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STRONGLY REGULAR FAMILY OF BOUNDARY-FITTED
TETRAHEDRAL MESHES OF BOUNDED C? DOMAINS

RADIM HOSEK, Praha

(Received January 8, 2016)

Abstract. We give a constructive proof that for any bounded domain of the class c?
there exists a strongly regular family of boundary-fitted tetrahedral meshes. We adopt
a refinement technique introduced by Kfizek and modify it so that a refined mesh is again
boundary-fitted. An alternative regularity criterion based on similarity with the Som-
merville tetrahedron is used and shown to be equivalent to other standard criteria. The
sequence of regularities during the refinement process is estimated from below and shown
to converge to a positive number by virtue of the convergence of ¢g-Pochhammer symbol.
The final result takes the form of an implication with an assumption that can be obviously
fulfilled for any bounded C? domain.

Keywords: boundary fitted mesh; strongly regular family; Sommerville tetrahedron; Som-
merville regularity ratio; mesh refinement; tetrahedral mesh
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1. INTRODUCTION

In numerical schemes approximating PDE problems, smooth domains {2 are often
approximated by polyhedral domains 2, that are split into tetrahedral meshes. Each
such mesh is characterized by a discretization parameter h, bounding from above the
size of elements. For convergence proofs, we need this parameter to decrease to zero,
usually by decomposition of every element into several smaller ones. Using this
process we create a new, finer mesh. However, during this process we need to control
the quality of the mesh, mainly the shape regularity, excluding the occurrence of
extremely flat or prolonged elements, see [3], Section 14.

The research of R.Hosek leading to these results has received funding from the Eu-
ropean Research Council under the European Union’s Seventh Framework Programme
(FP7/2007-2013)/ERC Grant Agreement 320078.
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Creating such strongly regular refinement of the mesh is elementary in 2D, the
technique for 3D case was shown by Kiizek in [9]. In our work we will have special
requirement on the mesh: The vertices of the mesh that lie on the boundary of the
polyhedral domain 92}, should lie also on the boundary of the smooth domain 0f2.
We call such mesh boundary-fitted. The proof of existence of such a refinement for
2D can be found in [8], for 3D we bring the result in this paper.

The motivation for this work emanates from [5], where the authors define a nu-
merical method for compressible Navier-Stokes equations in a strongly regular family
of boundary-fitted meshes.

We start with the following three definitions and state the main result afterwards.

Definition 1. Let Q C R?® be a bounded domain of the class C?. We de-
note by rq € RT the minimal radius of an osculation sphere of 9Q and set hg :=
min{%rg, %a}, where « is a lower bound for the mutual distance of two parts of the
boundary 0f).

For the exact definition of a we refer to the standard Evans’ PDE textbook [4],
page 626.

Definition 2. We say that a couple (2, 7h) is an approzimative domain with
a boundary-fitted mesh of §, if 0Q, consists of triangles, vertices of these triangles
belong to 02 and T}, is a mesh consisting of closed tetrahedral elements K satisfying
the following conditions:
> For any element K € T}, any of its faces is either a face of another element L € Ty,

or a face of the polyhedron Qy,
> diam K < h < hg for any K € Tp,
> U K = ﬁh.

KeTn

Further, we denote by o(K) the radius of the largest ball contained in the ele-
ment K.

Definition 3. We say that the infinite sequence {75, } 10 is a family of boundary-
fitted meshes if for any € > 0 there exists h € (0, ¢) such that 7}, is a boundary-fitted
mesh in the sense of Definition 2.

In addition, if there exists g > 0 independent of h such that for any 7, and any

K € 7, we have

o(K)
K):= > 0y,
0(K) diam K 0

we say that {7 }nh—o is a strongly regular family.

There are several equivalent definitions of strong regularity, see [2]. We introduce
a different regularity criterion and use it later in this work.
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Having introduced the basic definitions, we can state the main theorem.

