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Abstract. In the paper, dealing with a question of Lahiri (1999), we study the uniqueness
of meromorphic functions in the case when two certain types of nonlinear differential poly-
nomials, which are the derivatives of some typical linear expression, namely A" (h — 1)™
(h = f,9g), share a non-zero polynomial with finite weight. The results obtained in the
paper improve, extend, supplement and generalize some recent results due to Sahoo (2013),
Li and Gao (2010). In particular, we have shown that under a suitable choice of the shar-
ing non-zero polynomial or when the first derivative is taken under consideration, better
conclusions can be obtained.
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1. INTRODUCTION, DEFINITIONS AND RESULTS

In this paper, by meromorphic functions we shall always mean meromorphic func-
tions in the complex plane.

Let f and g be two non-constant meromorphic functions and let a be a finite
complex number. We say that f and g share a CM, if f — a and g — a have the
same zeros with the same multiplicities. Similarly, we say that f and g share a IM,
if f —a and g — a have the same zeros ignoring multiplicities. In addition, we say
that f and g share co CM, if 1/f and 1/g share 0 CM, and we say that f and g
share co IM, if 1/f and 1/g share 0 IM.

We adopt the standard notation of value distribution theory, see [7]. We denote
by T(r) the maximum of T'(r, f) and T'(r, g). The symbol S(r) denotes any quantity
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satisfying S(r) = O(T'(r)) as r — oo, outside a possible exceptional set of finite
linear measure.
Throughout this paper, we need the following definition:

: N(r,a; f)
O(a, f)=1- llgs;}p W,
where a is a value in the extended complex plane.

In 1999, Lahiri [11] asked the following question, which is perhaps the first one
concerning the possible relationship between two meromorphic functions related to
value sharing of the nonlinear differential polynomials generated by them:

What can be said if two nonlinear differential polynomials generated by two mero-
morphic functions share 1 CM?

Earlier, in 1997, Yang and Hua [25] already made some contribution in this di-
rection for a specific type of nonlinear differential polynomials, namely differential
monomials. Below we recall their result.

Theorem A ([25]). Let f and g be two non-constant meromorphic functions,
n > 11 be a positive integer and a € C — {0}. If f™f' and g™g’ share a CM, then
either f(z) = c1e%*, g(z) = coe™*, where c1, ¢ and ¢ are three constants satisfying

(c1c0)"t1e? = —1, or f = tg for a constant t such that t"+! = 1.

Fang and Qiu [5] extended the above result as follows:

Theorem B ([5]). Let f and g be two non-constant meromorphic functions,
n > 11 be a positive integer. If f"f' — z and g"¢g' — z share 0 CM, then either
f(z) = 16, g(z) = coe=*", where ¢1, ¢y and ¢ are three constants satisfying
4(crco)"tc? = —1, or f =tg for a constant t such that t" Tt = 1.

—Cz

The introduction of the new idea of scaling between CM and IM, known as
weighted sharing of values, by Lahiri [9], [10] in 2001 further encouraged the inves-
tigations remarkably in the above direction. To verify the above statement readers
are referred to [2]—[5], [13]-]20].

The definition of weighted sharing is given below.

Definition 1.1 ([9], [10]). Let k be a non-negative integer or infinity. For a €
C U {oo} we denote by Ej(a; f) the set of all a-points of f, where an a-point of
multiplicity m is counted m times if m < k and k + 1 times if m > k. If Ey(a; f) =
Ex(a; g), we say that f, g share the value a with weight k.

The definition implies that if f, ¢ share a value a with weight k, then z; is
an a-point of f with multiplicity m (< k) if and only if it is an a-point of g with
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multiplicity m (< k), and zp is an a-point of f with multiplicity m (> k) if and only
if it is an a-point of g with multiplicity n (> k), where m is not necessarily equal
to n.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k), then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, ¢ share (a,0) or (a, c0),
respectively. If a is a small function we say that f and g share (a,l), which means f
and g share a with weight [ if f — a and g — a share (0,1).

