—Dan+1)<z(n+1)+ Zak(n)x(n +1)

k=2 k=1
or
q q
Zak(n) + Zak(n —-1)>—1.
k=1 k=2
This way we obtain a contradiction. ([

Corollary 8. Let ai(n) be nonpositive for all k € {—p,...,q} and n > ng. If
there exists m € {1,...,q} such that

(14) zm:ak(n) < -1

k=1

for all n > ny > ng, then all solutions of the difference equation (1) are oscillatory.
Corollary 9. Let ar(n) be nonpositive for all k € {—p,...,q} and n > ng. If

(15) a1(n) < =1 — gmax{ag(n): k=2,...,q}

for all n > ny > ng, then all solutions of the difference equation (1) are oscillatory.
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Corollary 10. Let ar(n) be nonpositive for all k € {—p,...,q} and n > ng. If
(16) az(n) < ...<aq(n) and ai(n) < —1-—qaqe(n)
for all n > ny > ng, then all solutions of the difference equation (1) are oscillatory.
Corollary 11. Let ar(n) be nonpositive for all k € {—p,...,q} and n > ng. If
(17) az(n) >...>aq(n) and ai(n) < —1-—qaz(n)

for all n > ny > ng, then all solutions of the difference equation (1) are oscillatory.
Example 12. Consider the difference equation

0

3
k(e™™ —1)
1 _ = >1,
(18) Ax(n) + Z ck(n)m(n—i—k)—i—z T x(n+k)=0, n=1
k=—p k=1
where ¢, (n) is a nonpositive sequence for all k € {—p,...,0} and p > 0. Since

3e™—1) 2D 1) 3D _1
(" —1) |, 2e G )
2 3 4 3 4

< -1

for n > 1, by Theorem 7 we can conclude that equation (18) is oscillatory.
In the next theorem we will establish a condition to get oscillatory solutions inde-
pendently of the coefficients’ sign.

Theorem 13. Assume that for each k € {—p, ..., q} there exists the limit

(19) lim ag(n) = ar # 0.

n—oo

If all roots A1, A2, ..., Ag4p Of the equation

q
(20) A=1+4 Y =0

k=—p

satisty |A1| > |A2| > ... > |Ag4p| and n of them are negative (where n < q¢+p), then
equation (1) has n oscillatory solutions.

Proof. Denote by Ay the real negative root of (20). By Perron’s theorem
(see [13]), (1) has a solution u such that

1
lim M =\ < 0.
n—oo Uk (n)
Thus such a solution is necessarily an oscillatory solution of (1). (]
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Example 14. Consider the difference equation

1
(21) Ax(n) — n6+”6x(n )+ 2 D) 46 + Da(n)
n
1 1 2) =
+6(e Yz(n + )+n+1m(n+ ) =0,
n > 1. Since
6n
G_Q(n) - _n—|—6 n—o0o 6,
) 1
a_1(n) = nt 5,
n n—00

equation (20) gives

A=1—6A24+5X " +6-6A+A=0
or
(22) M =5\ +5X\2 450 —6=0.

Equation (22) has four different roots: Ay =3, Ao =2, A3 = 1, and Ay = —1, so by
Theorem 13, equation (21) has an oscillatory solution.

3. NONOSCILLATORY BEHAVIOR

In this section we will study the nonoscilatory behavior of the autonomous equation

q
(23) Ax(n) + Z arx(n+k)=0, n>=1
k=-p

According to Krisztin [9], the oscillatory behavior of equation (23) can be studied
similarly as for delay equations.
The equation

(24) Ax(n) + Z arx(n+k)=0, n>ng

k=—p
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is nonoscillatory if there exists A € R* such that

q
(25) A=1+ > apdf =0
k=—p
We define
q
(26) N =1=X= ) apA.
k=—p

Theorem 15. If a_pa, < 0 for all n > ny > ng, then equation (1) is nonoscilla-
tory.

Proof. Consider a_, < 0 and a4 > 0. Notice that

—1 q
27 NN =1-X— \F— AP
g W=1-am 3 Dt
and
—1 q
(28) N =1=XA= > aA = apd oo
— 00
k=—p k=0

By the continuity, there exists Ao > 0 such that N(A\g) = 0.
Analogously, we prove that there exists A\; > 0 such that N (\;) = 0, when
a_p >0,aqs <O0. O

Example 16. Consider the equation
(29) Az(n)+ax(n—1)+(1-3a)x(n)—(1-3a)z(n+1)—azx(n+2)=0, n>1.
By Theorem 15, the difference equation (21) has a nonoscillatory solution, since
a_1=a= —as.
In fact z(n) = n is a nonoscilatory solution of (29).