Theorem 1. Let ) be a bounded domain in R® of the class C?. Suppose that for
some hy < hg there exists an approximative domain (Qp,, Tn,) with boundary-fitted
mesh and let

4b\/2

(1) O(K) >
rQ

diam K

for any K € Ty, , where
8
V3

Then there exists a strongly regular family of boundary-fitted meshes {Ty}n—0-

(2) b>by=—(2+V5).

Moreover, there exists a constant dg > 0 depending solely on the geometric prop-
erties of 0S) such that for all x € 0,

(3) dist[z, 0] < doh?.

Remark 1. Note that (2) implies

(1+ 5%
(4) ﬁ < 1.

The rest of the paper is devoted to the proof of Theorem 1.

2. DISTANCE OF APPROXIMATIVE DOMAIN

We start with proving the latter part of Theorem 1 concerning the size of the gap
between €2, and €.

Lemma 1. Let Q,rq,hg be as in Definition 1. Then for any h < hg and for
any x € Qy, where Qy, is an approximative domain from Definition 2, the following
inequality holds:

di EJ)2
(5) dist[z, 0] < (diam £ )7
rQ

ifx € E,{, where E{L is an edge of 9y, and

(diam T,{)2

(6) dist[z, 0€] < 2
rQ

ifx € T,{, where T,{ is a boundary triangle of 0.
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Proof. From the definition of a C%2-domain we have 9Q = |J 99Q¢, where 9’
i=1

are manifolds that are graphs of C? functions from subsets of R? to R. Let us denote

these functions by G;, i = 1,..., M. Then clearly rq = (max || V3G, ||lo0) .
K3
Take any approximative domain €. From Definition 2, 0Q;, = (J T}, where T}

are triangles with diameter not exceeding h. Take an arbitrary xje 0. Then
there is a triangle T}Z x € Tg . Without loss of generality, T}Z c Gy 1(8Qi) for some
i =1(j). (Actually, it is true up to a rotation and shift of coordinates.)
If x is a vertex, then dist[z, 92] = 0 by the assumption and both (5), (6) hold.
Let x € T}Z \ {v1,v2,v3} for some boundary triangle Tg, where vy, v9,v3 are its
vertices. Define g as the restriction of GG; to the line vy2. Then the Taylor expansion
gives

7 o) = ¢/ (01)(y = v1) + 50" @y — 01)?

for any y on the line and some y € Tg. Note that g(v,.) =0, r € {1,2,3}, as by the
assumption v, € 9S). Further,

- 1
(8) 9" @) < IV2Gillse < —.
rQ

Let z lie on the edge Ej of T C 9. Then we can use (7) twice, for y = = and
y = vg, which together with estimate (8) gives
(diam E7 )2
2rq

(diam E7 )2

!
- <
v g () (vz — o)) T

lg(@)] < lg'(v1)(x —v1)| +

)

from which we infer |g(z)| < rg ' (diam E{L)2
Let z € int7}. Then we use (7) twice, for y = z and y = e, where e is the
intersection of the line v with the edge vovs. With help of (8) we get

1 . .
lg(z)] < |9’ (v1)(x —v1)| + 2—(d1amTi)27
TQ
IR
lg'(v1)(e —v1)] < gle)] + 2—(d1ang)2.
rQ

As we already have |g(e)| < 7" (diam T7)? for an edge point e, we can infer |g(z)| <
2rg, " (diam T}})2. The proof is concluded by realizing that dist[z, 9] < dist[z, g()]

l9()]-

Lemma 1 implies the following corollary.

o
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Corollary 1 (h2-property). Let €, 7q, ho be as in Definition 1. Then there exists
dq > 0 depending solely on the geometrical properties of ) such that for any h < hy,
Qy, from Definition 2, and for any x € 9y,

dist[z, 09 < doh?.

Proof. Set dg := 2rg" in (5) and (6) and recall that diamE,{ < diamT}Z <
diam K < h. 0

Note that in this section we worked only with the approximative domain, no
requirements on the mesh were needed.

