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Separable N;-free modules with almost trivial dual

DANIEL HERDEN, HECTOR GABRIEL SALAZAR PEDROZA

Abstract. An R-module M has an almost trivial dual if there are no epimorphisms
from M to the free R-module of countable infinite rank R(“). For every natural
number k > 1, we construct arbitrarily large separable Ri-free R-modules with
almost trivial dual by means of Shelah’s Easy Black Box, which is a combinatorial
principle provable in ZFC.
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Classification: 13B10, 13B35, 13C13, 13J10, 13L05

1. Introduction

Almost-free algebraic structures have caught the attention of researchers for
many decades. The first known example of such structures, dating back to 1937,
is the Baer-Specker group Z¢, a non-free R;-free abelian group of cardinality 2%°.
Other examples from the 1970’s are a construction by Griffith [10] of some non-
free W,,-free abelian groups for all n < w, and a construction by Hill [12], where
he managed to construct such groups of minimal size R,,. However, no further
algebraic properties of these groups were shown.

During the 1980’s, almost-free groups also appeared in the context of con-
structing groups and modules with prescribed endomorphism ring. For example,
Corner, Gobel [1] and Dugas, Gobel [2] used Shelah’s Black Box to construct in
ZFC torsion-free abelian groups with prescribed endomorphism ring and noticed
that these groups were non-free Ni-free as well. However, it was clear that these
groups were not No-free, and the question on how to generalize these constructions
within ZFC to obtain R,,-freeness for n > 1 while keeping such additional algebraic
properties remained unanswered for many more years. Only in 2007 Shelah [15]
introduced a new, more powerful version of his Black Box principle, which allowed
him to construct N,-free abelian groups with trivial dual. This breakthrough im-
mediately led to other constructions of N,-free groups and modules with different
algebraic properties like almost trivial dual or prescribed endomorphism ring (see
for example [6], [7] and [8]).

In [7], the authors construct a class of Rj-free R-modules M for a fixed natural
number k£ > 1, where R is a countable domain, but not a field. Moreover, these
modules have trivial dual, i.e. Homp(M, R) = 0. Generally speaking, one starts
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considering a free R-module B and its completion B with respect to a countable
multiplicatively closed subset S of R. An Nj-free R-module M with trivial dual
is then realized as the S-pure closure of the module generated by B and a specific
family § of elements of B. By the choice of this family §, M turns out to be
contained in a direct product of copies of the S-completion R of R. In this paper
we realize the construction of another class of Np-free R-modules contained in a
direct product of copies of R, namely, these modules are S-separable. Nevertheless,
as in [8], where modules over the ring J, of p-adic integers are considered (and
thus, they are separable), we cannot expect a module M from this class to have
trivial dual. Instead, M will have almost trivial dual, meaning that the free
module of countable rank R“) is not an epimorphic image of M. This approach
refines and significantly enhances the expositions of [7] and [8].

The main result in this work is, for a countable commutative ring R (but
not a field), the construction of arbitrarily large S-separable Nj-free R-modules
with no epimorphisms onto R(“). So we elaborate a plan to achieve three goals,
namely, separability, N;-freeness and eliminating any possible epimorphisms onto
R“) . We dedicate one section to each one of these goals. In Section 2, the basic
notation and notions are given. In Section 3 we construct an R-module M which
is (only) S-separable. This module is realized as the S-pure closure of the module
generated by a free module B and a specific family § of elements of a very natural
S-pure submodule B of its S-completion B. In Section 4, we introduce a so called
Freeness Proposition and choose the family § more carefully towards making our
previously constructed module M Wj-free. Finally, in Section 5, we introduce
Shelah’s Easy Black Box from [15], which we use to refine our choice of the family
§ even more in order to eliminate unwanted epimorphisms onto R“). The Easy
Black Box 17, the First A-Black Box 19 and the Second A-Black Box 21 and their
proofs appeared in [7] with other names, but they are also included here for the
convenience of the reader.

