Applications of Mathematics

Ammar Derbazi; Mohamed Dalah; Amar Megrous

The weak solution of an antiplane contact problem for electro-viscoelastic materials
with long-term memory

Applications of Mathematics, Vol. 61 (2016), No. 3, 339-358

Persistent URL: http://dml.cz/dmlcz/145705

Terms of use:

© Institute of Mathematics AS CR, 2016

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/145705
http://dml.cz

61 (2016) APPLICATIONS OF MATHEMATICS No. 3, 339-358

THE WEAK SOLUTION OF AN ANTIPLANE CONTACT PROBLEM
FOR ELECTRO-VISCOELASTIC MATERIALS
WITH LONG-TERM MEMORY

AMMAR DERBAZI, Bordj Bou Arréridj, MOHAMED DALAH, Constantine,
AMAR MEGROUS, Constantine

(Received March 14, 2015)

Abstract. We study a mathematical model which describes the antiplane shear deforma-
tion of a cylinder in frictionless contact with a rigid foundation. The material is assumed to
be electro-viscoelastic with long-term memory, and the friction is modeled with Tresca’s law
and the foundation is assumed to be electrically conductive. First we derive the classical
variational formulation of the model which is given by a system coupling an evolutionary
variational equality for the displacement field with a time-dependent variational equation
for the potential field. Then we prove the existence of a unique weak solution to the model.
Moreover, the proof is based on arguments of evolution equations and on the Banach fixed-
point theorem.
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1. INTRODUCTION

Antiplane problems play a useful role as pilot problems, allowing for various as-
pects of solutions in solid mechanics to be examined in a particularly simple setting.
Considerable attention has been paid to the modelling of such kind of problems,
see for instance [9], [10], [11], and the references therein. In particular, the review
article [9] deals with modern developments for the antiplane shear model involving
linear and nonlinear solid materials, various constitutive settings and applications.
Antiplane frictional contact problems are used in geophysics in order to describe
pre-earthquake evolution of the regions of high tectonic activity, see for instance [5],
[6] and the references therein. The mathematical analysis of models for antiplane
frictional contact problems can be found in [1], [8], [13], [14], [17], [24].
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Currently there is a considerable interest in frictional or frictionless contact prob-
lems involving piezoelectric materials, i.e., materials characterized by the coupling
of mechanical and electrical properties. This coupling, in a piezoelectric material,
leads to the appearance of electric potential when mechanical stress is present, and
conversely, mechanical stress is generated when electric potential is applied. The
first effect is used in mechanical sensors, and the reverse effect is used in actuators,
in engineering control equipment. Piezoelectric materials for which the mechani-
cal properties are elastic are also called electro-elastic materials and piezoelectric
materials for which the mechanical properties are viscoelastic are also called electro-
viscoelastic materials. General models for piezoelectric materials can be found in
[2], [12], [23]. Static frictional contact problems for elastic and viscoelastic materials
were studied in [3], [16], [18], [22], [21], [19], [20], [7], under the assumption that
the foundation is insulated. Contact problems with normal compliance for electro-
viscoelastic materials were investigated in [15], [25]. There, variational formulations
of the problems were considered and their unique solvability was proved. Antiplane
problems for piezoelectric materials were considered in [4], [24], [27].

In paper [26], the authors have studied an antiplane contact problem for vis-
coelastic materials with long-term memory. This mechanical problem leads to an
integro-differential variational inequality. Unlike [26], in the present paper we deal
with an antiplane contact problem for an electro-viscoelastic cylinder, which leads
to a new mathematical model, different to the one presented in [26]. The novelty
in this paper consists in the fact that we model the friction with Tresca’s law and
the material’s behavior with a viscoelastic constitutive law with long-term memory.
We neglect the inertial term in the equation of motion to obtain a quasistatic ap-
proximation of the process. The main result we provide concerns the existence of
a unique weak solution to the model. Its proof is carried out in several steps, and is
based on arguments of evolutionary variational inequalities and Banach’s fixed-point
theorem.