3. PRELIMINARIES

To prove the existence of a strongly regular family of boundary-fitted meshes, we
will use a decomposition of a tetrahedron into eight tetrahedra which inherit the
regularity estimate. However, it is not the strong regularity condition introduced in
Definition 3 that is being preserved. Therefore, we introduce an alternative criterion
of regularity.

Before that, we recall some properties of affine transformations that play a crucial
role throughout this paper. Some tetrahedra established by the refinement process
need to be modified (boundary vertices should be shifted to the smooth boundary)
so that their union satisfies the definition of a boundary-fitted mesh (Definition 2).
The shift is performed using affine transformations.

The final part of this section is devoted to the so-called ¢g-Pochhammer symbols,
which will finally ensure the existence of a lower bound on the regularity ratio 6g
in (3).

3.1. Affine transformations and singular values. An affine transformation F'
is a one-to-one mapping of a linear vector space to itself, preserving linearity and the
ratio of division, see e.g. [1], Proposition 2.8. Endowing the three-dimensional space
with Euclidean coordinates, we can represent an affine transformation F' by a 3 x 3
nonsingular matrix @) and a shift vector ¢:

F(z) = Qx+q.

In what follows, we will be mainly interested in the effects to the geometric proper-
ties of the objects undergoing the transformation. As the translation vector ¢ cannot
affect the shape change, we focus on the properties of the matrix Q.
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Lemma 2 (Singular Value Decomposition). Let Q@ € R**3 be a nonsingu-
lar matrix. Then there exist matrices U, X, V satisfying Q = UXV?T, where
UTU =1, VIV = I, and ¥ is a diagonal matrix of the so-called singular values
¥ = diag(o1, 02, 03), where all three o; are positive.

Moreover, () transforms the unit sphere into an ellipsoid with semi-axes of the
lengths o;, 1 =1,2,3.

The proof of the above assertion can be found in any linear algebra textbook, see
for instance [6], Section 7.3.

From the above lemma we will use mainly oy := min{o1, 02,03} and opayx :=
max{o1, 02,03}, the maximal shrinking and prolongation factors, respectively. In the
sequel, we write omin(F) (and omax(F')) for the minimal (maximal) singular value
of the affine transformation F, referring to the minimal (maximal) singular value of
its matrix Q.

The following lemma provides a tool for estimating singular values of a composition
of affine mappings.

Lemma 3. Let A and B be affine transformations. Then we have
Umin(A o B) 2 UIIliII(A) * Omin (B)

and
Umax(A o B) < Urnax(A) : Umax(B)-

3.2. Sommerville regularity ratio. An alternative regularity criterion, intro-
duced in this section, measures the similarity of a general tetrahedron to a reference
tetrahedron, which is in our case the Sommerville tetrahedron, introduced in 1923
in [10].

Definition 4 (Sommerville tetrahedron). Sommerville tetrahedron is any tetra-
hedron similar to the unit tetrahedron K, which is defined through Euclidean coor-
dinates of its vertices:

A=[Lo00", B=[-100", ¢=[L1", D= AT

—
<
|
N[
N[=

The unit Sommerville tetrahedron K (see Figure 1) has two opposite edges of
length 1, the other four of length v/3/2 and dihedral angles attain the values 60° and
90°. For further use we will need the following characterization of K:

~ ~ 3 ~ 2 ~ 2
9) dam R =1, (@)=L, gooi)=2 (i) = %

)
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where e(K) is the length of the shortest edge, o = o(K) is the radius of an inscribed
sphere and m(K) is the shortest median of a face of the Sommerville tetrahedron.

T

For detailed computations, see [7].

Figure 1. The unit Sommerville tetrahedron K inscribed in two auxilliary cubes. (Axes are
omitted for the sake of brevity.)