This work generalizes and is motivated by the first chapter of the second au-
thor’s Ph.D. thesis. The considerably more technical challenge of realizing en-
domorphism rings of separable modules is treated in [5]. Our notation matches
standard literature and we refer to [4], [9] as background material on the theory
of separable modules.

2. Notation and basic notions
Let us begin by introducing some notation.

Notation 1. (i) Functions will be written on the right side of their argument,
so if f is a function with domain A and a € A, then the image of a under f
will be written as af.

(ii) “X denotes the set of all functions 7 : w — A, while “TX is the subset of “\
consisting of all order preserving functions 7 : w — A, namely

“IN={n:w—X|mnp<nny for m<n}
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Similarly, “> X\ denotes the set of all functions ¢ : n — X\ with n < w,
while 7>\ is the subset of “>\ consisting of all order preserving functions
n:n— A withn <w.

(iii) If f: A — BC, i.e. af is a function for all a € A, then we write f, instead
of af.

(iv) If A is a set and & is a cardinal, then [ A]=" denotes the set of all X C A
such that | X | < k. Analogously we define [A]~" and [A]" = [A]™".

(v) If @ < ~ are ordinals, we write [a,y] = {8 | a < 8 < v}, (a,v) =
{Bla<B<~}and|ay)={Bla<f<y}

(vi) Let {A; | i € [1,m]} and {B; | ¢ € [1,n]} be finite families of sets,
A=A x -+ xAypand B=B; X---x B,. If a = (a1,...,am) € A and
b= (b1,...,b,) € B, we write a A b= (a1,...,am,b1,...,bn).

(vii) If x is a cardinal, k™ denotes the successor of x, which is the smallest cardinal
larger than k.

Let k > 1 be fixed for the rest of this work. Let A = (A1,..., A ) be a finite
increasing sequence of infinite regular cardinals with the following properties:

(1) A" = A
(i) for all f € [1,k—1], X}, = App1.
In particular, for all f € [1,k], Rg < Ay and )\?0 = Ay. For example, one such
sequence can be constructed recursively by putting A\; = (2N0)+ and Apyq =
(22)" for all f€[1,k—1].
For f € [1,k], we construct the set

AT =9Th; x“Thy x -+ x “TAf,l X “TAf.

In case f = k, we simply write A.
Now let m € [1, f]. We define the set A{,., which is obtained by replacing the
m-th coordinate “T )\, of A/ by the set “T>\,,, namely,

AL =T X x 9T, x o x @I

mx

Then, let

A= ] A,
me[l,k]
For f = k we simply write A, and A,,. for all m € [1,k].

Definition 2. Let f € [1,k] and m € [1, f].
(i) If n € “T\,,, then the support of 1 is the set

[n]={nln|n<w}
(ii) If v € “T>\,,, then the support of v is the set
[v]={v1¢|¢<domv}.
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(iii) 5= (n1,...,n7) € Af and n < w, then 7 | (m,n) denotes the element of
Afn* obtained from 7 by replacing its component 7, by n,, [ n, i.e.

ﬁ]<mvn> = (nlw--anmfla nm[nv nerl"'anf)'

(iv) For every 7j € A/ and m € [1, f] consider the sets

(m1m]={71(m,n)[n<w}
and
ml= U m1m]
me[1,f]
The set [77] is called the support of 7.

Let R be a countable commutative ring with 1. Given a finite sequence of
infinite cardinals A and a subset X, C A,, we consider the free R-module

BX* = @ Re;.

veX,

If X, = [7] for some 7j € A, then we simply write By. The starting point of our
construction will be the free R-module

B = @ Reg.

veEA,

Definition 3. Let S be a countable multiplicatively closed subset of R such that
1€8S,0¢S. We say that an R-module M is:

(i) S-torsion-free if sm = 0 implies m =0 for all s € S, m € M;

(i) S-reduced if no element of M is divisible by every element of S, i.e.