The rest of the paper is structured as follows. In Section 2 we describe the model of
the frictional contact process between an electro-viscoelastic body and a conductive
deformable foundation. In Section 3 we derive the variational formulation. It consists
of a variational inequality for the displacement field coupled with a time-dependent
variational equation for the electric potential. We state our main result, the existence
of a unique weak solution to the model in Theorem 3.1. The proof of the theorem
is provided in Section 4, where it is based on arguments of evolutionary inequalities,
and a fixed-point theorem. The paper concludes in Section 5.
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2. THE MODEL OF THE ANTIPLANE CONTACT PROBLEM

We consider a piezoelectric body B identified with a region in R® it occupies in
a fixed and undistorted reference configuration. We assume that B is a cylinder with
generators parallel to the x3-axis with a cross-section which is a regular region
in the z1,zo-plane, Ox1x2x3 being a Cartesian coordinate system. The cylinder
is assumed to be sufficiently long so that the end effects in the axial direction are
negligible. Thus, B = Q x (—o00,00). The cylinder is acted upon by body forces of
density fy and has volume free electric charges of density gg. It is also constrained
mechanically and electrically on the boundary. To describe the boundary conditions,
we denote by 02 = T" the boundary of 2 and we assume a partition of I" into three
open disjoint parts 'y, I's, and I's, on the one hand, and a partition of I'y U 'y into
two open parts I';, and I'y, on the other hand. We assume that the one-dimensional
measures of I'; and I'y, denoted measI'; and measI',, are positive. The cylinder
is clamped on I'; x (—o0,00) and therefore the displacement field vanishes there.
Surface tractions of density fa act on I'ys X (—o00,00). We also assume that the
electrical potential vanishes on I';, X (—00, 00) and a surface electrical charge of density
g2 is prescribed on T'y x (—o0,00). The cylinder is in contact over I's x (—o0, 00)
with a conductive obstacle, the so-called foundation. The contact is frictional and is
modeled with Tresca’s law. We are interested in the deformation of the cylinder on
the time interval [0,7T]. We assume that

fo = (0,0, fo) with fo = fo(z1,22,t): @ x[0,T] = R,
fy = (0,0, fo) with fo = fo(z1,29,t): Ty x [0,T] = R,
qo = qo(x1,22,t): Q@ x[0,7T] = R,
g2 = qa(x1,x2,t): Tp x [0,T] — R.

oW o e
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The forces (2.1), (2.2) and the electric charges (2.3), (2.4) are expected to give rise
to deformations and to electric charges of the piezoelectric cylinder corresponding
to a displacement u and to an electric potential field ¢ which are independent of x3
and have the form

(2.5) u=(0,0,u) withu=u(x,z2,t): Qx[0,T] = R,
v = p(r1,22,t): Q% [0,T] = R.

Such kind of deformation, associated to a displacement field of the form (2.5), is
called an antiplane shear, see for instance [11] and [13] for details.

Below, the indices ¢ and j denote components of vectors and tensors and run
from 1 to 3, summation over two repeated indices is implied, and the index that
follows a comma represents the partial derivative with respect to the corresponding
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spatial variable; also, a dot above represents the time derivative. We use S® for the
linear space of second order symmetric tensors on R3 or, equivalently, the space of
symmetric matrices of order 3, and “.”, ||| will represent the inner products and the
Euclidean norms on R? and S3; we have:

u-v=uv;, |[v]=w-v)'/? Yu=(u), v=(v;) R

o-T=0ymj, |T|=(T-17)V* Yo =(0y), T=(m;) €S

The infinitesimal strain tensor is denoted by e(u) = (¢;;(u)) and the stress field by
o = (o). We also denote by E(¢) = (E;(¢)) the electric field and by D = (D;)
the electric displacement field. Here and below, in order to simplify the notation, we
do not indicate the dependence of various functions on 1, x2, x3 or ¢ and we recall
that

1
gij() = 5 (uij +uja),  Eilp) =~

The material’s behavior is modeled by the following electro-viscoelastic constitu-
tive law with long-term memory:

(2.7) o = Atre(u))I + 2pe(u) + 2/0 0(t — s)e(u(s))ds — EE(yp),
(2.8) D = &e(u) + BE(p),

where A\ and p are the Lamé coefficients, : [0,7] — R is the viscosity coefficient,
tr e(u) = ;;(u), I is the unit tensor in R3, € represents the third-order piezoelectric
tensor, and £* is its transpose. In the antiplane context (2.5), (2.6), using the
constitutive equations (2.7), (2.8) it follows that the stress field and the electric
displacement field are given by

