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Abstract. We construct a class of special homogeneous Moran sets, called {m }-quasi
homogeneous Cantor sets, and discuss their Hausdorff dimensions. By adjusting the value
of {my}r>1, we constructively prove the intermediate value theorem for the homogeneous
Moran set. Moreover, we obtain a sufficient condition for the Hausdorff dimension of ho-
mogeneous Moran sets to assume the minimum value, which expands earlier works.
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1. INTRODUCTION

Moran sets play an important role in fractal geometry, and are closely connected
with many subjects. There are many important developments and applications in
different ways, e.g., in the power systems (see [2] and its reference), in measurement
of number theory (see [7], [9]), in Lipschitz equivalence (see [6]), in multifractals
(see [4], [10]), in quasi homeomorphisms (see [5], [8]), etc. In these applications,
the homogeneous Moran set plays a very important part. This arouses our great
research interest in it. In [3], Feng, Wen and Wu using Theorem 4.10 in [1] showed
the maximal value and the minimal value of the Hausdorff dimension in the family
of homogeneous Moran sets. But except for the two extreme situations (the dimen-
sion of a partial homogeneous Cantor set may assume the minimum value while the
dimension of a homogeneous Cantor set may assume the maximum value), the struc-
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ture of homogeneous Moran sets whose dimension assumes an intermediate value is
not clear.

In this paper, we construct a class of special homogeneous Moran sets which are
called {my}-quasi homogeneous Cantor set. And we obtain a sufficient condition that
the Hausdorff dimension of homogeneous Moran sets may get the minimum value,
which extends and deepens the results of the Hausdorff dimension of homogeneous
Moran sets in [3]. By adjusting the value of {ms}r>1, we constructively prove the
intermediate value theorem for the homogeneous Moran sets.

The paper is organized as follows. In Section 2, we recall some preliminaries and
state our main results. In Section 3, we construct the {my}-Moran set and the
{my }-quasi homogeneous Cantor set, and discuss their Hausdorfl dimension. The
proofs of our main results are presented in Section 4.

2. PRELIMINARIES AND MAIN RESULTS

First, we review the concept of the homogeneous Moran set. Let {ny}r>1 be
a sequence of positive integers and {ci }r>1 a sequence of positive numbers satisfying
ng = 2and ngep, < 1, k > 1. Forany k > 1, let Dy = {0 = 0102...0; 1 <
0j < g, 1 <5< If}, D = U Dk, where Dy = {@} If 0 = o0100...01 € Dk,

k>0

T=T1Ta...Tm € D, let o7 = 0109...0,T1T2 ... T

Definition 2.1. Let I = [0,1]. The collection of closed subintervals Z = {I,;
o € D} of I has homogeneous Moran structure if it satisfies

(i) Ip=I;
(ii) for all k > 1, 0 € Di_1, Ir1, Lo, ..., Ion, are subintervals of I, and for i # j

is _fgi N fgj = (), where A denotes the interior of A,

(iii) for any k > 1 and any o € Dy_1, 1 < j < ng, we have

(21) C =

where |A| denotes the diameter of A.

Wecal E= (| U I, a homogeneous Moran set. We use M ({ng}r>1,{ck}r>1)
k>10€D,
to denote the collection of homogeneous Moran sets generated by the above homo-

geneous Moran structure, simply written as M, and we call Ey, = {I,;0 € Dy} the
k-order fundamental intervals of F; I is called the original interval of E.

If the left endpoint of 1,1 is the same as the left endpoint of I,, and the right
endpoint of I,,, is the same as the right endpoint of I,,, and the gaps between I,;,
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1 < i < nyg, are equal, then F is called a homogeneous Cantor set, simply written
as C.

If the left endpoint of I,; is the same as the left endpoint of I,, and the left
endpoint of I,(; ;1) is the same as the right endpoint of I,;, 1 <i < ng — 1, then E
is called a partial homogeneous Cantor set, simply written as C*.