Nyes sM = 0;
(iii) If R itself is S-torsion-free and S-reduced, we call it S-ring.

Choose a countable multiplicatively closed subset S of R such that R is an
S-ring. Fix an enumeration S = { s, | n < w } such that sp = 1. For any n < w,
define ¢, = [[,-,, si- Notice that ¢, +1 = gnsn41 for all n < w. Moreover, for all
m,n < w, define

n _ II s

dm m<i<n
if m < n. Also notice that 3—3 = ¢, and Z—: =1foralln < w.

Definition 4. Let M be an R-module. An R-submodule N of M is S-pure if for
all s€S, NNsM = sN. We write N <, M.

Consider the S-topology on B generated by the basis { sB | s € S} of neigh-
borhoods around 0. This topology is Hausdorff since R is an S-ring. Let B be
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the S-completion of B. The elements of B are of the form b = > byer € B

for some by € R. See [9] for more elementary facts of B.

vEA,

3. Separability
Now consider
B=Bn H Rey,
TEA,
which is an S-pure submodule of B. Our intention is to choose the family §

from B, so that the constructed modules are submodules of a direct product of
copies of R.

Definition 5. Let R be an S-ring. Then S-pure submodules of direct products
R"™ are called S-separable.

Definition 6. (i) For 7 € A and n < w, we define the branch element associ-
ated with 77 and n as

k
di =
=38 (S i) <7
>n n m=1
We write yg for ymo.
(i) Let § = {yn |7 € A} be the family of branch elements. Define M to be the
S-purification of the module generated by B and §, i.e.

M = <Bayﬁn|yﬁ€1’§an<w>: <B’S>*

Since M <, B <, HEGA* Rey, the R-module M is S-separable, so we have
achieved the first goal of our plan.

4. Ni-freeness

We say that a module M over a hereditary ring is k-free, if every subset of
M of cardinality < k is contained in a free submodule of M. For non-hereditary
rings however, it is necessary to modify this notion. The following more general
definition of s-freeness is due to Gobel, Herden, Shelah [6], which is a slightly
stronger version of that in Eklof, Mekler [3].

Definition 7. If x is a regular uncountable cardinal, we say that an R-module
M is k-free if there is a family C of S-pure R-submodules of M satisfying:

(a) every element of C is < k-generated and free;

(b) every element of [M]~" (recall Notation 2(iv)) is contained in an element
of C;
(¢) C is closed under unions of well-ordered chains of length < .
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The first step to achieve Nj-freeness is to prove a Freeness-Proposition, which
allows us to enumerate subsets of A in such a convenient way that we can prove
linear independence in the constructed modules. We first have to deal with the
notion of being coordinatewise-closed for filtrations, which will appear in the proof
of the proposition.

Lemma 8. Let F: A — [A, |5 be any map, f € [1,k] and Q € [A]™ together
with an Ry-filtration { 5 | v < wy } of Q such that B° = § and |51\ U | =
Ny_y for all o < wy. Then it is possible to construct a coordinatewise-closed
N-filtration { Q* | @ < wy } of 2, meaning that for allj € Q¥  if there exist
7, 7" € Q% such that

{nm [me[L,k]} C L, mp |me[LE]}U{vm |[7EeNFUR'Fme[LE]}

then 7] € Qq. This Ry-filtration also satisfies Q0 = () and | Q1 \ Q| = Ry_; for
all o < wy.

Proor: First suppose that we have constructed a coordinatewise-closed N ;-filtra-
tion { Q% | a < v} of Q up to some limit ordinal v < wy such that Q° = @) and
‘Qa+1 \ Q | = Ny_; for all @ +1 < v by means of the original filtration. We
define Q7 =J,, ., Q% as usual.

