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Abstract. Let f: X — X be a continuous map with the specification property on a com-
pact metric space X. We introduce the notion of the maximal Birkhoff average oscillation,
which is the “worst” divergence point for Birkhoff average. By constructing a kind of dy-
namical Moran subset, we prove that the set of points having maximal Birkhoff average
oscillation is residual if it is not empty. As applications, we present the corresponding re-
sults for the Birkhoff averages for continuous functions on a repeller and locally maximal
hyperbolic set.
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1. INTRODUCTION

The aim of the paper is to generalize our former work [18]. Let us begin with
recalling some notation in [18]. Let f: X — X be a continuous map on a compact
metric space (X,d). For x € X and n € N, let f"(z) denote the n-th iterate
of z under f. That is, f*(z) = f(f" *(z)) and fO(x) = z. Let p : X — R be
a continuous function. The Birkhoff average of ¢, denoted by B, (i, x), is defined by

n—1

(1.1) By (g, 1) = % Z o(f'(@)).

The set consisting of those points for which the limit lim B, (p,z) does not exist
n—oo

is called the irregular set (or the set of divergence points) for ¢ and it is denoted
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by X, ;. More precisely,

Xop = {x € X: liminf B, (p,z) < limsuan(ga,x)}.
n—oo n—oo
The irregular set arises naturally in the context of multifractal analysis, where one
decomposes the space X into the disjoint union

X = Xo(@)UX, .
a€ER

Here X, (a) denotes the level set

(1.2) Xo(a) = {x € X: lim By(p,x) = a}.
n—oo

It follows from the Birkhoff ergodic theorem that an irregular set has zero measure
with respect to any invariant measure. Therefore, the set X, ; is often ignored
in ergodic theory. However, there is now an extensive literature showing that the
irregular sets can be large from other points of view, such as from the points of view of
topological entropy and Hausdorff dimension, see [4], [5], [8], [11], [13], [16], [21], [19],
[17], [23], [26], [27], [32] and references therein. In particular, under the assumption
that f satisfies the specification property, it was shown by Chen, Tassilo and Shu [8]
that the irregular set X, s has full topological entropy and by Thompson [32] that
it has full topological pressure if it is not empty. Recall that a map f is said to have
the specification property if for each ¢ > 0 there exists an integer m = m(e) such
that for any collection {I; = [a;,b;]: a;j,b; € N, j =1,...,k} of finite intervals with
ajy1 —b; = m(e) for j=1,...,k—1 and any z1,..., 2, in X, there exists a point
x € X satisfying

(1.3) AP (@), f7(xy)) < e

forallp=0,...,b; —a; and j =1,..., k. The specification property was first intro-
duced by Bowen [6] who required x to be periodic. We say that f: X — X satisfies
the Bowen specification property if under the assumptions of the above definition and
for every p > by, — a1 + m(e), there exists a p-periodic point x € X satisfying (1.3).
It has turned out to be very useful in spite of its rather complicated appearance.
The reader can refer to [7], [9], [15], [30] for results about the specification property
(particularly the Bowen specification).

Recall that in a metric space X, a set R is called residual if its complement is of
the first category. Moreover, in a complete metric space a set is residual if it contains
a dense Gy set, see [25]. We say that a set is large from the topological point of view
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if it is residual. Recently, some results show that certain irregular sets can also be
large from the topological point of view. For example, Volkmann [33], Salat [29],
Albeverio, Pratsiovytyi and Torbin [1], Hyde et al. [14] and Olsen [22] proved that
some kinds of irregular sets associated with integer expansion are residual. Baek
and Olsen [2] discussed the set of extremely non-normal points of a self-similar set
from the topological point of view. Li and Wu [20] proved that the set of divergence
points of self-similar measure with the open set condition is either residual or empty.
Barreira, Li and Valls [3] proved that the irregular set for a continuous function on
a certain subshift is either residual or empty. More generally, Li and Wu [18] proved
the following result.

Theorem 1.1 ([18]). Let f: X — X be a continuous map with the specification
property on a compact metric space X and let p: X — R be a continuous function.
Then the set X, s is residual if it is not empty.