Homogeneous Cantor sets C' and partial homogeneous Cantor sets C* are two
kinds of special but very important homogeneous Moran sets.

The following result is due to Feng [3]:

Theorem 2.2. Suppose E € M, then we have
t. <dimpg F < sy,

where
dimyg C* =t,, dimygC = s,,

and
L o Innang o ng_q .. o Inning .. ny
t, = lim inf , S =liminf ——.
k—oo —Inecics...cpng k—oo —Inecics...cp

However, except for the extreme situations, i.e., when the dimension of the par-
tial homogeneous Cantor set may assume the minimum value while the dimension
of the homogeneous Cantor set may assume the maximum value, the structure of
a homogeneous Moran set whose dimension assumes the intermediate value is not
clear.

In this paper, we construct a class of special homogeneous Moran sets which are
called {my}-quasi homogeneous Cantor sets and prove the following intermediate
value theorem.

Theorem 2.3. Suppose t, < s < s.. Then there exists an {my}-quasi homoge-
neous Cantor set F such that

(2.2) dimyg F = s.
In addition, we note that, for any homogeneous Moran set E, if my_ is the number

of the connected components contained in the k-order fundamental intervals I,
o € Dy, then we obtain the following useful result:

Theorem 2.4. Suppose E € M. If sup{m;, } < oo, then we have
oceD

(2.3) dimpg E = t..
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From this theorem we know that partial homogeneous Cantor set is only a small
part of homogeneous Moran set whose dimension may assume the minimum value.

However, Corollary 3.3 shows that sup{m;, } < oo is not a necessary condition.
ceD

3. CONSTRUCTION OF {my}-MORAN SET AND {my, }-QUASI HOMOGENEOUS
CANTOR SET

Definition 3.1. Suppose E € M({ng}tr>1,{ck}tr>1), Exr is the k-order fun-
damental interval of E and {mg}r>1 is a sequence of positive integers satisfying
1 < mp < ng, k> 1. If the k-order fundamental intervals I,1,I52,...,lsm, con-
tained in I,, for all I, € FEj_1, arbitrarily connect forming mj connected compo-
nents, written as J,1, J52, - . ., Jom, , then such a homogeneous Moran set E is called
{my}-Moran set. We use M({ng}tr>1,{ck}tr>1,{ms}) to denote the collection of
{my }-Moran sets.

Suppose E € M({nk}r>1,{ck}r>1,{mr}), let J, be the connected components
contained in the (k — 1)-order fundamental intervals. Let Ay = {J,; o € X}, where
Yk =40 =d1ia...ip—1Jk; 1 <is < ns, 1 <s<k—1,1< jp < my}. Obviously,
A = ning...ng_1mg. Let I, = liminfln(ning...ng_1myg)/—In(crcs. .. cp X

k— o0
ng/mg), 0 = c1¢a ...k, Np = ning ... ng.

Theorem 3.2. Suppose E € M({nx}r>1,{ck}r>1, {mx}), then we have
Proof. For any I, <l < 1, there exist subsequence {k;};>1 and a positive inte-

ger N such that for any ¢ > N, we have | > In(nina...ng,_1myg,)/—In(cics . . . ¢, X
nki/mki)7 Le.,

l

n

(32) ning ... Nk, —1Mk; (0162...Ckim ) < 1.
ki

Obviously, Ay, is a dx,ng,-cover of E, by the definition of Hausdorff measure,

my,
(3.3) Hy W E)< S 1Ll = 3 Sl

Jo €A, I€Ey, -1 =1

mki
Since ) |J;| = ng,0k,, 0 <1 < 1, by Jensen’s inequality, we have
j=1

Nk,

O\ ! l

mi..
I€Ey, 1 ki

i
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As i — o0, Ok, — 0, we get H(E) < 1 < co. By the definition of Hausdorff
dimension, we have dimyg E < [. By the arbitrariness of [, we have dimy F < [,. O

Corollary 3.3. If klim In(mg)/—In(dxnyk) = 0, then for any E € M({ni}r>1,
—00

{cktr=1,{ms}), we have

where t, is defined as in Theorem 2.2.