Now suppose that the coordinatewise-closed Ny-filtration {Q* | a@ < v} of
Q has been constructed up to some successor ordinal v < wy and also satisfies
‘ Qotly Qo ’ = RNy_; for all @ +1 < . Let 8 be the minimal ordinal such that
QY C U8 and ‘ ue \ QY | =Ny_;. Let Qg“ = U” and assume we have constructed
Q1 for some n < w. For all m € [1,k], let

(@) = {me 1 e Lk, T e U JOHF 0 A,

Q) =T Q1) x - x U Q) C A

and

ot =an ot

n<w
O
Definition 9. (i) For n € “T> )\, U“T);, we define the norm || 7 || of 1 as
Inll = sup (nn+1)€ A
n<domn
in particular, ||a||=a+1 for a € A\ and ||0 | = 0.

(ii) For 7€ AUA,, define |7 || = || n% ||-

(iii) For X C A, put || X || = supgex [|7]]. Similarly, || X || = supzex 7] if

X CA..
(iv) A function F : A — [A, ]5™° is regressive if | 7F || < Ony, for all 7] € A.
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Freeness-Proposition 10. Let F : A — [A*]SN“ be a regressive map,
fe k], Qe [A]Y" and (uz | 7 € Q) be a family of subsets of [1,k]
such that |ug| > f. Then there exists a bijective enumeration {7 | o < ('}
of §Q for some ¢ € [wy_1,wy) such that, for all a < (, there exist {, € up« and
ng € [1,w) with the property that, for all n > n,,

T 1 (layn) & {77 1{tasn) | B <a}uJQuF

where Q, = {7° | 3 < a}.

PROOF: We proceed by induction on f. If f = 1, then || = Xo and uz; # 0
for all 7 € Q. For all & < A, define Uy, = {77 € Q | O, = a}. Consider the
set N ={a < X\ | Uy # 0} and enumerate it as N = {ag | § < 6 } for some
0 < wi in such a way that ag < o, if and only if 8 < v < §. Put 5 = | Uay | and
08 =) _npVa- Weenumerate Uy, = {N" | 0 < o <og+7g}. Thisresultsina
bijective enumeration { 7% | @ < ¢ } of Q such that ¢ € [w,w;) and, for all & < ¢,

Onp < 077?+1 < 077;”"“.

Choose {, € ume arbitrarily. If 7% € U, and [ is the minimal ordinal such that
7% € U,, then we can find some n, 5 € [1,w) such that 7% 1 (£a,n) # 7° 1 (la,n)
for all § € [fo,a) and n > ngap. Put n, = maxge[g,,a) Na,s- Then, for all
n > ng, 1% 1 (la,n) & {77 1{la,n) | B € [Bo,a)}. Moreover,

T 1 (lasn) € {77 1{lasn) | B < Bo} U JQaF

since F' is regressive and On,f < Ong for all 8 < fy.

Now suppose that the assertion is true for some f € [1,k —1]. Let 2 € [A]Y
and (ugm | 7 € Q) with |uz| > f+ 1. Choose an Ry-filtration { Q% | @ < wy } of
Q such that Q° = 0 and |Q*T1\ Q| = Ry for all @ < wy. By the previous
lemma, we can assume that this filtration is coordinatewise-closed. For every
7 € Q9L Q% consider

ur={me[1Lk][37 Q% n<w
(ﬁ]<mvn>:ﬁ/]<mvn> or ﬁ]<mvn> Gﬁ/F)}'

It follows that | U | <1, since | ur | > 1 would imply that 77 € Q. Put Uz = Uz \ug
and observe that ‘u’ﬁ| > f. We apply the induction hypothesis on each of the
sets QT \ Q* together with the family (uy | 7 € Q*'\ Q%) to obtain an
enumeration Q+H1\ Q% = (77 | 8 < ¢) for some ¢ € [wy_y,w;) with the required
property. We induce an enumeration on 2 with the desired property by ordering
these enumerations lexicographically. O

13
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Definition 11. (i) Forevery b= >_ byer € B with by € E, the A.-support

of b is the set

vEA,

[b] = {7 | bs £ 0},
(ii) For b € B, define || b = supgep | 7-
(iii) For a < Mg, let B, = (b€ B || bl < a).