In this paper, we continue to consider a class of refined subsets of X, ; from the
topological point of view.
Next we would like to present the motivation for this work by recalling one of
results by Denker, Grillenberger and Sigmund [9]. For z € X, let Vy(x) denote
n—1
the set of accumulation points of the sequence n — n=! Y § iz, Where d, denotes
i=
the Dirac measure. Denoting by M the set of all f-invariant probability measures

on X, a point x € X is said to have mazimal oscillation if Vi(z) = M.

Theorem 1.2 ([9]). Let f: X — X be a continuous map with the Bowen specifi-
cation property on a compact metric space X. Then the set of points having maximal
oscillation is residual in X .

In this paper, we are interested in the set consisting of the “worst” divergence
points for the Birkhoff average. To state our main result, we need to introduce
a notion which is inspired by the notion of maximal oscillation. Let us first introduce
some notation. Write

L,={aeR: X,(a)#0}.

It follows from the fact that any invariant measure of the map with the specification
property has a generic point (see, for example, [9]) that

C@—{/ wdu: ué/\/lf}.
b's

Since M is compact and connected, and the map p — [  pdp is continuous, the
set L, is a closed interval when f has the specification property.
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Let A,(z) denote the set of accumulation points of the sequence n — By (¢, x).
Let us remark that the set A, (z) is a closed interval for any « € X, see, for example,
[19] or [24]. That is,

A, (z) = |liminf B, (¢, ), limsup By(p,x)|.
n—oo n—oo
A point z € X is said to have mazimal Birkhoff average oscillation if A,(z) = L,.
Let Xax denote the set of points having maximal Birkhoff average oscillation. That
is,
Xmax ={z € X: Ay (z) =Ly}

Intuitively, we feel that the set Xy,ax shall be “small”. However, under the hypothesis
that f satisfies the specification property we will show that the set X,.x is large from
the topological point of view. More precisely, we will prove the following result.

Theorem 1.3. Let f: X — X be a continuous map with the specification prop-
erty on a compact metric space X and let ¢: X — R be a continuous function. Then
the set Xyax is residual if it is not empty.

We end this section by giving some remarks on Theorem 1.3. Obviously, The-
orem 1.1 follows readily from Theorem 1.3 since Xmax C X, . In the setting of
frequencies of N-adic digits, several authors have studied “points of maximal oscil-
lation” and obtained results similar to Theorem 1.3, see [2], [14], [22], [33].

2. PROOF OoF THEOREM 1.3

This section is devoted to the proof of Theorem 1.3. To prove Theorem 1.3, it
suffices to show that there exists a set F' C X with the following properties:

(1) F C Xmax;
(2) F is dense in X;
(3) Fis a Gy set.

2.1. The construction of the desired set. We first present a construction of
a set of Moran type. The approach to the construction is inspired by the idea in
[10], [12], [31], [18].

Fix ¢ > 0. Let {my}r>0 be the sequence of integers defined by m; = m(27F¢)
which is the constant appearing in the definition of the specification property.
Let {Wx}r>0 be a sequence of finite sets in X with Wy = {zo} C X, and {ng}r>o0
a sequence of positive integers. Assume that

(2.1) dn, (z,y) > 8, zye€ Wi, #uy.
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Let {Ni}r>0 be another sequence of positive integers with Ny = 1. Using these
data, we are going to construct a subset of Cantor type, which will be denoted by

F = F(e,{zo}, {Wx}, {nx}, {Ne}).

Denote
My, = #Whg,
where #A denotes the cardinality of the set A. Fix k > 0. For any Nj points
Z1y..., TN, In Wy, le, (21,...,2N,) € Wév’“, we choose a point y(x1,...,2n,) € X
such that
) £ .

(2.2) dny (5, fYy(z1, ..., 2N,)) < o J= 1,..., N,
where a; = (j — 1)(ng + my). Such a point y(z1,...,znN,) exists because f has
the specification property. We claim that for two distinct points (z1,...,zy,) and
(F1, ..., TN, ) in Wk,
(23) dtk(y(xlv"'axNk)ay(fla'"7ka)) >6€7

where t;, = an, + ng, ie.,
tr = (Ng — )my + Niny.