Proof. If klim Inmy/—In(dxny) = 0, then
— 00

Inning ... ng_1mg

l, = liminf

k—o0 — ln(éknk/mk)
— limiaf Inning...ng—1/—In(dgnk) + Inmy/— In(dxny) i
k—00 1+ Inmg/—In(dxng)

And since t, < dimg F < [, is the known result, we have dimy E = t,. O

In order to verify that the maximum value [, can be obtained, in the following
we introduce a special class of {my}-Moran sets, called {my}-quasi homogeneous
Cantor sets. Let ar = [ni,/my] + 1, where [a] denotes the largest integer less than or
equal to a.

Definition 3.4. Suppose F € M({ng}r>1,{ck}tr>1,{mr}). Let I be the (k—1)-
order fundamental interval of 7, and let Jy, Ja, . .., Jp,, be the connected components
contained in I. If the gaps between J;, 1 < i < my, are equal and the left endpoint
of J; is the same as the left endpoint of I, the right endpoint of J,,, is the same as
the right endpoint of I, and

maX{|J’L| - |JJ|’ 1< iv .7 < mk} = 516;

then F is called an {m }-quasi homogeneous Cantor set.

Remark 3.5. In the special case, if my = nyg, then F is a homogeneous Cantor
set; if my = 1, then F is a partial homogeneous Cantor set.

Remark 3.6. By the definition of {my}-quasi homogeneous Cantor set, we can
see that if for any 1 < i < my, J; is composed of ay or a — 1, k-order fundamental
intervals arbitrarily connected, then |J;| = dray or dx(ar — 1).
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4. PROOF OF MAIN RESULTS

First, we introduce a very important theorem, that is, the mass distribution prin-
ciple:

Lemma 4.1 ([1]). Suppose p is the mass distribution on F, and for some s, there
exist C > 0 and 6 > 0 such that for any U satisfying |U| < 0 we have

w() < C|UJ°.
Then dimg F' > s.
Theorem 4.2. Suppose F is an {my, }-quasi homogeneous Cantor set. Then

dimyg F = I,.

Proof. By Theorem 3.2, dimyg F < l.. It suffices to prove that dimyg F > ..
For any 0 < < [, there exists IV such that when k > N, then

Nk !
(41) nlng...nk,lmk(ék—) 2 1.
mg
There exists a natural measure p on the homogeneous Moran set F and for any
k-order fundamental intervals I,

1

(4.2) u(l) = g .. Nk

In order to apply Lemma 4.1, in the following we will show that there exists
a constant C' > 0 such that for any U satisfying |U| = 0 < dx we have

(4.3) w(v) < cluf.

It is easily checked that there exists a unique k > N such that aidr < § <
ap_10k_1. Suppose that e is the number of elements in the intersection of U and Ay,
let Joi, Jo(i+1) be the two adjacent connected components contained in the (k — 1)-
order fundamental intervals I,. By the definition of an {my}-quasi homogeneous
Cantor set, the gaps between them are independent of ¢ and i, written as 7. We
divide the proof into two cases as follows:

Case 1. dpa < 9§ < nk. In this case, obviously, e < 3. Since

Nk

Tk ng
ar < — +1<225,
mg mg mg

N
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this implies

1 6 l
(44)  u(U) < 3a < <6(hm) < 6(dhan)’ < 6"
ning...Ng ning ... Ng_1Mg my

Case 2. max{dgar,np} < < dk—1aK_1.

(1) If mg—1 = ng_1, then ax_1 = 1. Hence U intersects two elements in Aj_1 at
most. If my_1 < ng_1, then ax_1 > 2. Hence 20;_1(ar—1 —1) > ag—10k—1 > 9.
Thus U intersects three elements in Aj_; at most and hence e < 3aj_1my.