Note that for any tetrahedron K = co(ABCD), there exists a unique affine trans-
formation Fgx that maps the Sommerville tetrahedron K = co(ABCD) onto K,

ie.
(10) Fr(7) = QrT + gk,

determined by Fx(A) = A, Fx(B) = B, F(C) = C, Fx(D) = D. It can be easily
shown that Qx = [A— B,C —D,C+ D — A— B] and qx = 3(A + B).

However, as we get a different transformation just by relabelling the vertices of
the tetrahedron K, we must be careful with employing the following alternative
regularity criterion.

Definition 5. Let K = co(ABCD) be a tetrahedron, let
(11) Ak := {Fk; Fx is an affine transformation, FK(f() =K}

be a set of all affine transformations mapping Sommerville tetrahedron K onto K.
Then we define the Sommerville reqularity ratio of the tetrahedron K as

UIIliII(FK)
12 K) = —mmm\" 27
(12) w(K) = max o (Fr0)

where omin(Fi), 0max(Fx) are the minimal and maximal singular values of F,
respectively.

239



Note that  attains its maximum of 1 for the Sommerville tetrahedron, while the
minimal value of 0 would be attained for a degenerate tetrahedron. Consequently, x
plays the role of a regularity measure.

Remark 2. Taking the regular tetrahedron as the reference one, we could leave
out the maximization in (12). However, we prefer the Sommerville tetrahedron, as
its copies tile the three-dimensional space, see [7], [10], while the regular tetrahedron
does not.

Analogously to other standard regularity ratios, also the Sommerville regularity
ratio (12) can be used to formulate a criterion for strong regularity. We show its
equivalence to a standard regularity criterion in a form of two lemmas that we use
directly in the next section.

Lemma 4. Let ko > 0 and let there exist a sequence h,, — 0 such that {7}, }nen
is a family of boundary-fitted meshes satisfying

K(K) 2 ko >0

for anyn € N and any K € Tp,,.
Then {7}, }nen is a strongly regular family of boundary-fitted meshes.

The proof is strongly based on ideas of Ki¥izek, see [9].

Proof. We take an arbitrary n € N, an arbitrary element K € 7}, , and consider
the affine function Fy from (11). We denote by S(Zg, 8) the inscribed sphere of K.
Then Fx(S) =: £ C K is an ellipsoid. Let us label its center with . Take r(K)
as the shortest semi-axis of £. Then the sphere S(xg,7(K)) is contained in K and
therefore o(K) > r(K).

From the properties of the singular values of an affine transformation we get the
estimates 7(K) = omin(Fr) - 0 and diam K < omax(Fx) - diam K. Hence, we can
write

Q(K) > T(K) > UIIliII(FK) . 5 R(K)H(I?),

13 0(K) = — Z = Z =~ =
(13) (K) diam K = diam K = ¢, (Fg) - diam K

where the last equality holds assuming we take an appropriate Fx that realizes the
maximum in (12). By the assumption, x(K) > o and using (13), we can conclude

0(K) > rof(K) = gmo =: 0,

for any K in the family of meshes. O

240



Lemma 5. Let s > 0 and let K be a tetrahedron satisfying 0(K) > s. Then

Proof. Setting K into coordinates in such a way that its shortest edge belongs
to the line parallel to the longest edge of the Sommerville tetrahedron, we can write
o(K) € omin(Fr)-diam K. Further, the mapping Fx transforms the inscribed sphere
of K onto an inscribed ellipsoid of K, hence diam K > opax(Fk )o. Therefore,

s < 6(K) = oK) _ Omin (Fi ) - diam K <R(K)%-

 diam K Omax(Fr) - Q(f()

We conclude this part with the following corollary of Lemma 3.

Corollary 2. Let K, K’ be two tetrahedra, and let S be an affine transformation
that maps K onto K'. Then we have

3.3. ¢-Pochhammer symbol. Further, we prove some properties of the so-called
g-Pochhammer symbol, which will be the final tool used for showing the existence of
a lower bound kg.