0 0 013
(2.9) g = 0 0 023 s
031 o032 0
€U, _63071
(2.10) D=| cup—PBps2 |,
0

where, [ is the electric permittivity constant, e is a piezoelectric coefficient,

t
013 = 031 = 0z, U —l—/ O(t — 5)0z, u(s) ds,
0

and .
0923 = 032 = (105, U —|—/ 0(t — s)0p,u(s) ds.
0
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We assume that

e(e13 +€31)
(2.11) e = 6(623 + 832) Ve = (&j) € 83
€€33

We also assume that the coefficients 6, u, 5, and e depend on the spatial variables
x1, T2, but are independent of the spatial variable x3. Since €& -v = € - £*v for all
e € 83, v € R3, it follows from (2.11) that

0 0 evy
(2.12) Ev=1 0 0 ewv Vv = (v;) € R%.
evy evy euvs

We assume that the process is mechanically quasistatic and electrically static and
therefore is governed by the equilibrium equations

Dive +f; =0, Di’i—qOIO inBX(O,T),

where Divo = (0;j,;) represents the divergence of the tensor field . Taking into
account (2.1), (2.3), (2.5), (2.6), (2.9), and (2.10), the equilibrium equations above
reduce to the following scalar equations:

t
(2.13) div(uVu) + / O(t — s) div(Vu(s))ds + div(eVp) + fo =0 in Q x (0,7,
0
(2.14) div(eVu — Vy) = qo.
Here and below we use the notation

divr=m1+7,2 for ™= (m(r1,22,t), (21, 22,1)),

Vo= (v1,v2), Ov=uv,111+v,2vy forv=uv(x,x,t).

We now describe the boundary conditions. During the process the cylinder is
clamped on I'y x (—o0,00) and the electric potential vanishes on I'y x (—00,00);
thus, (2.5) and (2.6) imply that

(2.15) u=0 onTy x(0,T),
(2.16) =0 onT,x(0,T).

Let v denote the unit normal on I" x (—o0, 00). We have
(2.17) v = (v1,v2,0) withv; =v(x1,22): T = R, i=1,2.
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For a vector v we denote by v, and v, its normal and tangential components on the
boundary, given by

(2.18) Vy =V UV, V,=V—u,l.

For a given stress field o we denote by o, and o, the normal and the tangential
components on the boundary, that is,

(2.19) o, =(ov) v, or=0v—o,U.

From (2.9), (2.10), and (2.17) we deduce that the Cauchy stress vector and the
normal component of the electric displacement field are given by

t
(2.20) ov = (0, 0, uO,u + / 0(t — s)0,u(s)ds + e&,gp), D v =-ed,u— BI,p.
0

Taking into account (2.2), (2.4), and (2.20), the traction condition on I's x (—00, 00)
and the electric conditions on I', X (—o0, 00) are given by

t
(2.21) uoyu + / 0(t — s)0,u(s)ds +edpp = fo onTa x (0,T),
0
(2.22) edyu— P,p=q only x (0,7).
We now describe the frictional contact condition and the electric conditions on
I's x (—00,00). First, from (2.5) and (2.17) we infer that the normal displacement

vanishes, u,, = 0, which shows that the contact is bilateral, that is, the contact is
kept during the whole process. Using now (2.5) and (2.17)—(2.19), we conclude that

(2.23) u, =(0,0,u), o,=(0,0,0,),

where

¢
oy = <O, 0, pdyu + / 0(t — s)0,u(s)ds + e@,,ap) .
0

We assume that the friction is invariant with respect to the x3 axis and is modeled
with Tresca’s friction law, that is,

o7 ()] < g,
(2.24) o7 (1)] < g = (1) =0, on Tg x (0,T).
o+ ()| = g = 38 > 0 such that o', = —Bu,
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Here g: T's — R, is a given function, the friction bound, and u, represents the
tangential velocity on the contact boundary. Using now (2.23), it is straightforward
to see that the friction law (2.24) implies