In fact, let y = y(z1,...,2n,) and § = y(T1,..., TN, ). Suppose x5 # T for some
s€{l,...,Ni}. Then

dtk (ya ?)

Let
Dy =Wy, Dk:{y(xl,...,xNk): ((El,...,{ENk)EWéVk}, k> 1.

Now we will define recursively L and [j as follows. Put
LOZDOIWO, l():no.

Suppose we have already defined the set Lj, now we present a construction of Ly1.

Let
k+1

lky1 = U +mpq1 +tepr = Nong + Z Ni(n; +my).

i=1
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For every x € L and y € Dy41 let 2z = z(x,y) be a point such that

€

(24) dlk (.7572:) W

9
<gemoand dy, (0 () <

Such a point exists due to the specification property of f. Collect all these points
into the set

Lit1={z=2(x,y): © € Lg, y € D41}

For any « € Ly, and y,§ € Dyy1 with y # 7, it follows from (2.3) and (2.4) that

(2'5) dlk (z(x,y),z(x,y)) < 2% and dlk+1 (z(m,y),z(m,@)) > Se.

For every k£ > 0, put

(2.6) Fi = U By, (3372%),

x€Ly,
where

By, (2,8) = {y € X: d(f'(x), fi(v)) <6, d(f’(x), 7 (y)) <9,
i=0,1,...0 01 -1, 5=1lp_1,..., 0 — 1}.

By (2.5) one can prove that for any =,7 € Ly with  # T, the sets By, (x,e/2F),
By, (7,¢/2F) are disjoint and Fj1 C F}.
Finally, define

F(e, {z0}) = F(e, {wo}, {Wi}, {m}, {Ni}) = [ Fi.
k=1

Remark 2.1. It is not difficult to check that d(xo,y) < ¢ for any y € F(e, {z0}).

Next, we will prepare specific data {W}}, {nr} and { Ny}, then use the approach
described above to construct a dense Gs subset F' C X such that F' C X .x.
Let k € N. Choose a1, ..., 0q, € L, such that

9k
1 1
(2.7) Ly, C zgl B(ak,i, E)’ |ogit1 — aki| < % for all 7, and

1

|k g — artra] < 7

Fix € > 0. Let {my}x>0 be the sequence of integers defined by mj = m(27*¢),
which is the constant appearing in the definition of the specification property.
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Forae L,, 6 >0andn €N put
P(a,0,n) ={z € X: |B,(p,x) — a| < d}.

Given 0 > 0, we have P(a,d,n) # 0 for each o € L, and any sufficiently large n.
Now choose sequences {0k,; }ken, i=1,....qp a0d {Npi}tren,i=1,...q, With

5171>5172>...>(51,q1 >5271>5272>...>(52,(12>...7

N1 <ni2<...<Npq <N21<N22<...<N2g < ...

such that for any ke Nandi=1,...,qx
(2.8) P(Ozkﬂ', 5k,i; ’I’Lk,i) #* .

Let D = {d1,ds,...,dy,...} C X be a countable dense set (note that X is com-
pact). Fix d, € D and let W} = {d,}. For k e N and i € {1,...,qx}, let

ki, .
W,;’J:{lez J=1,..., M}

be one of those maximal (ny ;, 8¢)-separated sets in P(cu i, Ok.i, Nk )-
Choose a sequence of integers {N,g,i}keN, i=1,....q. such that the following conditions
are satisfied:

(i) Ny > 2mkit1t e for k> 1,1 < i< qp—1 and NP b 2 k1t Mt for ko> 1;

(i) NP, g = 2NN edma) b AN (e ctmi) for o> 1,1 <4 < gp — 1 and
Nl:;)Jrl ) > 2Nf,1n1,1+Nf,2(n1,2+M1)+~..+N,§qk(nk,qk—i-mk) for k > 1.