Definition 6. Let n € N and a,q € [0, 1]. The product
n—1 )
(a;q)n == [ (1 — ag’)

=0

is called the g-Pochhammer symbol.

Lemma 6. Let a € (0,1) and g € (0,1). Then there exists P(a,q) > 0 such that
for any n € N,

(@;9)n > lim (a;q)n = P(a,q).
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Proof. As(a;q)n+1 = (1—ag™)-(a;q)n, the sequence is monotonically decreas-
ing. To prove the existence of a positive limit of (a; )., it suffices to find its positive
lower bound. Consider

n—1
Sp 1= Z log(1 — aq®)
k=0

Clearly (a;q), = exps, and using log(l — az) > —Taz > =7z for z € (0,1], a
(0,1 — €], where ¢ < 1072, we can estimate

]__
(14) Sp > 7Zq 1=

—q

Combining (14) with the monotonicity of both the exponential function and the
partial sums of the geometric series, we get

n

1- -7
(a;q)n = exp sy > exp (—7 d ) > exp (—) > 0.
I—q 1—gq

Note that for € smaller it is only necessary to increase the multiplicative constant in
estimate (14). O

4. MESH REFINEMENT

In 1982, Kfizek proved the following result, see [9].

Theorem 2 ([9], Theorem 3.2). For any polyhedron there exists a strongly regular
family of decompositions into tetrahedra.

For our purpose it is not possible to use this result directly, because the decom-
position in [9] creates a mesh that is no longer boundary-fitted, as new vertices on
the boundary of the polyhedral domain are created and do not lie on 0f2, in general.
Our idea is to use this decomposition and to modify (i.e. affinely transform) the
tetrahedra in the boundary layer to put all boundary vertices to 9. By virtue of
Lemma 1 we will show that this change is small in comparison with the diameter of
the element, and the strong regularity is therefore preserved.

4.1. Decomposition of a tetrahedron. We start with the first step, from the
proof of Theorem 2 we extract the following lemma.
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Lemma 7. Let T, be a mesh of . Then for any K € ‘T, there exists its
decomposition D(K) = {K;}}_, into eight face-to-face tetrahedra such that the
vertices of K; are either vertices of K or midpoints of its edges, and for alli = 1,...,8
we have that

1
(15) diam K; < 5 diam K and k(K;) 2 k(K).

Proof. The unit Sommerville tetrahedron K can be decomposed into eight
tetrahedra similar to K —cutting all six edges at their midpoints creates four tetra-
hedra and one octahedron which can be decomposed into four identical tetrahedra,
see Figure 2 and [9], proof of Theorem 3.2 or [11], Theorem 4.3. We denote the
decomposition by D = {f(i}f:l and it follows that diam K; = % Then we take the
affine transformation Fy that realizes x(K). We observe that

Fx(D) = {Fx(K;),K; € D},

is a decomposition of K.

Figure 2. The sketch of Kiizek’s decomposition of the Sommerville tetrahedron K. Repro-
duction from [9].

The key idea is that Iz are also Sommerville tetrahedra and F transforms E into
K;, which implies k(K;) > k(K) for any K; € D(K), since Fx does not have to be
the mapping realizing the maximum in x(K;). The first part of (15) is a consequence
of the ratio of division being invariant w.r.t. an affine transformation. O
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4.2. Correction of the decomposition. The tetrahedra K; € D(K), K € Tp,
do not create a boundary-fitted mesh (according to Definition 2) as new vertices
were created on the boundary of the polyhedral domain €2;, that do not belong to
the boundary of the smooth domain 2. To fix that, we apply an affine shift to
these vertices. We set the domain of vertices that must be shifted in order to obtain
a boundary-fitted mesh:

V(Trn) := {x is a vertex of some K; € D(K), K € T, and x € 0Qp, \ 08}.
For any = € V(T) we choose one y(x) € 02 such that
(16) dist[x, 0] = dist[z, y(z)].