In 2010, Li and Gao [17] further improved some previous results, e.g., [21] in the

following manner:

Theorem C ([17]). Let f and g be two transcendental meromorphic functions,
let n > 11 be a positive integer and let P # 0 be a polynomial with degree vp < 11.
If f*f" and g"g' share (P, ), then either f = tg for a constant t such that t"*1 = 1,
or f(z) = c1e°Q and g(z) = cye™°%, where cy, co and c are three non-zero constants
satisfying (c1c2)"t1(c)? = —1, Q(z) is a polynomial satisfying Q = fOZ P(n)dn.

Theorem D ([17]). Let f and g be two transcendental meromorphic functions,
n (> 15) be an integer and P # 0 be a polynomial. If (f™(f — 1)) and (¢"(g — 1))
share (P, 00), and ©(oco; f) > 2/n, then f = g.

For the last few years the main trend in the value sharing of nonlinear differential
polynomials has somehow been shifted towards the k-th derivative of some linear
expression of f and g. Recently Sahoo [22] have extended Theorems C and D for the
case of IM sharing, which in turn improved Sahoo’s previous result [23]. Sahoo’s [22]
results are as follows:

Theorem E ([22]). Let f and g be two transcendental meromorphic functions,
let n, k be two positive integers such that n > 9k + 15 and let P # 0 be a polynomial
with its degree yp < n — 1. Let (f*)*) and (g™)*) share (P,0). Then

(i) if k = 1, then either f = tg for a constant t such that t" = 1 or f(z) = c;e°?
and g(z) = coe™°Q, where c1, co and c are three non-zero constants satisfying
(c1c2)™(¢)? = —1, Q(z) is a polynomial satisfying Q = foz P(n)dn;

(i) if k > 2, either (f™)¥)(g")*®) = p? or f = tg for a constant t satisfying t" = 1.

Theorem F ([22]). Let f and g be two transcendental meromorphic functions, let
n, m, k be three positive integers and let P # 0 be a polynomial. Let (f™(f —1)")®)
and (g™ (g — 1)™)*) share (P,0). Then the following holds:

(i) when m = 1, n > 9k + 20 and O(o0; f) + O(c0;g) > 4/n, then either (f™ x
(f =DM)W (g"(g—1)™MP =P or f = g;
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(ii) if m > 2 and n > 9k+4m+ 16, then either (f™(f —1)™)*)(g"(g—1)™)*) = p?
or f = g or f, g satisfy the algebraic equation R(f,g) = 0, where R(z,y) =
2"z —1)" =y (y— 1"

The possibility (f*(f —1)™)® (g™ (g — 1)™)*) = P? does not arise for k = 1.

The purpose of the paper is to unify all the above theorems into a single one.
Our result radically improves the results of Sahoo and Li-Gao by reducing the lower
bound of n. We also show that when P(z) = d = constant, better results can be
obtained at the cost of assuming f and g share oo IM. In short, we shall improve,
extend and generalize all the above mentioned theorems in a more convenient and
compact manner. The following theorem is the main result of the paper.

Theorem 1.1. Let f and g be two transcendental meromorphic functions, and
P(z) (% 0) be a non-zero polynomial. Also we suppose that (f"(f —1)™)*) and
(9" (g — 1)™)® share (P(z),1), where n (> 1), k (= 1), m (= 0) and [ (> 0) are
integers. When
(a) 1 > 2 and n > max{3k + 8 + 2min{k +2,m} — m,m + 3} or
(b) =1 and n > max{4k+ 9+ 2min{k+2,m} + s min{k+1,m} —m,m+ 3} or

(¢) 1 =0 and n > max{9k + 14 + 3min{k + 1, m} + 2min{k + 2, m} — m,m + 3},
then the following cases hold:

(I) when m = 0, one of the following two cases holds:

(I1) f = g for some constant t such that t"™ = 1;