Now, let

(no,nl,ng,ng,...) = (1,n1’1,n1,2,...,nlyql,ng’l,ngyg,...);
(WQ,Wl,WQ,Wg, .. ) = ({dv},Wﬁl,WﬁQ, .. .,Wﬁql,Wil,W;’Q, .. .);
(No, N1, N2, N3, ...) = (1, Ny, Ny g, ..., Ny, . N3 1, N3y, .. ).

By these data and the construction approach presented in the former paragraph, we
obtain the set

9k

Fe, {du}) = Fle, {d}, (W2} e}, {NiH) = ) By, (2. 557 )-

k=1i=1z€L

i

>c

Here, and in the sequel, rx = q¢1 + ...+ g and 7o = 0.
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Write

Finally, let

and o . -
F=AUUN U B )

In the next subsection we will show that the set F'is the desired set, and complete
the proof of Theorem 1.3.

2.2. The proof of Theorem 1.3. Theorem 1.3 follows from the Propositions 2.1,
2.2 and 2.3.

Proposition 2.1. We have F' C X ax-

Proof. Fix x € F. For any k > 1, there exist integers j,v € N and z € LY i1
such that
(2.9) dlﬂ,,i (x,2) < j— i=1,...,qk.

In order to prove F' C Xax we must show that

(2.10) L, C Ay(x)
and
(2.11) A, (z) C Ly

9k
Proofof (2.10). For o € L, C J Bl(ag,, 1/k) there exists iy € {2,...,qx — 1}
i=1

i
such that o € B(aw,,1/k). Let us remark that if iy = 1 or ¢ we also obtain the
desired result. However, in order to avoid tedious discussion we suppose iy # 1, gx
without loss of generality.

Write
k—1 qi ik
se=1+43 % NYj(nig+mi)+ Y NEj(ng +me).
i=1 j=1 j=1
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Note that s is nothing but the quantity [} ; which appeared in the construction
of F.
Now we will show that

sp—1
1

— > e(fP (@) — kg,

S
k p—0

(2.12) —+0 ask — oo.

If (2.12) holds then we have

sp—1

1
=3 ) - af < |5 3 @) - s+, ol
[ [
Skfl
1 1
<|L3 et —ana] + 1 =0
p=0

which implies that o € A, (x) and therefore (2.10) holds.
To prove (2.12), we need the following lemma.

Lemma 2.1. For k,j,v €N and i € {1,...,qx}, define

lz’i 1
= max | Y o(fP(2) = If janl.
’ zELZ’. =0 ’

Then

Proof. For any ¢ > 0 put

Var(p, c) = sup{[p(z) — ¢(y)|: d(z,y) <c}.

Since X is compact, Var(y,c) — 0 as ¢ — 0 for any continuous function ¢. Clearly,
if d,(x,y) < ¢, then

n—1 n—1 n—1
> ol ) = 3 el )] € X elf (@) = ol )] < nVar(ione
i=0 =0 i=0
-1
First we let y € Dy ; and estimate | > ¢(fP(y)) — ¢} ;ak,i|- By the definition
p=0
of Dy ;, there exist AL a:]f\,;) € (W,gz)Nk such that
d ki pa; 1
nk7(xj 7f (y)) < ﬁv
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where a; = (j —1)(ng,; +my), j =1,..., Ny ,. (We remark that the above inequality
and some of the following ones in this subsection are not optimal. However, they
simplify the notation and are sufficient for our estimates.) Hence,

ng,i—1 ng,;i—1
> AP = 3 )| < e Var( )
p=0 p=0

It follows from 25" € W, C P(ai, 0., mk,i) that

Ng,i—1

Z o(f¥9P(y)) — Nk,i ki

p=0

(2.13)

1
< Nk o5 ) 1O z)
Ny, (Var(ap j2’f) =+ Ok,

Decompose the interval [0,¢} ; — 1] into small intervals:

Ny Ny i—1
0,t1; =1 = U laj,a; + ki =10 | la; +nki a5 + nii + mi — 1.
j=1 j=1
Write ||| = max |¢]. On the intervals [a;, a; + ng,; — 1] we will use the estimate
TE