Then for any K; € D(K) of a given K € Ty, we consider an affine shift function
Sk, defined uniquely by the images of four vertices of the tetrahedron Kj;:

for v € V(Th), tex of K,
(17) Sk, (v) = {y(v) - (Th),v a vertex o

v for v € V(Tp),v a vertex of K;.

From Lemma 1 we have an upper bound on the size of this shift. We have to
prove that under the assumptions given in Theorem 1, the shift of vertices does not
damage the topology of the finer mesh.

Lemma 8. Let 2, Qp, 75, be as in Definitions 1 and 2. Let v1, vo be distinct
vertices of the refined mesh, i.e. v;, i = 1,2, is either a vertex or a midpoint of an
edge of some tetrahedron in Ty. Let

{tv1 + (1 —t)v2, t € (0,t1)} C K € Th,
{tvr + (1 = t)vz, t € (t2,1)} C L € Tp,

for some t1,t2 € (0,1), t1 < ta, and K, L € T, not necessarily distinct. Then
. 3
(18) dist [Ul, UQ] > % (Urnin (FK) + Umin(FL))'

Proof. Let K = L. Then the segment vvy is either half of an edge, a mid-
segment of a face triangle, an edge itself, the median of a face, or a median of
a tetrahedron (both vy, vy are midpoints of the edges of tetrahedron K). For the
first three options, we clearly have dist[vy, va] > %e(K) > % 3 0min(Fx). For a me-
dian of a triangle we have dist[vy, v2] = m(K) > 3v/2 omin(Fk), as an affine mapping
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maps median onto median. The same estimate applies to the last option. In both
cases we used (9).

Let K # L. If v is a vertex of K, then we denote by I'x the face of K opposite
to v1. Then dist[v1, T k] = omin(Fk) - %\/5, where the last fraction is the (minimal)
distance of a vertex from the opposite face in the Sommerville tetrahedron.

In the case of v; being the midpoint of an edge of K, we denote by I'., T'%. the
faces of K that do not contain v;. Then

V2

min dist[vy, I”K] = Omin(F)—,
i=1,2 4
where the last fraction is the minimal value of such distance in the Sommerville
tetrahedron.
Taking the minimum over the above listed possibilities, we conclude that (18)
holds. O

Lemma 9. For any h < hg, let every K € T, satisfy the so-called minimal
regularity condition

diam K
(19) () > bR e b > by =
rQ \/§

Then for any vertices vi, v2 of K; € D(K), L; € D(L), respectively, we have that

2+ V5).

dist[vy, va] > dist[v1, Sk, (v1)] + dist[va, St (v2)],

i.e. the shift above does not damage the topological properties of the mesh.

Proof. By construction, if v; € V(74), then it is the midpoint of an edge of
some boundary triangle Tjh. By virtue of Lemma 1, in particular from (5), together
with (16) and (17) we obtain

(20) % ((diam K)? + (diam L)?) > dist[v1, Sk, (v1)] + dist[va, Sp, (v2)].

Lemma 8 gives

(21) dist [Ul, UQ] P (Urnin(FK) + Umin(FL))7

| S

where Fy and Fp, realize the maxima in x(K) and x(L), respectively. From the
definition of k¥ and Lemma 2 we have

(22) Omin(Fr) = k(K )omax(Fr) > £(K) diam K% > k(K) diam K.
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Using the assumption (19), we can rewrite (22) as

diam K)? + (diam L)?

(23) Coin (Fic) + ommin () > b -

Substituting (23) into (21), we get
bv/3
(24) dist[vr, ve] > % ((diam K)? + (diam L)?),
Q
which, combined with (20), completes the proof, since %b\/ﬁ > 1. O
Having defined the shift, we focus on the bounds of the singular values of the affine

shift, which will be needed in a moment.