12) (f)*)(g™)*) = P2. In particular, if f and g share co IM, then for (i)
k=1andvp <n—1, we have f(z) = c1e°? and g(z) = coe™°?, where c1,
c2 and c are three non-zero constants satisfying (c1c2)™(c)? = —1, Q(z) is
a polynomial satisfying @ = n™" [ P(n)dn; and for (i) P(z) = d we get
f(2) = c1e%* and g(z) = coe™%*, where c1, co and ¢ are constants satisfying
(=1)*(cre2)™(ne)* = d?;

(II) when m > 1, one of the following three cases holds:
(M) f(z) = g(2);
(I12) f and g satisfy the algebraic equation R(f,g) = 0, where R(z,y) =
a(x—1)" —y"(y — 1)™, except for m = 1 and O(o0; f) + O(00; g) > 4/n;
(13) (f*(f = 1)™)® (g"(g —1)™® = P?;
The possibility (II3) does not arise for k = 1.

We now present some definitions and notations which are used in the paper.

Definition 1.2 ([16]). Let p be a positive integer and a € C U {o0}.

(i) N(r,a; f;>p) (N(r,a; f; > p)) denotes the counting function (reduced counting
function) of those a-points of f whose multiplicities are not less than p.
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(ii) N(r,a; f;<p) (N(r,a; f; < p)) denotes the counting function (reduced counting
function) of those a-points of f whose multiplicities are not greater than p.

Definition 1.3 ([8], [27]). For a € CU {oo} and a positive integer p we denote
by Ny(r,a; f) the sum N(r,a; f) + N(r,a; f;> 2) + ...+ N(r,a; f;> p). Clearly

Ni(r,a; f) = N(r,a; f).

Definition 1.4. Let a,b € CU {oco}. Let p be a positive integer. We denote by
N(rya; f;=p;g =0b) (N(r,a; f; > p;g # b)) the reduced counting function of those
a-points of f with multiplicities > p which are the b-points (are not the b-points) of g.

Definition 1.5 ([1], [4]). Let f and g be two non-constant meromorphic func-
tions such that f and g share the value 1 IM. Let zg be a 1-point of f with multiplic-
ity p and a 1-point of g with multiplicity g. We denote by N (r, 1; f) the counting
function of those 1-points of f and g where p > ¢, by N:J) (r,1; f) the counting func-
tion of those 1-points of f and g where p = ¢ = 1 and by NS (r,1; f) the counting
function of those 1-points of f and g where p = g > 2, each point in these count-
ing functions is counted only once. Similarly we can define N (r,1;g), N ]{J)(r, 1;9),
N (r,1;9).

Definition 1.6 ([1], [4]). Let k be a positive integer. Let f and g be two non-
constant meromorphic functions such that f and g share the value 1 IM. Let zy be
a l-point of f with multiplicity p and a 1-point of ¢ with multiplicity q. We denote
by N>k (r,1;g) the reduced counting function of those 1-points of f and g where
p > q = k. The function N~ (r,1; f) is defined analogously.

Definition 1.7 ([9], [10]). Let f, g share a value a IM. We denote by N.(r, a; f, g)
the reduced counting function of those a-points of f whose multiplicities differ from
the multiplicities of the corresponding a-points of g.

Clearly N.(r,a; f,g) = N«(r,a;9, f) and N.(r,a; f,g9) = N(r,a; f) + Nr(r,a; ).

Definition 1.8. Let a,b1,bs,...,by € CU {c0}. We denote by N(r,a; f;9 #
b1,b2,...,by) the counting function of those a-points of f, counted according to
multiplicity, which are not the b;-points of g for i =1,2,...,q.

2. LEMMAS

Let F' and G be two non-constant meromorphic functions defined in C. We denote
by H the following function:

2 i=(F- 7o) - (G- 350
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Lemma 2.1 ([26]). Let f be a non-constant meromorphic function and let
an(z) (#0), an—1(2),...,a0(z) be meromorphic functions such that T'(r,a;(z)) =
S( ,f) fori=0,1,2,...,n. Then

T(r anf™ + an1f" ... +arf+ag) =nT(r, f)+ S(r, f).

