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Abstract. In this paper, we prove and discuss averaging results for ordinary differential
equations perturbed by a small parameter. The conditions we assume on the right-hand
sides of the equations under which our averaging results are stated are more general than
those considered in the literature. Indeed, often it is assumed that the right-hand sides
of the equations are uniformly bounded and a Lipschitz condition is imposed on them.
Sometimes this last condition is relaxed to the uniform continuity in the second variable
uniformly with respect to the first one. In our results, we assume only that the right-hand
sides of the equations are bounded by some locally Lebesgue integrable functions with the
property that their indefinite integrals satisfy a Lipschitz-type condition. Also, we consider
that they are only continuous in the second variable uniformly with respect to the first one.
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1. INTRODUCTION

The method of averaging is an important tool for analysis of nonlinear differential
equations perturbed by a small parameter. It allows to replace a time-varying small
perturbation, acting on a long time interval, by a time-invariant perturbation, while
introducing only a small error. For significant results on the method of averaging
with developments and examples we refer the interested reader to the books [1], [5],
[10]-[12] and the references given therein.

In the present paper, we establish averaging results for ordinary differential equa-
tions perturbed by a small parameter. The conditions we assume on the right-hand
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sides of the equations under which our averaging results are stated are more gen-
eral than those often considered in the existing literature as in [2], [4], [6]-[9], for
instance (see also the survey paper [3]). Indeed, in all the references cited above,
it is assumed that the right-hand sides of the equations are uniformly bounded. In
addition, in [2], [6]-[8] a Lipschitz condition is imposed on them, whereas in [4], [9],
this condition is relaxed to the uniform continuity in the second variable uniformly
with respect to the first one. In our results, we assume only that the right-hand sides
of the equations are bounded by some locally Lebesgue integrable functions with the
property that their indefinite integrals satisfy a Lipschitz-type condition. Also, we
consider that they are only continuous in the second variable uniformly with respect
to the first one.

2. AVERAGING RESULTS

Consider the following initial value problem associated to an ordinary differential
equation with a small parameter

(2.1) = f(éx) 2(0) = o,

where f: Ry x R™ — R™, g € R™ and € > 0 is a small parameter.
To the problem (2.1) we associate the averaged initial value problem

where the function f°: R™ — R™ is such that for any z € R"

. -+ _ 0
(23) Jim ; f(rx)dr = f(z).

The main result of this paper establishes the approximation of solutions of prob-
lems (2.1) by those of the averaged problem (2.2) on finite time intervals, and reads
as follows.

Theorem 2.1. Let f: Ry x R™ — R™ be a function and zy € R"™. Suppose that
the following conditions are satisfied:

(H1) the function f is continuous on R4 x R™;

(H2) the continuity of f in x € R™ is uniform with respect to t € Ry ;

(H3) there exist a locally Lebesgue integrable function m: Ry — R4 and a constant
M > 0 such that

|f(t, )| <m(t), VieR4 VeeR”
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with .
2
/ m(t)dtSM(tg—tl), Vﬁl,tQE R+;

ty
(H4) for all x € R™, the limit (2.3) exists.
Then, for any L > 0 and § > 0, there exists eg = €o(xo,L,0) > 0 such that for
any € € (0,e0] and any solution x. of (2.1), there exists a solution y of (2.2) which
satisfies |z (t) — y(t)] < ¢ for all t € [0, L].

Notice that by the conditions (H1) and (H3) the initial value problem (2.1) is
well defined and all its solutions exist for all ¢ > 0. On the other hand, from
conditions (H1)-(H4) we deduce that the average of the function f, that is, the
function f°: R™ — R™ in (H4), is continuous and bounded (see Lemma 2.1 below).
So, the averaged initial value problem (2.2) is also well defined and all its solutions
exist for all t > 0.

We point out also that under the conditions (H1) and (H2) in Theorem 2.1, it
is only possible to obtain unilateral approximations, that is, the approximation of
solutions of problems (2.1) by those of the averaged problem (2.2). The converse
approximation is, in general, false as showed in [3], page 356, Example 1. However,
when the problem (2.2) has a unique solution, this solution is approximated by any
one of the problem (2.1) as it is stated by the following interesting result which is
a particular case of Theorem 2.1.

Corollary 2.1. Let f: Ry x R™ — R™ be a function and xg € R™. Suppose that
the conditions (H1)—(H4) in Theorem 2.1 are satisfied. Suppose also that
(H5) the initial value problem (2.2) has a unique solution.

Let y be the (unique) solution of (2.2). Then, for any L > 0 and 6 > 0, there exists
€0 = €o(wo, L,d) > 0 such that for all ¢ € (0,eq|, any solution x. of (2.1) satisfies
|ze(t) —y(t)| < 0 for allt € [0, L].