Definition 12. A sequence of elements (bgn)n<w C B is called regressive with
respect to 77 € A, if the following holds:

(1) [l o5o I < O,
ii) bpp — Sna1bine1 € B for all n < w, i.e. (bpp)n<w is a divisibility chain,
7 +1Vnn+ 7
(iii) [bgn] € [byo] for all n < w.

Every element by € B allows for a suitable sequence (bﬁn)n<w of elements
b, € B such that conditions (ii) and (iii) hold with bz = bz. We fix such a
sequence for each by € B.

Definition 13. For an element b; € B with regressive sequence (bg,)n<w C B,
we define the branch-like element associated with 77 and n as

y%n = bTI" + yﬁ"'
We write y’ﬁ for y%o. We call the element by, the correction of the branch ele-

ment Yz .

We fix a map 6 : A, — B such that ad € B, for all @ < \;. Consider the
following family § = {y; = by + y7 | 1 € A, by = Ond } of branch-like elements
and construct the module M as in Definition 6(ii).

Definition 14. For g € M, define the A-support [g], of g to be the set of
elements of A that contribute to the representation of g. More precisely, if ¢,,g =
b+ sen Ny for some m > 0, where b € B and ng € R for all 7j € A, then

[g]a={ne€A[nz#0}.
Obviously, [g], is finite. For N C M, we define [N ]y =,y [9]4-
Theorem 15. The module M defined as above is Ny-free.

PROOF: Suppose that H is a subset of M of cardinality N;_;. Let ¢ : B —
[A.]=™ be the “A,-support” function, i.e. bo = [b] for all b € B. Notice that
F:A— A ]SNO given by TF = 000 is regressive since ad € By, for all @ < \p.
Let Q = [H]y, Qu = [H]\ ([2] U Ugeq [MF]) and observe that [Q| < Ny_;.
Then the submodules

Mq = (eqmmny: e Y | T € QT ETF,m € [Lk],n <w).,
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and
Mq,q = Ba, ® Mq

satisfy H C Mg, q. Our goal is to show that Mg, q is free, for which it suffices to
show that Mg is free. Suppose that || = 8;_;. By taking uz = [1,k] for all
7 € Q, we enumerate Q = {7® | « < (} for some ¢ € [wr_1,w) according to the
Freeness Proposition 10 and find ¢, € uz and n, < w such that

“an) ¢ {7 1{an) | B < a}UJQaF
for all n > n,. This allows us to write
Mgq = (eqatmmy, € Yo | @ < GV ETE,m e [Lk],n <w).
Let
M, = (eﬁﬂ1<m7n>7€§,y,ﬁ/3n |B<a,7ePFme(l,k],n<w))
and notice that Mo = {0}, U, Ma = Mg and
Moi1 = Mo + (eqaimmy, €0 Ygop, | 7 ETF,m € [1,k],n <w))
= Mo + (egei(ta.n) | 7 <na)) + Yoy |02 10) + (er |7 E€TOF)
+ (egeqimmy | m € [LE]\ {la},n <w))

since
€7 1(tam) = Yo ~ Snt1Yie (np1) ~ Ogen — netm.n)

m#@
for n > n, and

No—1
An, q
yn n*(; yvl7 na+qu (Z%C‘%»Zen mz})
n
i=n

m=1

for n < ny. We claim that M,y1/M, is free. To prove our claim, suppose

Tn€ (o ,m) + Tnyn n + rmne a1 (m,n) + ryey € M
> > >y >

n<neg n>neg n<w m;ﬁ% vENF
a
———

(€] (2) RS (4)