Lemma 2.2 ([28]). Let f be a non-constant meromorphic function, and p, k be
positive integers. Then

(2.2) N, (r, 0; f ) T(r, f ) T(r, f) + Npti(r,0; f) + S(r, f),
(2.3) Np(r,0; f B < EN(r, 00; f) + Npii(r, 0; ) + S(r, f).

Lemma 2.3 ([12]). If N(r,0; f(*); f £ 0) denotes the counting function of those
zeros of f¥) which are not the zeros of f, where a zero of f*) is counted according
to its multiplicity, then

N(r,0; f®, f£0) < N(r,00; f) + N(r,0; f; < k) + kN(r,0; f; > k) + S(r, f).

Lemma 2.4 ([6]). Let f be a non-constant entire function, k > 2 be a positive
integer. If ff*) 0 then f = e***? where a # 0, b are constants.

Lemma 2.5 ([26]). Let f be a non-constant meromorphic function, and let k be
a positive integer. Suppose that f*) # 0. Then

N(r,0; f%) < N(r,0; f) + kN (r, 00; f) + S(r, f).

Lemma 2.6. Let f, g be two transcendental meromorphic functions and n, m
and k be three positive integers with n > k + 2 + min{k + 1,m} — m. Let P(z)
(# 0) be a polynomial. If (f*(f —1)™)*) and (g"(g — 1)) share (P(z),0), then
T(r,f)=O(T(r,g)) and T(r,g) = O(T(r, f)).

Proof. In view of Lemma 2.2 for p = 1 and using the second fundamental
theorem for small functions [24] we get

(n+m)T(r, f) <T(r, (f"(f = 1)™)P) = N(r, 0; (S (f = )™)™))
+ Niga (r, 0 f(F = 1)™) + S(r, f)
SN0 (f*(f = )™ + N(r, 00; f) + N(r,p; (f(f = 1)™P)
—N(r,0; (f(f = )™®) + Niya (1,05 f(f = 1)™) + S(r, f)
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< N(r, 00 f) + N(r,p; (f(f = 1)™®) + (k + )N (r, 0; f)
+ NkJrl(ra 07 (f - 1)m) + S(?", f)
(k+2+min{k+1,m})T(r, f) + N(r,0;(g" (g — 1)™)® = p) + S(r, f)

<
< (k+2+min{k+1,m}T(r, )+ (k+1)(n+m)T(r,g) + S(r, f),

(n+m—k—2—minfk +1,m})T(r, f) < (k+ 1) (n+m)T(r, g) + S, f).

Since n > k + 2 + min{k + 1,m} — m, we have T'(r, f) = O(T(r,g)). Similarly we
have T'(r,g) = O(T(r, f)). This completes the proof of the lemma. O

Lemma 2.7. Let f, g be two non-constant meromorphic functions sharing oo IM.
Let n, k be two positive integers such that n > k. If (f*)*)(g")*®) = d2, then f =

cz

c1e%%, g = coe~ %%, where 1, co and c are constants such that (—1)*(cic2)™ (nc)?* = d2.

Proof. Suppose that
(2.4) (f™)® (g™)*) = g2,

Since f and g share co IM, it follows from (2.4) that both f and g are entire functions.
Again, since n > k, from (2.4) we get that both f and g have no zeros and we can
take f and g as follows:

(2.5) f=e*, g=¢.
Moreover, we see from (2.4) that
(26) N(r, 0 (f)™) =0, N(r,0:(4")™) = 0.

We consider the following cases:
Case 1: Let k > 2. Then from (2.6) and Lemma 2.4 for f™ we have

(2.7) f(z) =c1e%®,  g(z) = coe™ %,

where c, ¢; and cp are constants such that (—1)*(cie2)™(nc)?* = 1.
Case 2: Let k = 1. Suppose that o and § are transcendental. Then from (2.4) we
get

(2.8) ABa/gle™eth) =1,
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where AB = n?. Let a + 8 = ~. From (2.8) we know that v is not a constant since
in that case we get a contradiction. Then from (2.8) we get

(2.9) ABd' (' — a/)e™ = 1.