(ii) Since U intersects e elements in Ay, it follows that

e—2

2

5kak
2

(6_2)<67 nkg(e_l)nkgéa

namely, ((e — 2)/2) max{drar, N} < 9, so

< 20 o< 46
e ——M < — .
max{ékak, nk} maX{5kak, nk}

Integrating (i) and (ii), we have

46 ag
U) < min{3ak_ mi, }
mU) < ! max{dxar, e} nina .. .ng
) l Q.
<4(mpap— 171( )
(myak—1) max{dxak, N}/ ning...ng
akmkallc:ll

= 46"

ning ... ng(mg max{drar, ng )"

The second inequality above is established because

min {z,y} = (min {z,y})' " (min {z,y})’ < z' "

Since
N
Ok—1 = ndg + (mi — 1) < mk<m_k5k + 77k)
< my(ardy + M) < 2my max{drar, Nk},
we have
1-1
ApMEpa;, Ap—1QME
45 U) <42 kol 4. 9lst
( ) 'LL( ) nlng...nk(ék_l)l ’I’Lﬂlg...nk(ék_lak_l)l
1
<16 - 245! < 16- 245",

ning ... ng—omi—1(0p—1aK-1)"

By Lemma 4.1, we have dimgy F > [. By the arbitrariness of [, we have dimg F > [,.
Hence we completed the proof of Theorem 4.2. O
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Lemma 4.3. Suppose t, < s < s, then there exists a sequence of positive
integers {my, }r>1 such that

(4.6) I, =s.

Proof. It suffices to show that when ¢, < s < s, the conclusion is established.
Let 0, = c1¢2...cky N = ning...ny. By the definition of an {my}-Moran set, for

any k > 1 we have 1 < my < ng. Since s < s, = liknigflnNk/—lnék, there exists

N > 0 such that for any & > N we have s < In Ni,/—Indy, namely, Ni0; > 1. Due
to s < 1, we get

(4.7) ng(NRo3)Y =1 Ly

> When k < N, we take my, = 1;
> when £ > N and nk(Nk(SZ)l/(s_l) < 1, we take my, = [nk(Nkéz)l/(s_l)] +1;
> when £ > N and nk(Nk(SZ)l/(s_l) > 1, we take my = [nk(Nkéz)l/(s_l)].
Hence by the above proof, the sequence of positive integers {my}r>1 which we

have constructed satisfies 1 < my < ng.
And when k > N, we have my, — ny(Nxd;)"/ 5= < 1. Hence

. InNg_ymy In Nj_1ng(Ngd§ )/ =D
ly = liminf ————— = liminf
k—o0 nk k—oo — Indgnyg .nkfl(Nk(;Z)u(sq)
—Indp—
mp
- 1 . f thkal/(Sil)éks/(sil) - 1 . f slnNk '6k -
TS _Inope /T ON /0= Rbee (s— 1) 1InNg-op
By Theorem 4.2 and Lemma 4.3, we can get Theorem 2.3 easily. (]

Finally, we prove Theorem 2.4 as follows.

Proof of Theorem 2.4. It suffices to show that dimy F < t.. For any t, <t < 1,
there exists a subsequence {k;};>1 and a positive integer N such that for any ¢ > N
we have ning . ..ng,—1(0,nk, )t < 1.

Obviously Ay, is a 0, nk,-cover of E; by the definition of Hausdorff measure,

Mo
Hgknk (E) < Z Z | Joi|" < menang ... ng;—1(Sg ;)"

o€Dy, -1 j=1
t
< mning... nki,l(ékinki) < m,

where m = sup m,. As i — oo, then 6, ng, < 6k,—1 — 0. Thus we get that
oeD

HI(E) < m < oo. By the definition of Hausdorff dimension, we have dimg F < t, so
dimH E g f,*.
Hence we have completed the proof of Theorem 2.4. O
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