It is immediate that the support of term (1) is disjoint from those of the other
terms. Then r, = 0 for all n < n, with egay, n) ¢ M,. By the Freeness
Proposition 10, 7% 1 ({4, n) neither belongs to the support of the terms (3) and
(4) nor to the support of M, for all n > n,, which implies that r, = 0 for all
n > ng. Since || bge || < Onf, it follows that 7y, = r7 = 0forallm € [1,k]\{ /4 },
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n <w and ¥ € N¥F such that ezaim.n), er ¢ My. Therefore, My 1/M, is freely
generated by the set

{eﬁ“ﬂ(éa,r); ylﬁa‘sv €y (m,t), €U |
r<Ng,8>ne,mE[LE]\{la},t <w,TETF}\ M,.

Since Mg is the union of the continuous chain { M, | @ < ¢} such that My is
free and every My1/M, is free, Mgq itself is free. The Ny-freeness of M is now
witnessed by the family C = { Mg_ o | g > | Q. |, | Q] }. O

Hence, we have achieved the second goal of our plan.

5. No epimorphisms onto R®)

To accomplish the third and final goal of our plan, we need to refine our choice
of corrections by of the branch elements y7. This is done by means of Shelah’s
Fasy Black Bor. The Black Box is a combinatorial principle that allows us to
partially predict a given map under specific cardinal conditions. Various vari-
ants of this principle have been successfully used to realize complicated algebraic
constructions (see, for example, [2], [6], [9] and [14] for applications of the Ge-
neral Black Box and the Strong Black Box). Its main feature is the fact that it
is provable in ZFC, since prediction of maps is normally the direct consequence
of additional set-theoretic assumptions like Martin’s Axiom or Jensen’s Diamond
Principle . Since the Easy Black Box is the central principle behind every ver-
sion of the Black Box, its current state of development focuses on replacing older
versions of the Black Box with the Easy Black Box. See [11] for a more detailed
exposition on the advantages and disadvantages of doing this replacement.

Definition 16. For an infinite cardinal A and a set & of cardinality < AR, a trap
for the Fasy Black Box is a map

on:ln]—6&

for some 1 € “T\.

The Easy Black Box 17. Let A be an infinite cardinal and G a set of cardinality
< Ao Then there exists a family of traps

(g |me“TX)
that satisfies the following

Prediction Principle: for all ® : “T>\ — & and v € “T>\, there exists n € “T)
withv Cnand ® | [n] = ¢y.
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PROOF: Since | & | < AR = |“ )|, we can fix an embedding 7 : & — “)X. We also
fix a map g : A — >\ such that =1 [o] is unbounded in X for all ¢ € “> ), or
equivalently, there is a list

A= (pa [ < A)

with enough repetitions for each o € “>\. For example, use Solovay’s Theorem
(see [13, p.95, Theorem 8.10]) to obtain a family { E, | v € “> A} of disjoint
stationary subsets of A such that A = UUG‘*’>)\EV’ and define u, = v for all
a€lE,.

We would like to identify elements of "& with those of “>\. For this reason,
we define a coding map " : "G — "\ for all n € (0,w) such that if p € "G,
then 7 is given by (qn + r)ml; = rmy, for ¢, r € [0,n) (recall Notation 1(iii)).
Equivalently (recall Notation 1(viii)),

e = (0pm [n) A -+ A ((n—=1)pr [ n).
‘We now consider the set

X={ne“\[e“6 Ii<wVn>i(ml, 1) =t}
Since 7 is an embedding, if n € X, then v is unique, so we call it ;. We use X to
construct the family of traps (¢, | n € “TX) in the following way: if € X, then
define (n | n)p, = ny, for all n < w, and if n ¢ X, choose ¢,, arbitrarily.

We now verify that this family of traps satisfies the Prediction Principle. Let
®: >\ — & and v € “T>X. We start the construction of n € “T\ extending
v by setting nn = nv for all n € domv. Now assume we have defined n [ n up
to a certain n > domwv. Consider the element ¢"t! € ""1& given by me"t! =

(n | m)® for all m < n. Then ﬂgﬁl €“>Xand p! [wZﬁl] is unbounded in .