Lemma 10. Let K € T, be a tetrahedron, let K; € D(K) and let the affine
shift Sk, be defined by (17). Then for its singular values we have

8 diam K
25 min S i 2 1_—77
(25) roin(Sk) > 1= o= s

8 diam K
26 max S i < 1+—77
(20 Fon(SK) < 1+ <= s

and the regularity criterion for the new tetrahedra satisfies the estimate

L- \/§ dia(HI;)K 8 diam K\
(27) K(Sk,) > —22 o k(K) > (1 - —7> K(K).
1+ o2 dank V3rq K(K)

Proof. The maximal singular value of Sk, represents the maximal relative

prolongation, which can be achieved at the shortest edge of Kj, i.e. e(K;) = %e(K)

by moving the vertices from each other with the maximal radius, i.e.

le(K 2= (di K)2 . 9
(28) Tmax(SK;) < 2l )+1TQ (diam K7,y (diam K)°

5e(K) N e(K)rq

Using e(K) > e(IZ’) - Omin(Fr) and diam K < diam K - Omax(Fi ), where Fi realizes
the maximum in the definition of k, we can deduce that

G(K)~ =kr(K)- diamKé.
diam K 2

Using estimate (29) in (28), we conclude (26). The same steps prove the inequal-

(29) e(K) > k(K) - diam K

ity (25). Then by virtue of Corollary 2 we can estimate

Omin (SK )
30 Sk, (K;)) > —————%k(K).
(30 (S, (1) > 2228 )
The last relation (27) is obtained from (30) using the estimates (25), (26), and the
inequality (1 +2)"'>1—2, 2z € R*. O
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Next we show that shifting the new vertices to the smooth boundary does not
disturb the uniform decrease of the discretization parameter.

Lemma 11. Let h < hg and let T;, be a boundary-fitted mesh. Let a tetrahedron
K € Ty, satisfy the minimal regularity condition (19) with some admissible b. Then
there exists a number p(b) € (0, 1) such that for any K; € D(K) we have

(31) diam Sk, (K;) < p(b) - diam K.
Proof. From Lemma 7 we recall diam K; < %diam K. From the construction
it follows that

(32) diam Sk, (K;) < Jm%(SK) diam K.

Substituting the minimal regularity condition (19) into the upper bound (26) for
omax(Sk, ), we get the estimate

33 max(SK;) <14+ ——=.
(33) Fmas{S) <1+ 1o

Then, combining (32) and (33), we conclude that

1

4
diam Sk, (K;) < (5 + m) diam K =: p(b) - diam K.

The factor u(b) belongs to (0, 1), as clearly b > 8/+/3. O

Corollary 3. Let h < hy and let T}, be a boundary-fitted mesh. Let every K € Tj,
satisfy the minimal regularity condition (19) with some admissible b. Then

T = {Sk,(K;),K; € D(K),K € Tn}

is a boundary-fitted mesh in the sense of Definition 2 with

(34) k< (% + %)h

Proof. The construction together with condition (19) ensures that 7 is
a boundary-fitted mesh. Even if every element is transformed by a different affine
function, still the common faces (and edges) of two neighbouring elements are trans-
formed identically for both elements, hence the face-to-face property is preserved.
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We define k to be the maximal diameter of an element in T, say L. But clearly
this L was created by splitting and shifting some tetrahedron M € 7,. Then it
follows from Lemma 11 that

k = diam L < p(b) - diam M < u(b) - h = (— + —)h.

O

Remark 3. Notice that so far it has been sufficient that b > 8/\/§ For the next
lemma we need the stronger condition (19), indeed.

Next, we need to show that in the process of refinement, the newly established
elements do not violate the minimal regularity condition (19) with given b, which is
necessary to allow the repetition of the refinement process.

Lemma 12. Let K be such that x(K) satisfies condition (19) with some admis-
sible b and let K; € D(K). Then Sk, (K;) also satisfies (19) with b.

Proof. We know from (27) that

8 diam K

]_ _
(35) k(S (Ky)) > —Lra Oy,

= 8
L+ 70 S

and from (19) that
b ..