(2.13), and on the intervals [a; + ng i, a; + nk; + mg — 1], since ax; € [—l¢ll, |¢ll]
we use the estimate

mp—1
3 (rertret(y)) — mpan| < mi(lel + k) < 2millol.
p=0
Therefore,
-1
\ D v v 1
(2.14) Z o(fP(y)) =ty iomi| < Niingi, (Var(% ﬁ) + 5k,i)
p=0

+2(Ng; — Dmaelel]-

On the other hand, it follows from the definition of L} ; that for every z € Ly ;
there exist z € Ly ; ; and y € Dy ; such that

1 v m 1
(215) dl}é,i_1(x’z) < j?’ dt};yi(y;flk’iiﬁr k(z)) < ﬁ
Hence,
lhi—1
D o(fP(2) = 1 o] < Si(k) + Sa(k) + Ss(k),
p=0
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where

liio1—1

Sik)=1| D e(fP(2) = lioran

p=0

)

l}c’,i—1+mk71

Sek)=1| Y @f?(2) — mia

p:l}é,i—l

)

ty ;—1

Sstk)=| S elf(2) — th s

p=ly ;1 +tme

Clearly, S1(k) < 213 ;_,[lol and S2(k) < 2my[¢|. It follows from (2.14) and (2.15)
that

ty ;i —1
s <] Y elre) -t
p:lz,i—lerk
tz,i—l tzﬂv—l tz’i—l
<| St rmen(ay) so(f”(y))‘Jr S () — ] o
p=0 p=0 p=0
<ty Var(y i)+Nv s (Var i)+5 )+ 2ANE = Dl
X ki 7j2k k,i'tk,i s j2’f ki ki Ell¥

It follows from the above argument that

1
(216)  RYo < 20 iyt N ol + (i N i Var (i, =50 )+ NE i
By the choice of {N};}, we have [} ; > 2lk.i-1. Hence,

v
k,i

— —0 ask — oo.
lk,i

O

Now with help of Lemma 2.1 we are going to prove (2.12). Since z € L} ;, (2 is
defined as in (2.9)) there exist 7 € L} ; and y € Dj ;, such that

_ 1 —— 1
dl}é,i(q"7z) < j?’ dt}c’,i-%—l (y7f BT (Z)) < ﬁ
Therefore,
_ 1 o4 1
dl’é1(xv$) < J'Zk—_la dt}é,ﬁ-l (yvf ki TR (CL')) < jzﬁa

233



and

sp—1 0ip—
@17) |3 (@) - sanie| = | S2 w7 @) — B cn
p=0 p=0
o - -1 11
<X dre- Y @) | X @) - o
p=0 p=0 p=0

v 1 v
< lmk\/ar(go, ]2k—_1) + Rk,ik'

Clearly, (2.17) and Lemma 2.1 imply (2.12). The proof of (2.12) and therefore the
proof of (2.10) is completed. O

Proof of (2.11). Let n € N and n > If;. Then there exist k,i; and j with
ir € {1,...,qx — 1} (similarly to the above, we can suppose that iy # qx), 0 < j <
N;C”Hl — 1 such that

Ueip T (ki1 +me) <n <y + (G + D (ki1 +mg)-

We have the following estimate.

Lemma 2.2.
1 n—1

" Z o(fP(z)) — ok | > 0 ask — oo.
p=0

Proof. Since z € L}, (2 is defined as in (2.9)) there exist T € L} ; and
y € Dy ,, such that

— ]- Y. 4+m ]-
dl%,aﬁk (@,2) < j?’ dtk,ik+1(y7f BT (2)) < ﬁ
Therefore
- 1 Ui, Tk 1
dl}é,ik (7, z) < jgk—fl’ dtk,ik+1(y7f Tk () < ]2k—71

Moreover, if j > 0, it follows from the definition of D} ; ., that there exist points

kyik+1 kyik+1
xy s T € Wy, +1 such that

i 1
k,ip+1
i (e 1) < o5
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where by = (t — 1)(nki,+1 +mx), t =1,..., 7, and hence

(2.18)

, v 1
kyir+1  ply ; +mp+be
dnk,ik+1 (xt e af iy T f(x)) < ]2]“—*2
We represent [0,n — 1] as the union
j
0,07, — HU W, + = 1) (mn + nkies1)s By + tme + npa 1) — 1]
t=1

U [Tk +J(mk + ngig+1), n—1].