We have T'(r,y') = m(r,y") = m(r, (") /e™) = S(r,e™). Thus from (2.9) we get

Z—a) +OW

T
<T(r,a')+T(r,y —a')+0(1)
<2T(r, ') + S(r,a’) + S(r,e™),

T(r,e™) < T|r,

which implies that T'(r,e™) = O(T(r,a’)) and so S(r,e™) can be replaced by
S(r,a’). Thus we get T(r,7') = S(r,a’) and so 7' is a small with respect to «'.
In view of (2.9), by the second fundamental theorem for small functions we get

T(r,a') < N(r,00;&’) + N(r,0;a') + N(r,0;0' —+') + S(r,a') < S(r, ),

which shows that o’ is a non-zero constant and so « is a polynomial. Similarly we
can prove that § is also a polynomial. This contradicts the fact that o and ( are
transcendental.

Next, suppose without loss of generality that « is a polynomial and 3 is a tran-
scendental entire function. Then ~ is transcendental. So in view of (2.9) we obtain

N

nT(r,e?) < T(?“7 m) +0(1)
<T(r,a) +T(r,y —a') + S(r,7y)
<T(r,y')+ S(r,e”) = S(r,e"),
which leads to a contradiction. Thus « and f are both polynomials. From (2.8) we
can conclude that a(z) + 3(z) = C for a constant C and so o/(z) + §/(z) = 0. Again
from (2.8) we get n?e"“a/’ = 1. By computation we get

(2.10) a=¢c p=-c
Hence
(2.11) a=cz+by, [=—cz+ by,

where by, bo are constants. Finally we take f and g as

F2) = e, gl(z) = ee™,

where c1, ¢ and ¢ are constants such that (—1)(nc)?(cic2)™ = 1. This completes the
proof of the lemma. O
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Lemma 2.8. Let f and g be two non-constant meromorphic functions such that
O(ccs f) + O(00;9) > =
where n (> 3) is an integer. Then
f"(af +b) = g"(ag +0)

implies f = g, where a, b are non-zero constants.
Proof. We omit the proof as it can be carried out in the line of the proof of

Lemma 6 in [8]. O

Lemma 2.9. Let f and g be two transcendental meromorphic functions and n
(> 2) be an integer. Also let P be a non-constant polynomial with degree yp < n—1.
If (f™)(g™) = P2, then f and g can be expressed as f(z) = c1e°? and g(z) = coe™°9,
where c1, ca and ¢ are three non-zero constants satisfying (c1c2)"1(c)? = —1, Q(z)
is a polynomial satisfying Q = [ P(n) d.

Proof. Suppose
(2.12) (f")(g") =P
Following the same arguments as in Lemma 2.7, one can easily get
(2.13) f=hie”, g=h’
where hq and hy are two non-zero polynomials. From (2.12) we get
(2.14) gty = PR
where P? = P?/n?.
First, we suppose both o and (8 are transcendental entire functions and let h = fg.

If h is a polynomial, then we get a contradiction from (2.13) and (2.14). Next, we
suppose h is a transcendental entire function. Now from (2.14) we get

g 1hN\2Z  1/h'\2 P,
(2.15) (g 2h) *4<h) R
Let
0y = & _ L
27g 2 h°
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From (2.15) we get

1/h'\2
2 i _ p—mp2
(2.16) a =7 ( . ) h™"P;.

If we suppose as = 0, then we get h ™" P = 1(1h//h)? and so T'(r, h) = S(r, h), which
is impossible. Hence we suppose that as # 0. Differentiating (2.16) we get

LR (B
20505 = 57 (E) Lk h PR~ 2h P P

Applying (2.16) we obtain

nf R N A A
(2.17) h (nhP1+2P1P1—2 Pl) 5?((ﬁ>_ﬁa_2>'

R ol
—n—P% 2P, P —222p?
"h 1 200 P 1

If we assume
0,

then there exists a non-zero constant ¢ such that a3 = ch™"P? and so from (2.16)
we get

(c+1)h P2 = Z(%/) .