Define nn = « to be the least ordinal o > (n — 1)n such that p, = wgﬂl. This

finishes the construction of the extension € “TX of v. Moreover, let

e= J "

n>dom v

Since n € X is witnessed by ¢ = ¢, and ¢ = domv, it immediately follows that
(n T n)e, = (n]n)® for all n < w. O

Definition 18. Let C = (C1,...,C}) be a sequence of sets such that | Cp, | < A

and take C' = U, ,,¢(1,) Om- A set-trap forn € A and C'is a function ¢y : [7] — C.

The First A\-Black Box 19. Let A and A, be as before, C = (Cy,...,Cy)
and C' as in Definition 18. Then there exists a family of set-traps (@5 | 7 € A)
satisfying the following

17
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Prediction Principle: If ¢ : A, — C is any map with the trap condition
Ao € Cpy and a < Ag, then there exists 7 € A such that ¢ | [7] = g5
and On;, = a.

PRrOOF: We will proceed by induction on the length of .

Assume that the length of X is 1, so we can simply write A = (\) and C' = (C').
Then A = “TXand A, =“T>X. Put & = C. Since |& | < A = A¥, the Easy Black
Box 17 provides us with a family of (set-)traps (¢, | 7 € “TA) with ¢, : [n] — &.
We now verify the prediction principle. Let ¢ : A, — C be a map and let o < .
Choose an arbitrary v € A, such that Ov = . By the Easy Black Box 17, there
exists 7 € A such that v C 7 and ¢, C . This means ¢ | [n] = ¢, and 0n = a.

Now assume that the assertion is true for some f € [1,k— 1] and that the
length of X is f + 1. In this case, A\ = (A1,...,Ap11) and C = (Cq,...,Cpy1).
We also write C™ = |J;~, C; for m € [1, f +1]. Define & = AfC’fH (the set of
all maps from Af to Cy41) and notice that |G| < A}, = Apr1 = A%, Hence,
the Easy Black Box 17 provides us with a family (" | n € “TAsi1) of traps
©" : [n] — &. We would like to define the set-traps ¢ : (7] — C/*1 for all
7 € A/t By the induction hypothesis, we already have a family (Vg |7 € AT)
of set-traps ¢ : (7] — Cf. Given an 5 = (n1,...,m741) € AL put 7/ =
(n1,--.,m7) € AJ. Then for every 5 € A7+! define

(M 1(m,n))py = {@' lf(:zv,,n»i/)ﬁ/, if mell,f];

ncpnfﬂm, if m:erl.

(Recall Notation 1(iii).)

It remains to verify the prediction principle. Let ¢ : AT = ¢f 1 be such
that Afntlcp C Cp, and let a@ < Ayyq. Choose an arbitrary v € ‘”T>>\f+1 with
Ov = «. Since A;ii*go C Cy41, for every p € ‘*’T>)\f+1, we can define a function
®, : A — Cpy1 by W®, = (W A p)p. This, in turn, gives us a function
@ :“T>Xp11 — &. By the Easy Black Box 17, there exists n € “TAy41 such that
v Cnand " C P.

We now use ¢ and 7 to define a function ¢’ : A — Cf. For every U € AI,
define 7! = (7 A 1)y, and observe that Ao C Cy for all m € [1,f]. By
induction hypothesis, there exists 77 € A/ such that ¢’ | [7] = ¢5. Define
nf+1 =n and 7 =7 A 1. In this way, Ons41 = Ov = «. Finally, we must verify
that ¢ [ [7] = 5. If m € [1, f], then

/

(ﬁ1 <man>)50 = (ﬁ 1 <mﬂn>)50l = (ﬁl 1 <m7n>)’¢)ﬁ’ = (ﬁ] <m7n>)<pﬁa
and if m = f + 1, then

(ﬁ ] <m7 n))ap = ﬁlq)”]ﬁl In = ﬁl()o%ﬂ In = (ﬁ ] <ma ’I’L>)(,Oﬁ-

This completes the proof. Il



Separable N -free modules with almost trivial dual

Definition 20. Let N be an R-module. A trap for B and N is a homomorphism
gﬁﬁ : Bﬁ — N.