On the interval [0,1} ; — 1] we have the estimate (2.17). On each of the intervals
[ty ¢t + (Mg + nkig+1) — 1], where ¢ =17, + (t — 1)(my + nk,ip+1), We estimate

ct+(me+ng,i, +1)—1

(2.19) > p(f7 () —

(M + Mk +1) Ok i,
pP=cCt

ct+mp—1
< Z (fP(x)) — myou,i,
p=ct
cetmptng i 4+1—1
+ Z o(fP(x)) — N +10k iy,

p=ct+my

< 2mu||pl| + Nkyig +10kip +1

1
+ ng %HVar(ap, o 2) (by (2.18)).

Finally, on [I} ; =+ j(my + nk,ip+1), 7 — 1] we have

T o(f7(x)) — (n

p=li i, +i(me+ne,i,+1)

<2n =1, — 3 (mk + 1))l <

(2.20)

- l%,ik — J(mp + Mk ip 1)) Ok i

2(nk i1 + mi) ]l
Collecting the estimates (2.17), (2.19) and (2.20) we have

n—1
> o(f7(x) — na,
p=0

. 1
< Bl + (s + G Ve (05 )
+2(n,ip 41 + (G + Dma) [0l + 3nki, 410k, 0,41
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Clearly, we have

n—1

1 » R}ézk 1
- Z o(fP () — ok, | < T Var(<p, W)
n p=0 ki J
Nk,ip+1 + My mp
+ 2( + ) + Ok i +1-
I T+

By Lemma 2.1 and the choice of {N};} we claim that the right-hand side tends to
zero as k — oo. The proof of Lemma 2.2 is completed. O

Now we use Lemma 2.2 to prove (2.11). Fix « € F. For any sufficiently large n,
by (2.7) and Lemma 2.2 we have

dist(Bp(p, ), Ly) < |Bn(p,x) — au i, | + dist(ag,i,, Lo) = 0,

which implies that dist(B, (¢, ), L,) — 0 as n — co. Note that since L, is closed,
we have A, (z) C L,. This completes the proof of (2.11). O
Proposition 2.2. The set F' is dense in X.

Proof. Note that since F' C F, it suffices to show that F' N B(z,r) # 0 for
every x € X and r > 0. Given z € X and r > 0, there exist j € N with 2/j < r and
d, € D such that d(z,d,) < 1/j.

For any y € F(1/4,{d,}) C F’, it follows from Remark 2.1 that d(y,d,) < 1/j.
Therefore,

2
d(z,y) < d(z,dy) +d(dy, y) < ; <.
This implies that F’ N B(z,r) # 0. O

Proposition 2.3. The set F is a G5 set.

Proof. FixjeNandd, € D. Fork>1andie{l,...,q}, let

- U BlkL( 2rk€1+z)

:CEL“Y
where
1 j j 1 ) .
Blk(x,W) = {yeX: d(f?(z), f7(z)) < Wa J=0,..., k,i_l}'
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Clearly, the sets G ; are open sets. Observe that G}, C Fy; for any k > 1 and
i=1,...,qk, where I}, are defined as in (2.6). That is,

~ 1
Eﬁ; = LJ Lﬁ?i(x’jﬁ?ZfTii)'

xELZd
On the other hand, we claim that

(2.21) Fiy1 CGras Fipan CGig,

9k 1

o0 o0 _ (o) o0
UUN U B (v 5mm) ~UUN U 5 (o )

which implies that F' is a Gs set.