¢
1o, u + / 0(t — s)0,u(s)ds + edyp| < g,
0

¢
1o, u + / 0(t — s)0yu(s)ds + edyp| < g=u(t) =0, onTsx(0,T).
(2.25) 0

t
pOyu + / 0(t — 5)0,u(s)ds + edyp| = g =
0

t
38 > 0 such that pd,u + / O(t — )0y u(s)ds + ed,p = — .
0

Next, since the foundation is electrically conductive and the contact is bilateral,
we assume that the normal component of the electric displacement field or the free
charge is proportional to the difference between the potential on the foundation and
the body’s surface. Thus,

D-v=k(p—pr) onlsx(0,T),

where @p represents the electric potential of the foundation and k is the electric
conductivity coefficient. We use (2.20) and the previous equality to obtain

(2.26) edyu — Bo,p =k(p —prp) onTszx (0,T).
Finally, we prescribe the initial displacement
(2.27) u(0) =up in Q,

where ug is a given function on Q.

We collect the above equations and conditions to obtain the following mathemat-
ical model which describes the antiplane shear of an electro-viscoelastic cylinder in
frictional contact with a conductive foundation.

Problem P. Find the displacement field u: € x [0,7] — R and the electric
potential ¢: Q x [0,7] — R such that

(2.28) div(uVu) + /t 0(t — s)div(Vu(s)) ds + div(eVy) + fo =0 in Q x (0,7),
0
(2.29) div(eVu —aVp) =q in Qx (0,7),
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(2.30) u=0 onTly x(0,7),

¢
(2.31) 1o, u + / 0(t — s)0yu(s)ds +edpp = fa onTs x (0,T),
0

¢
1o, u + / 0(t — s)0yu(s)ds + edp| < g,
0

t
uoyu + / 0(t — s)0,u(s)ds + edyp| < g = u(t) =0, on I's x (0,7),
0

(2.32) t
1o, u + / 0(t — s)0yu(s)ds + edyp| = g =
0
¢
38 > 0 such that pd,u+ / 0(t — s)0,u(s)ds + ed,p = — P,
0
(2.33) edyu—ad,p=qy onTy x (0,7T),
(2.34) edyu —adyp = k(o —pr) onTsx (0,T),
(2.35) u(0) =up in Q.

Note that once the displacement field u and the electric potential ¢ which solve
Problem P are known, then the stress tensor o and the electric displacement field
D can be obtained by using the constitutive laws (2.9) and (2.10), respectively.

3. VARIATIONAL FORMULATION AND MAIN RESULT

‘We derive now the variational formulation of Problem P. To this end we introduce
the function spaces

V={veH'(Q): v=00onT}, W={pecHQ):p=00nT,},

where, here and below, we write w for the trace yw of a function w € H'(Q) on T.
Since measI';y > 0 and measI', > 0, it is well known that V' and W are real Hilbert
spaces with the inner products

(u,v)vz/Vu-Vvdx Yu,veV, (@,w)wz/Vgo-dex Yo, e W.
Q Q
Moreover, the associated norms

(3.1) [vllv = Vvllree Yv eV, [[¥lw =[IVYlre2 VYeW

are equivalent on V' and W, with the usual norm ||-[|z1(q). By Sobolev’s trace
theorem we deduce that there exist two positive constants cyy > 0 and ¢y > 0 such
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that

(3.2) lvllL2rs) < evivllv Yo eV, [[¥llers) < ewldllw Vi e W.

For a real Banach space (X, ||-||x) where X =V x W, we use the usual notation
for the spaces LP(0,T;X) and W*?(0,T; X) where 1 < p < 00, k = 1,2,... We
also denote by C([0,T]; X) the space of continuous and continuously differentiable
functions on [0, T] with values in X, with the norm

vy = ¢
zllc(o0,11:x) e, lz(t)x

and we use the standard notations for the Lebesgue space L?(0,T;X) as well as
the Sobolev space W12(0,T; X). In particular, recall that the norm on the space
L?(0,T; X) is given by the formula

T
wmmmm=é|m@ﬁw

and the norm on the space W?2(0,T; X) is given by the formula

T T
wmwmﬂm=é|wm&w+énmm&&

Finally, we suppress the argument X when X = R; thus, for example, we use the
notation W2(0, T') for the space W2(0, T; R) and the notation ||-|| w20,z for the norm

I-lw=(0,7;8)-
In the study of Problem P we assume that the viscosity coefficient satisfies
(3.3) 0 € Wh2(0,T)
and the electric permittivity coefficient satisfies
(3.4) a € L™(Q) and there exists o > 0 such that «a(x) > o a.e. x € ().