The Second \-Black Box 21. Let A and A, be as before and N an R-module
such that | N | < A\. Then there exists a family (| 7 € A) of traps for B and
N satisfying the following

Prediction Principle: If ¢ : B — N is any homomorphism and o < A, then there
exists € A such that ¢ | By = ¢ and On, = o

PROOF: The members of the sequence C' = {Cy,...,Cy ) where C,, = N for all
m € [1,k] satisfy | Cp, | < A since X is increasing and | N | < \;. Hence, C' = N.
The First A-Black Box 19 provides us with a family of set-traps (5 | 7 € A).
Since [77] C A, each ¢y can be regarded as a homomorphism ¢z : By — N.
Since any homomorphism ¢ : B — N is completely determined by its action on
the generators ex of B, it can be regarded as a function ¢ : A, — C which also
satisfies Ay, C Chy. Thus, for o < A, the First A-Black Box 19 yields that there
exists 77 € A such that On, = v and ¢ [ [77] = @5, i.e. ¢ | By = o5 O

We now present the Step Lemma. Step Lemmas are the results that allow to
choose correctly the elements of the family §, i.e. to choose properly the correc-
tions by for the branch elements 5 in order to eliminate unwanted epimorphisms.

Step Lemma 22. Let 7 € A, by = 0myd and @y from the Second A-Black Box 21.
There exists an e € { 0,1} such that no homomorphism

¢: (B, yy=cnbr+uyz), — S

where S =

PROOF: Suppose towards a contradiction that for both £ € {0,1}, there exists
some ¢° : (B, eby + yz), — S such that ¢° | By = 5 and bye® € S\ S. On one
hand, (bz+y7)e' —ymz¢® € S. On the other hand, (bg+yq)e' —ym¢° = by’ € S\S,
which is the desired contradiction. (]

Re,,, satisfies both ¢ | By = @5 and by € §\ S.

n<w

Let § = {y; = egby +yy | 7 € Aby = Ond} be the family of branch-
like elements obtained after choosing every ez by means of the Step Lemma 22.
Define M as in Definition 6(ii).

Lemma 23. If ¢ : M — S is an epimorphism, then By N §\ S #0.

ProOOF: If BoN S\ S = 0, then the set X = {ex | 7 € A, } \ ker ¢ satisfies
| X' | <Ny, since | S| =Ng. If | X | = R, then for any countable subset (with an
adequate enumeration) {ep, |7 < w, 7, € Ay} € X we have (3, . qnéz, )y €
BN S\ S, a contradiction. It follows that | X | < Ro. Therefore, ¢ is not an
epimorphism. 0

Theorem 24. There exists an S-separable N-free R-module M with no epimor-
phisms onto S.

19
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PROOF: Let M be as before. Notice that )\:U = M\, implies that we can fix the
map ¢ : A\, — B to be surjective. Suppose ¢ : M — S is an epimorphism. By
the previous lemma, By N §\ S # (). Take any g € B such that gp = s € §\ S.
Then there exists a < A\, such that ad = ¢g. By the Second A-Black Box 21, there
exists 7 € A such that ¢ [ By = ¢5 and Oy = . But then ¢ = ¢ | <B,y%>*

satisfies both ¢ | By = ¢y and bgp = by = (0nid)p = (ad)p = gp =s € §\ S,
contradicting the choice of e5. Therefore M has no epimorphisms onto S. O

In this way, we have achieved the third and last goal of our plan.
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