Theorem 17. Let a, > 0 for every k € {—p,...,q} and

a 1/(p+1) a 1/(p+1) pt1
(30) max{ (p Z ak) , ( Z ak> pp/(p+1)} < 1.

k=—p k=—p

Then equation (1) is nonoscillatory.
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Proof. Notice that

and consequently, N(A) < 0 for A > 1.
Let A < 1. So,
q q
N =1-XA= Y apN'>1-2=-X7" > a.

k=—p k=—p

The function

q
FO)=1=X=X">" a

k=-p
q 1/(p+1)
has a maximum for \g = (p > ak) an
k=-p
q 1/(p+1)
p+1
f()\o)—l—(Zak) ]m>0
k=—p

Consequently, N(Ag) > 0.

Theorem 18. Let ay < 0 for every k € {—p,...,q} and

q —1/(g—1)
1
> w) e}

a —1/(¢—1)
(31) mln{ (_q Z ak) ) (_ ; q(]/((]—l)
=—p

k=—p

Then equation (1) is nonoscillatory.

Proof. Notice that

and consequently, N(A) > 0 for A < 1.
Let A > 1. So,

q q
N =1=XA= Y apA">1-X1=) > a.

k=—p k=—p
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The function

q
g =1=XA=X" )" ay

k=—p

q -1/(g—1)
) and

has a minimum for \; = (—q > ag

N VICRY
g+1
gA) =1- (‘ > “k) /D S

k=—p

Consequently, N (A1) > 0. O

Example 19. Consider the equation

WV
—_

253 1 1 1
(32) Az(n)+ 2048x(n -1+ mx(n) + ﬁx(n +1)+ 6—4x(n +3)=0, n

In this case we have p =1,

z": Yt 68 1 1 1 _ [297 |
P2, V2048 " 512 T 256 64 V2048 T

k=—p

zq:a 1/(p+1) p+1 _, 297_ y<1
k pr/eth ~ V2048 ~ VB2 T

k=—p

and

Consequently, by Theorem 17, the difference equation (32) has a nonoscillatory so-
lution. In fact, z(n) = 27" is a nonoscilatory solution of (32).
4. ASYMPTOTIC BEHAVIOR
Now we will study the asymptotic behavior of the nonoscillatory solutions.

Theorem 20. Let ai(n) >0 for every k € {—p,...,q}, n > ng and

(33) Z Z ai(n) = oco.

n=ni k=—p

If x is an eventually positive solution of (1), then

nh_{r;o z(n) = 0.
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Proof. Suppose z(n) > 0 for n > ny, so Az(n) < 0 and consequently {z(n)}
is decreasing and has a finite limit. If

lim z(n) =d >0,

n—oo
then x(n) > d for any n > n; and

q

Ax(n) = — Z ar(n)z(n + k) < —d Z ax(n).

k=—p k=—p
So,
n q
z(n+1) <z(n)—d Z Z ax (i) = oo
i=ni k=—p
This is a contradiction and this way we prove that d = 0. O

Theorem 21. Let ax(n) < 0 for every k € {—p,...,q}, n > ngy and

(34) Z Z ag(n) = —oo.

n=ngz k=—p

If © is an eventually positive solution of (1), then

nh_>ngo x(n) = 0.

Proof. Suppose z(n) > 0 for n > ni, so Az(n) > 0 and consequently {z(n)}
is increasing and

Az(n) = — Z ap(n)x(n+ k) = —z(n — p) Z ak(n)
k=—p k=—p
So,
n q
x(n+1) <x(n—p)<1— Z Z ak(i)> 00
i=n—pk=—p
This completes the proof. ([

Example 22. Consider the equation

(35) Am(n)+3717(2nk7k2)/(2n+1)x(n_k)+371+(2nl+l2)/(2n+1)x(n+l) =0, n>1,
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where k,1 > 1. Notice that

oo

(3717(2nk7k2)/(2n+1) +3—1+(2nl+l2)/(2n+1))

n=1

= N

1 2(3—(2nk—k2)/(2n+1) +3@nH)/@ntD)y _ o
3
n=1

(oo}
since Y. 3(2ni+%)/(2n+1) ig divergent. So, by Theorem 20, if = is an eventually

n=1

positive solution of (35), then lim x(n) = 0. In fact, 2(n) = 3n°/(2n+1) jg 5 positive
n— oo

solution of (35) and lim 3-n?/(2n+1) — (.
n—oo
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