We also assume that the Lamé coefficient and the piezoelectric coefficient satisfy

(3.5) e L>®(Q) and p(x) >0 ae x€Q,
e € L>(Q).

The forces, tractions, volume, and surface free charge densities have the regularity

(37) fO € WLQ(O’T;LQ(Q))’ f2 € WI’Q(OaT;LQ(FQ))v
q € WH(0,T; L*(Q), g2 € WH2(0,T; L*(T)).
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The electric conductivity coefficient and the friction bound function g satisfy the
following properties:

(3.9) ke L*(T3) and k(x)>0 a.e x€T%j,
P>

(3.10) ge L>®(T3) and g(x) >0 ae xels.

Finally, we assume that the electric potential of the foundation and the initial
displacement are such that

(3.11) op € WH2(0,T; L*(T'3)).
The initial data are chosen such that
(3.12) u €V
and, moreover,
(3.13) au(uo,v)v +3(v) = (f(0),v)y VveV.

We define now the functional j: [0,7] — R4 given by the formula
(3.14) Jj(v) :/F glv|da YveV.
3
We also define the mappings f: [0,7] — V and ¢: [0,7] — W by
(3.15) (f(t),v)y = /Qfo(t)v dx + g fa(t)vda,
2

(3.16)  (q(t), ) = /Q do() dw — / wtda+ [ kot da,

F}, FS
YveV,peW,tel0,T].

The definitions of f and g are based on Riesz’s representation theorem; moreover,
it follows from assumptions (3.7)—(3.8) that the integrals above are well-defined and

(3.17) fewh20,1;V),
(3.18) q € WhH2(0,T;W).

Next, we define the bilinear forms a,: VXV = R, ac: VW = R, a}: WxV = R,
and a,: W x W — R, by equalities

(3.19) au(u,v) = / uVu - Vode,
Q
(3.20) ae(u, @) = / eVu-Vedr = al(p,u),
Q
(321) ol ) = [ 50 Vode+ [ kpude
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for all u,v € V, p,9 € W. Assumptions (3.14)—(3.16) imply that the integrals above
are well-defined and, using (3.1) and (3.2), it follows that the forms a,, a., and a}
are continuous; moreover, the forms a, and a, are symmetric and, in addition, the
form a,, is W-elliptic, since

(3.22) aa (P, ) = *||Y[lfy Vi e W.

The variational formulation of Problem P is based on the following result.

Lemma 3.1. If (u, ) is a smooth solution to Problem P, then (u(t), ¢(t)) € X
and

(3.23) a (u(t), v — 1t (/ 8t — s)u s)ds,v—u(t))v+a;(<p(t),v—u(t))
+j(v) — j(at)) = (f(t),v —u(t))y VYveV, tel0,T],

(324) aa(@(t)aw) - ae( ( ) ) (Q(t)al/))w Vl/J € Wa e [OvT]a
(3.25) u(0) =

Proof. Let (u, ) denote a smooth solution to Problem P, we have u(t) € V,
u(t) € V and ¢(t) € W a.e. t € [0,T] and, from (2.28), (2.30), and (2.31), we obtain

/quu(t) -V(v—a(t)) de + </0 0(t — s)u(s)ds,v — u(t))
+ /Q eVo(t) - V(v —a(t)) dz
= [ pe = itas+ [ po0 - i) da
Q Iy

%

+/F <‘u8,,u(t) + /Ot 0(t — s)0,u(s)ds + eauso(t)D (v —uf(t))da,
’ YoeV te(0,T),

and from (2.29) and (2.33)—(2.34) we obtain

(3.26) /Qongo(t) -V dx —/QeVu(t) -Vipdx = /qu(t)w dx—/ g2(t)y da

Iy

+/ kop(t)pda Yy eW te(0,T).
s
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Using (3.14) and (2.32), we obtain

(327)  a(ult),v — it (/ 8t — s)u(s) ds, v — u(t)> +at(p(t), 0 —a(t)

14

_/1“3 (‘Ma u(t / 0(t — 5)0,u(s) ds + edyp(t )D(U_u(t))da
= (ft),v—u@)v VveV,tel0,T].