Now we proceed to prove (2.21). We only prove that Fy, , C G}, for any
k > 1and i € {1,...,q4 — 1} since the proof of F},,, C Gy, is analogous.
;11 there exists z € L} ;. such that y € Elz,/H»l (2,(1/4)/20m-1+i+1)),
By the construction of the set L} ;,, there exists z € Ly ; such that dlzyi(x,z) <
(1/7)/2(m=1+1+1) " Therefore,

Given y € Fy/

1 1 1
dzgﬂ.(yax) < dz;i(yaz) + dzgﬂ.(z,x) < 20 it + oIy = St
which implies that y € G} ;. The proof of (2.21) is completed. O

3. APPLICATIONS

In this section we give some applications of Theorem 1.3. It is well known that any
factor of a topologically mixing subshift of finite type has the specification property
(see, for example, Proposition 21.4 in [9]) and thus our main theorem applies. In
particular, we give the corresponding results for the Birkhoff averages for continuous
functions on a repeller and locally maximal hyperbolic set.

3.1. Result for the Manneville-Pomeau map. Let I = [0,1]. Given a number
s € (0,1), the Manneville-Pomeau map f: I — I is defined by

f(z) =2+ 2'"* mod 1.
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The map f has the specification property since it is topologically conjugate to a full
one-sided shift on two symbols, see [31]. Let ¢(z) = log|f’(z)|. With such a choice,

we have
n—1

Bu(p.m) = — > olfi(x)) =  log| (/") (a)].

=0

That is, the irregular set
Iy ={o eI lminf " log|(/")/(x)| < limsup ~log| (") (x)] }
@ n—oo N n—oo N

is the set of points for which the Lyapunov exponent does not exist. It is worth
pointing out that Pollicott and Weiss [27] proved that the set I, ; has Hausdorff
dimension equal to 1. Moreover, the set £, can be represented as [0, o] with some
a > 0. It follows from Theorem 1.3 that the set

Imax ={z €1: Ay(z) =[0,0]}
is residual if it is not empty.

3.2. Result for the repeller. Let f: M — M be a C! map on a smooth
manifold and let J C M be a compact f-invariant set. We say that f is expanding
on J and that J is a repeller for f if there exist ¢ > 0 and 7 > 1 such that

e f™0l| = er™[|]]

forx € J, v € T,M and n € N. Given a continuous function ¢: J — R, we consider
the subset of irregular sets

Jmax = {z € J1 Ag(z) = L,}.

It is well known that the map f: J — J is a factor of a topologically mixing
one-sided subshift of finite type, see [28]. Therefore the map f has the specification
property and the following result is a version of Theorem 1.3 for the Birkhoff averages
of a continuous function on repeller.

Theorem 3.1. Let J be a repeller for a topologically mixing C' map f and let
p: J — R be a continuous function. Then the irregular set Jy.x is residual if it is
not empty.
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3.3. Result for the hyperbolic set. Let f: M — M be a C' diffeomorphism
on a smooth manifold M and let A C M be a compact f-invariant set. We say that f
is a hyperbolic set for f if there exists 7 € (0,1), ¢ > 0 and a decomposition

T.M = E°(z) ® E“(x)
for each z € A such that

do fE*(x) = E°(f(2)),  dofE"(z) = E*(f(2)),

ldsf"v|| < em™||v|| whenever v € E*(z),

and

ldsf~"v|| < c7™||v]] whenever v € E*(z),

for every z € A and n € N. We say that f is a locally mazimal hyperbolic set if there
exists an open set U D A such that

A=) ).

ne’l

Given a continuous function ¢: A — R, we consider the subset of irregular sets
Amax = {z € A: By(z) =Ly},

where B, (z) denotes the set of accumulation points of the sequence n — By (g, x)

with
1 n—1

Y e,

i=—(n—1)

Bn(p,z) =

The map f: A — A is a factor of a topologically mixing two-sided subshift of finite
type, and thus satisfies the specification property. The following result is a version
of Theorem 1.3 for the Birkhoff averages on a locally maximal hyperbolic set.

Theorem 3.2. Let A be a locally maximal hyperbolic set for a topologically
mixing C' diffeomorphism f. Then the set Ana.y is residual if it is not empty.
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