When the function f is periodic or more generally almost periodic in the first
variable, some of the conditions in Theorem 2.1 and Corollary 2.1 can be removed.
Indeed, if f is periodic in ¢, from continuity and periodicity properties it is easy to
deduce condition (H2). Periodicity also implies the condition (H4) in an obvious
way. The average of f is then given, for any x € R", by

T
(24) o COR LS E

where T is the period. If f is almost periodic in ¢ it is well-known that for all z € R™,
the limit

s+T
(2.5) lim —/ f(r,z)dr = ()
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exists uniformly with respect to s € R. So, condition (H4) is satisfied when s = 0. We
point out also that in a number of cases encountered in applications the function f is
a finite sum of periodic functions in ¢. As in the periodic case above, condition (H2)
is then satisfied. Hence we have the following result.

Corollary 2.2 (Periodic and almost periodic cases). The conclusion of Theo-
rem 2.1 (respectively, Corollary 2.1) holds in both of the following cases:

(1) The function f satisfies conditions (H1), (H3) (respectively, (H1), (H3), (H5))
and is periodic or a sum of periodic functions in the first variable.

(2) The function f satisfies conditions (H1), (H2), (H3) (respectively, (H1), (H2),
(H3), (H5)) and is almost periodic in the first variable.

2.1. Technical lemmas. In what follows we will prove some results we need for
the proof of Theorem 2.1.

Lemma 2.1. Let f: Ry x R™ — R™ be a function. Suppose that f satisfies the
conditions (H1)—(H4) in Theorem 2.1. Then the function f°: R™ — R™ in (2.3) is
continuous and is uniformly bounded by the constant M in condition (H4).

Proof. Continuity of f°. Let o € R™. By the condition (H2), for any £ > 0
there exists 6 > 0 such that for all z € R”, |x — z¢| < 0 implies that

(2'6) |f(T7 J?) - f(T’ x0)| <& VTeRy.

Now, by the condition (H4), we can easily deduce that for any 1 > 0 there exists
To = To(xo, x,m) > 0 such that for all T > Ty we have

@) = Pl < @ = 5 [ frayar

T T
tlg [ 1w -4 [

T
P =7 [ i

dr

+

1 T
<2+ 7 [ Ufno) = franr < 2+

Since the value of 7 is arbitrary, in the limit we obtain that | f°(x) — fO(zo)| <&,
which completes the proof of the continuity of f° at the point zg.
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Boundedness of f° by M. Let x € R". By the condition (H3), we deduce that for
any 1 > 0 there exists Ty = To(x,n) > 0 such that for all ' > T, we have

1 /7
—1—‘?/0 f(ryz)dr

)] <

Since the value of 1 is arbitrary, in the limit we obtain the desired result. O

Lemma 2.2. Let f: Ry x R®™ — R™ be a function. Suppose that f satisfies the
condition (H4) in Theorem 2.1. Then, for all z € R™, t > 0 and « > 0, we have

/eta/e
lim a/tt i f(r,x)dr = fO(x).

Proof. Let z € R™, ¢t > 0 and a > 0.
Case 1: t = 0. From the condition (H4), it follows immediately that

lim — / f(r,x)dr = fO(x).

e—=0 v
Case 2: t € (0, L]. By some calculations we obtain

£

/et+aje Jeta/e /e
(2.7) a/t ' f(T,m)dei/Ot ' f(r, az:)dT—E t f(rx)dr

t/e o

e t t/e+a/e
7t+a<a+1)/o flr,z) d’T———/ f(r,x)d

c t/et+aje
= / f(r,x)dr
t+a Jy

t € t/e+ale e t/e
— dr — - dr|.
s [ e =S [V sar]

From the condition (H4), we can easily deduce that

. €
lim
e=0+t T+«

t/et+aje
/0 flr.z)dr = 19(x)

and
_ 10
61~1>I(I)l+ t / f T 5[5 dT f ( )
Therefore the right-hand side of (2.7) tends to f°(x) as e — 0% and the result is
proved. ([
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Lemma 2.3. Suppose that the function f in (2.1) satisfies the conditions (H1)
and (H3) in Theorem 2.1. Let z9 € R™ and L > 0. Then the family {z.} of solutions
of the problem (2.1) converges uniformly on [0, L] to a continuous function y when &
tends to 0.

Proof. For t,7 € [0, L] we have
|ze(®)] < |xo| + ML and |z.(t) — xze(7)| < M|t — 7],

which proves that the family {x.} is uniformly bounded and equicontinuous
on [0,L]. Hence, by the Ascoli-Arzela theorem, there exists a continuous func-

tion y: [0, L] — R™ such that lim sup |zc(¢) — y(¢)] = 0. This finishes the proof
e=0% ¢e[0,L]

s

of the lemma. O

Lemma 2.4. Suppose that the function f in (2.1) satisfies the conditions (H1),
(H3) and (H4) in Theorem 2.1. Let z9 € R™ and L > 0. Let {z.} be the family of
solutions of the problem (2.1) converging uniformly (by Lemma 2.3) to a continuous
function y on [0, L] when ¢ tends to 0. Then for all t € [0, L] and o > 0 we have

c t/eta/e
(2.8) lim < / f(r,ze() dr = £O(y(1).