Keeping in mind (3.16) and (3.20)—(3.21), we find the second equality in Lemma 3.1,
ie.,

(3.28) aa(p(t),¥) — ac(u(t), ¥) = (q(t), ¥)w Vi e W, t€0,T].

Using the frictional contact condition (2.32) and (3.14) on I's x (0,T"), we deduce
that for all ¢ € [0, 7]

(3.20)  j(a(t)) = —/F3 <‘u8,,u(t)+/0t9(t—s)al,u(s)ds+ec3‘l,go(t)‘>u(t)da,

it is clear that

(3.30) j(v)}—/FB (‘,u&,u /97:—3)3 uls )ds+e(‘)uga()Dvda YueV.

The first inequality in Lemma 3.1 follows now from (3.27) and (3.29)—(3.30).
Now, Lemma 3.1 and condition (3.25) lead to the following variational problem:

Problem PV. Find a displacement field u: [0,7] — V and an electric potential
field ¢: [0,7] — W such that

(3.31) ay(u(t),v —ult (/ 0(t — s)u(s)ds,v — u(t))v +al(p(t),v—1u(t))
+i(v) —j(a(t) = (f(t),v —a(t))y YeeV, te]0,T],
(3.32) aa(p(t), ) — ae( t),¢) = (Q(t) V)w Ve W, t€[0,T],
(3.33) u(0) =
(]

Our main existence and uniqueness result, which we state now and prove in the
next section, is the following:

350



Theorem 3.1. Assume that (3.3)—(3.18) hold. Then the variational problem PV
possesses a unique solution (u, @) satisfying

(3.34) ue Wh0,T;V), ¢ec W50, T;W).

We note that an element (u, ¢) which solves Problem PV is a weak solution of the
antiplane contact Problem P. Theorem 3.1 thus states that the antiplane contact
Problem P has a unique weak solution, provided that (3.3)—(3.18) hold.

4. PROOF OF THEOREM 3.1
The proof of Theorem 3.1 will be carried out in several steps. In the rest of this
section we assume that (3.3)—(3.18) hold.
Step 1: In the first step of the proof we introduce the set
(4.1) W = {n e WH%(0,T; X) such that n(0) = Ox}

and we recall the following existence and unigueness result.

Lemma 4.1. For all n € W there exists a unique element € W12(0,T; X)
which satisfies the inequality and the data condition defined by the problem PV}]:

Problem PV, .

(4.2) a(uy(t),v = 1iy(t)) + (1(t), v =ty (t))x + j(v) = 5y (t))
> (f(t),v—u,(t))x YveX, tel0,T],
(4.3) U, (0) = uo.

We use in the proof of Lemma 4.1 the following theorem:

Theorem 4.1 ([1], p. 117). Let (X, (-,-)x) be a real Hilbert space and let j: X —
(—00,00) be a convex lower semicontinuous functional. Assume that j # oo, that is,

D(j) ={ve X [j(v) <oo} #¢.

Let f € W12(0,T; X) and ug € X be such that

sup = {(f(0),v)x — (uo,v)x —j(v)} < oc.
veD(f)
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Then the variational problem PV possesses a unique solution (u, ) satisfying u(0) =
ug and

(u(t),v — a(t))x +j(v) — j(@t)) < (Ft),v —u(t)x VveX aete(0,T)

Proof of Lemma4.1. Let a(-,-) be defined by
(4.4) a(u,v) = (u,v)e Vu,veX.

Notice that (-,), is an inner product on the space X and |||, is the associated norm
which is equivalent to the norm ||-||x on the space X. Then (X, (,),) is a real
Hilbert space.

We define now the function f,,: [0,7] — X by the formula

(4.5) (Falt), v)a = (F(1),0)x — (n(t),0)x YweV, te[0,T].

It follows from (3.17) and (4.1) that

(4.6) fa(t) € WH(0,T; X).

Using now (4.5) at ¢ = 0, we obtain

(4.7) (f2(0),v)a = (f(0),v)x = (n(0),v)x VveV, tel0,T].

Moreover, rewriting (4.4) at ¢t = 0, we have

(4.8) a(ug,v) = (ug,v)e Vv e X.