(36) Kk(K) > — diam K.
rQ

Substituting (36) into (35), we get

8

1 b
(37) K(Sk, (K;)) > —23 L diam K.
I+asre

Finally, (34) implies

2
diam K > 5 diam Sk, (K;),
1+

which substituted into (37) together with inequality (4) from Remark 1 recovers (19)
with b also for Sk, (K;). O
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Theorem 3 (Existence of family). Let 2, ho be as in Definition 1 and for some
h1 < hg let there exist a boundary-fitted mesh Ty, of ) such that every tetrahedron
K € Ty, satisfies (19) with some admissible b. Then there exists a family of boundary-
fitted meshes {Tr, }nen with h, — 0.

Proof. We proceed via mathematical induction. By assumption, for h; there
exists a boundary-fitted mesh 75, with elements satisfying (19) with b.

Corollary 3 gives the following implication: If for h,, there exists a boundary-fitted
mesh 7, with elements satisfying regularity condition (19) with some b, then there
exists hyp11 < p(b)hy, such that there exists a boundary-fitted mesh 7
of Lemma 12 all elements of this finer mesh satisfy (19) with b.

wi1- By virtue
The proof is completed, as we have proven the property for h; as well as the
induction step. ([

4.3. Proof of the Sommerville strong regularity.

Theorem 4. Let Q, ho be as in Definition 1. For h; < hg let there exist Tp,
a boundary-fitted mesh of €}, whose every element satisfies (19) with some admissi-
ble b. Then the family {Ty,
orem 3 is Sommerville strongly regular, i.e. there exists ko > 0 such that for any
n €N, any K € Ty, we have that k(K) > ko.

}nen of boundary-fitted meshes obtained through The-

n

Proof. Consider the family of elements {Ly },enufoy such that Lo € Tp,, and
for any n € N, L,, € Tp,,,,, and L, := Sk, (K;), where K; € D(Ly,_1).
Thanks to Lemma 10 we have

. 2
(38) K(Lns1) > (1 - %%) k(L)

Further, we have from Lemma 11 that

1 8
. <1 8y
(39) diam L,, < 5 (1 + b\/g) diam L,,_1,

and from Lemma 10 combined with (19) also

1—-8_
(40) w(Ln) > T D5 5 (Lnoy).
V]

Combining (39) and (40), we get

2
diam L,, 1 (1 + b%) diam L,,_1
k(Ln) ~ 2 1-— % K(Lp—1) "’
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ie.

8 2\n
diam L,, < (1 + Wg) diam L
K(Ln) ~\2(1-3%) ) w(Lo)

As the condition (19) holds also for Ly, we have

(41) diam L,, < ( b\/g) o

Hence, we can explicitly estimate

4 8 (H%)Q)i)
42 k(Ln, > 1l—-— ———— k(Lg).
( ) ( +1)>H)< b\/§<2(]—_b&ﬁ) (0)

The product on the right-hand side of (42) is a g-Pochhammer symbol with param-

eters
2

8 1+55%)

a

=7 4=y s
bv'3 2(1- %)

Assumption (19) guarantees that ¢ € (0,1), see Remark 1, and also a € (0,1).
Therefore, we have from Lemma 6 that the right-hand side of (42) has a positive
limit P(a,q) > 0 for n — oo and hence also

K(Ln) = (a;q)n - £(Lo) > P(a,q) - k(Lo)-
We recall that Lo € Tp, and set

Ko = Pla.g) - min w(L),

which completes the proof. ([
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5. PROOF OF THEOREM 1

The final step of the proof is a simple bridging of the main Theorem 1 and Theo-
rem 4.

Proof. By virtue of Lemma 5, the conditions (1), (2) can be transformed to the
minimal regularity condition (19). Then we apply Theorem 4 to get the existence
of a family of boundary-fitted meshes satisfying x(K) > ko > 0 for all tetrahedral
elements K in the family of meshes. Then by virtue of Lemma 4 we conclude the
strong regularity of the family.

The estimate (3) is ensured by Corollary 1. O
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