t/e

Proof. Let t € [0, L] and a > 0. We have

t/et+aje
ey S [T s - f°<y<t>>\

& Ji/e

t/e+ale t/e+a/e
< 2 /t f(T,:CE(t))dT—/tE F(r,y(t)) dr
t/et+aje
ez [ s o)

By Lemma 2.2 the second term of the right-hand side of (2.9) tends to zero ase — 0.
For the first term in the right-hand side of (2.9) we write

t/eta/e t/eta/e
/t £, xg(t))dr—/ £ y(t) dr

€ t/e

/tt+<¥ f(g, a:e(t)) dr — /tt+<¥ f(g, y(t)) dr

By Lemma 2.3 and the condition (H2), 1ir(1)1+§ = 0. So, one can conclude that all
e—

€

«

1

«

= =¢.
a

terms of the right-hand side of the inequality (2.9) tend to zero as ¢ — 07, which
completes the proof of the lemma. O
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Lemma 2.5. Suppose that the function f in (2.1) satisfies the conditions
(H1)—(H4) in Theorem 2.1

Let z9p € R™ and L > 0. Let {x.} be the family
of solutions of the problem (2.1) converging uniformly (by Lemma 2.3) to a contin-

uous function y on [0, L] when ¢ tends to 0F. Then for all L > 0 we have

/ F(Cnn) ar - / P)ar

Proof. Let L >0and let tg =0 < t1 <
a partition of [0, L] with o = «a(g) := tymy1

Let t € [tym, timt1] for any m € {0

lim sup
e=0% ¢e[0,L]

=0.

<ty < ... <t,=L,p €N, be

—tm,mzo,... —1,and lim a=0.
e—0t
,...,p—1}. Then

/ tf(g,are(f)) ar— [ )

) / T () ar - / Ply(r)) dr
/t f( dT—/m ly

(2.10)

=0

+

m

By the condition (H3) and Lemma 2.1 we have

/t f( dT—/me

< / ‘f(;xs(ﬂ)‘dwr/tm ()] dr < 2Ma

Now, for each i = 0

— 1 and 7 € [t;,ti+1], by the condition (H3) we can
easily deduce that |z.(7) — xg( ;)| < Ma so that by the condition (H2) and the
continuity of fO (Lemma 2.2), it follows, respectively, that

1(Cor) - (Cmtto)| 5t
and [fO(x (7)) = fOze(t:))] <

0; = 6;(e), with li%1+'yi: lim §; =0
E—r €
Hence, from (2.10), it follows that

/ 1 (Ceaetn) ar - / P dr

m—1

; / CCGaw)ar— [ Paw)ar

i
-1

(2.11)

_|_

tit1
/ (’)/7,4—51) dr +2Ma.
i=0 Yt
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For each ¢t =0,...,m — 1, we have

/tji+1 f(;xg(ti)) dr — /titiﬂ (e (t:) dr

c ti/etaje 0
S s - )| = a0 < v,
ti/e

Bi =

=«

where ¢, = max{g; = 0i(¢): i =0,...,m — 1} and, by Lemma 2.4, 1ir(r)1+ 0; = 0.
e—
Then

m—1 m—1 m—
Z Bi < om Z o = Z i+l — = omt < om L.
=0 1=0 =0

On the other hand, we have

m— t,+1 tit1
i=0 ti

where 1, = () = max{v; +0;: i =0,...,m — 1} and h%l+ Nm = 0.
E—r
Finally, from (2.11) we obtain

[ (Zam)ar= [ fwmar

where ¢ = max{gm: m=0,...,p—1} and n = max{n,: m=0,...,p—1}. As the
right-hand side of (2.12) tends to zero as ¢ — 0, the lemma is proved. ([

(2.12) sup
te[0,L]

<(e+n)L+2Ma,

2.2. Proof of Theorem 2.1. We are now able to prove our main result (there is
not much work left). We assume that the assumptions in Theorem 2.1 are fulfilled.
Let L > 0. Let {z.} be the family of solutions of the problem (2.1). By Lemma 2.3,
there exists a continuous function y: [0, L] — R™ such that

(2.13) lim sup |z(t) —y(t)| = 0.
e—0t te[0,L]

For any t € [0, L] the function y is such that

(2.14) \y@) ~no- [ Py ar

< Jy(t) — e (8)] + |2=(t) — 20 — / £y(r)) dr

[ (Zam)ar- [ Pumar

< sup |y(t) —zo(t)| + sup
te(0,L] t€[0,L]
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By (2.13) and Lemma 2.5, the right-hand side of (2.14) tends to zero as ¢ — 0, so
that one can conclude that the function y is a solution of the problem (2.2). The

proof is complete. O
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