On the other hand, taking into account (4.1), (4.7), and (4.8), we obtain the equality
(49)  (fa0),0)a — (0, 0)a — j(v) = (£(0), v)x — alup,v) — j(v) Vv eV,
From assumption (3.13), we find

(4.10) sup = {(f(0),v)a — (w0, v)a — j(v)} < o0.
veD(j)

Taking into account (3.13), (3.14), (4.6), and (4.10), we can use Theorem 4.1 on the
space (X, (-,")a), then there exists a unique element u, satisfying

(4.11) u, € W2(0,T; X) such that u, = ug
and
(4.12) (t (t), v = 1y (t))a + J(v) — (it (1))

= (fyt),v—10y(t)sVve X ae. te(0,T).

Using (4.4) and (4.7), we obtain inequality (3.31) and initial data (3.33) defined in
Problem PV. This concludes the proof of Lemma 4.1. O
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Step 2: In the second step, we use the displacement field u, obtained in Lemma 4.1
to define the following variational problem for the electric potential field.

Problem ’PV?,. Find an electrical potential ¢, : [0,T] — W such that

(4.13) Ao (g (t),¥) = ae(uy(t),¥) = (a(t), Y)w Vo €W, t [0, T].

The proof of well-posedness of Problem PV% follows.

Lemma 4.2. There exists a unique solution ¢, € Wh2(0,T; W) which satis-
fies (4.13). Moreover, if ¢,, and ¢,, are the solutions of (4.13) corresponding to
m,n2 € C([0,T]; V), then there exists ¢ > 0 such that

(4.14) 1@ (1) = P (D)l w < el (8) = g (B)]lv - V€ [0,T].

Proof. Let ¢t € [0,T]. We use the properties of the bilinear form ag and the Lax-
Milgram lemma to see that there exists a unique element ¢, (t) € W which solves
(4.13) at any moment ¢ € [0,7T]. Consider now ty,ts € [0, T]; using (4.13), we get

(4.15) aa(pn(t1), 1) — ac(un(tr), ) = (q(tr),V)w Vi €W, t1 € [0,T]

and

(4.16) aa(n(t2), V) — ac(uy(t2), ¥) = (q(t2), v)w V¢ € W, t2 € [0,T].
Using and (4.15), (4.16), and (3.22), we find that

o*lp(t) —p(t2)llf < (lellpoe(oyllulty) —ut) v +lla(ts) —a(t2)[w)lle(t) —o(t)llw.

it follows from the previous inequality that

(4.17) le(t1) = @(t2)llw < c(lJu(ty) —ult)llv + llg(tr) — a(t2)]lw)-
Then, the regularity u,, € W12(0,T; V) combined with (3.18) and (4.17) imply that
oy € WH2(0,T; W) which concludes the proof. O

Now, for all n € YW we denote by u,, the solution of Problem PV}] obtained in
Lemma 4.1 and by ¢, the solution of Problem PV% obtained in Lemma 4.2.

Step 3: In the third step, we consider the operator A: W — W.

We now use Riesz’s representation theorem to define the element An(t) € W by
the equality

(4.18) (An(t), why = / B(t — s)uy(s) ds + a oy (), w)
VnewW, YweW, telo,T].

Clearly, for a given n € W the function ¢ — An(t) belongs to W. In this step we
show that the operator A: W — W has a unique fixed point.
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Lemma 4.3. There exists a unique n* € W such that An* = n*.

Proof. Let m, 72 € W and t € [0,T]. In what follows we denote by u; and ¢;
the functions u,, and ¢,, obtained in Lemmas 4.1 and 4.2, for ¢ = 1, 2. Using (4.18)
and (3.20), we obtain

(4.19) [ Am (t) = Ao ()%

< C(/O |u(s) — ’U,Q(S)Hg( ds + ||le1(t) — 502(0'%/1/) Vit e [0,T).

The constant C' represents a generic positive number which may depend on
10llw1.2(0,7), T and e, and whose value may change from place to place.

Since u,, € W12(0,T;V) and ¢, € W2(0,T;W), we deduce from inequal-
ity (4.19) that Ay € W12(0,T; X). On the other hand, (4.14) and arguments similar
to those used in the proof of (4.17) yield

(4.20) l1(t) = @2(B)llw < Cllur(t) — uz(t)]lv-
Using now (4.20) in (4.19), we get
(4.21)  [JAm(t) — Am(t)]%

t
< C(/ llui(s) — ua(s)||% ds + |lui(t) — uQ(t)HV), a.e. t €[0,T].
0
Taking into account (3.31), we have the inequalities

a(ui(t),v —ur(t) + (m(t), v — i (t)x +j(v) — j(u(t))
> (f(t),v—11(t)x VYveX, tel0,T)
and
a(uz(t), v = uz(t)) + (n2(t),v — da(t)) x + j(v) — j(Ua(t))
> (f(t),v—1i2(t))x VYveX, telo,T],

for all v € X, ae. s € (0,T). We choose v = u2(s) in the first inequality and
v = u1(s) in the second inequality, add the result to obtain

%Ilul(é’) —ua(s)lIx < —(m(s) = m2(s), i (s) — w2(s))x  ae s € (0,T).

Let t € [0, T]. Integrating the previous inequality from 0 to ¢ and using (3.33), we
obtain

Sl (®) = w1k < = (n(0) = mlt), (1) — wa(t)) x
+ /Ot(fh(s) — 72(s), ur(s) — uz(s))x ds.
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We deduce that

Cllur(8) ~ ua(0) < I 6) — (o) x s (1) — w0 x
/ Jin(5) = i )l () — ()l s,

Using Young’s inequality, we get

(4.22) IIU1(t)—U2(t)II§c<C<IIm( —2(t ||x+/ 171 (s (s)|I% ds

+/Ot ||u1<s>—u2<s>||%(ds>.

On the other hand, as

m( / s (s) — ()% ds.

we can obtain

(4.23) I (t) - <cC / i (5) — ()% ds.

Using now (4.23) in (4.22), we have

Jua () — wa(0)] < (/ in(5) — (s >||de+/||u1 ) — s >||de)

Taking into account Gronwall’s inequality, we deduce
t
(4.24) lus () — w2 (B)[I% < C/O I71.(s) = 1i2(s) 1% ds,
which yields
429 [ ) - wBas <€ [ hints) (o)l ds.

From (4.21), (4.24) and (4.25) we obtain

IAm(8) — A (8)1% < C / s (s) — fia(s) 1% d.
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Iterating the last inequality m times, we infer

t ps1 Sm—1
AT () — A% < O™ / / / i1 ($2m) — (5| A - sy,

where A™ denotes the power of the operator A. The last inequality gives

[A™m(t) — Am"h(ﬂ”%{/lﬂ(O,T;X) < THW - 772H%/111:2(0,T;X)7

which implies that for m sufficietly large the power A™ of A is a contraction in the

Banach space, since
. Cme
lim =0,
m—oo  m)l

it follows now from Banach’s fixed-point theorem that there exists a unique element
n* € W such that A™n* = n*. Moreover, since

A™(An") = AA™") = A,

we deduce that An* is also a fixed point of the operator A™. By the uniqueness of
the fixed point, we conclude that An* = n*, which shows that n* is a fixed point, we
conclude that An* = n*. O

Step 4: In the fourth and last step of our demonstration, we have now all the
ingredients to provide the proof of Theorem 3.1:

Existence. Let n* € W12(0,T;V) be the fixed point of the operator A, and let
Up=, Py+ be the solutions of problems PV}? and PV%, respectively, for n = n*. It
follows from (4.18) that

¢
(" (t),v)y = / O(t — s)upx(s)ds + ay(ppx(t),w) VoveV, te€l0,T]
0
and, therefore, (3.31), (3.33), and (4.14) imply that (u,~,¢,-) is a solution of prob-
lem PV. Regularity (3.34) of the solution follows from Lemmas 4.1 and 4.2.

Uniqueness. The uniqueness of the solution follows from the uniqueness of the
fixed-point of the operator A. It can also be obtained by using arguments similar to
those used in [26] and [15].
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5. CONCLUSION

We presented a model for an antiplane contact problem for electro-viscoelastic
materials with long-term memory. The problem was set as a variational inequality for
the displacements and a variational equality for the electric potential. The existence
of a unique weak solution for the problem was established by using arguments from
the theory of evolutionary variational inequalities and a fixed-point theorem. This
work opens the way to study further problems with other conditions for electrically
conductive materials.
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