If ¢ = —1, then h is a constant, which is impossible. On the other hand, if ¢ # —1,
then we have T'(r, h) = S(r, h), which is also impossible. So we must have

I as
—nﬁpf + 2P, P — 2a—zP12 0.
Then by (2.17) we have

(2.18) nT'(r,h) = nm(r,h)

R LR
(rh h(
W\ R b\
) B 1
") ha2>> )‘LOU
1R (/hN R o h
<T<r,§ﬁ<< —Ea—z>>+m<rnhPl—2P1Pl+2 P1>

From (2.16) we get
1
T(r,az) < §nT(r, h)+ S(r,h).
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In view of (2.18) we get

1

inT(r, h) < S(r,h),
which is impossible. Thus both « and g are polynomials.

From (2.12) we can conclude that a(z) + 8(z) = C for a constant C' and so
o/ (z) + B'(z) = 0. Hence we can deduce from (2.12) that

(2.19) (f™) =n(hia + B} h))e™™ = P(2)e"?,
and
(2.20) (") = n(h3 B + W2 hy)em? = P(2)e"®.

By virtue of the polynomial P, from (2.19) and (2.20) we conclude that both h;
and hg are non-zero constants.

So we can rewrite f and g as follows:
(2.21) f=eB, g=e%.
Now from (2.12) we get
(2.22) n2yyo5en(13+9s) = p2,

From (2.22) we can conclude that v3(z) + d3(z) = C for a constant C' and so v4(z) +
64(2) = 0. Thus from (2.22) we get n2e"C~465 = P?(z). By computation we get

(2.23) 74 =cP(z), &5 =—cP(2).
Hence
(2.24) Y3 =cQ(z) + b1, 03 =—cQ(z)+ ba,

where Q(z) = foz P(z)dz and by, by are constants. Finally, we take f and g as
flz)= c16°Q), g9(z) = coe RE)
where c;, co and ¢ are constants such that (nc)?(cico)” = —1. O

Lemma 2.10 ([22]). Let f and g be two transcendental meromorphic functions,
n, m be two positive integers and P be a non-constant polynomial. If m=1,n > 6
orif m>2,n>m+ 3, then

(" (f =1)™)(g" (g —1)™) # P
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Lemma 2.11. Let f and g be two non-constant meromorphic functions and
k, m (n > 3k + 2min{k,m} —m) be three positive integers. If (f"(f —1)™)*) =
(9"(g —1)™®, then f™(f —1)™ =g"(g — 1)™.

Proof. We have (f*(f —1)™)*) = (¢"(g — 1)™)®),

When k > 2, integrating we get

(= ™MEY = (g"(g = )™)Y + e

If possible, suppose ¢i_1 # 0. In view of Lemma 2.2 with p = 1 and using the second

fundamental theorem we get

(n+m)T(r, f) <T(r,(f*(f = 1)™) D) = N(r,0; (f(f = )™)*F)

+ Nig(r, 0 £ (f = 1)™) + S(r, f)

SN 05 (f(f = 1)™)*Y) + N (r, 005 f)
+ Ny ces; (f"(f = )™ ED) N, 0; (F(F — 1)™)FD)
+ Ni(r, 0 f*(f = 1)™) + S(r, f)

< N(r,00; f) + N(r,0; (g" (g — 1)™)+=1)
+kN(r,0; f) + Ni(r, 0; (f = 1)™) + S(r, f)
< (B + 1+ min{k, m})T(r, f) + (k — 1)N(r, 00; g)
+ Ni(r,0;9"(g —1)™) + S(r, f)
< (k+ 1+ min{k,m})T(r, f) + (k — 1)N(r, 00; g)
+ kN(r,0;9) + Ni.(r, 05 (g — 1)™) + S(r, f)
< (k+ 1+ min{k,m})T(r, f) + (2k — 1 + min{k, m})T(r, g)
+8(r, f) + S(r. 9)

< Bk + 2min{k, m})T(r) + S(r).

m

Similarly we get
(n+m)T(r,g) < (3k + 2min{k, m})T(r) + S(r).
Combining the above two inequalities we get
(n+m — 3k — 2min{k,m})T(r) < S(r),

which is a contradiction since n > 3k + 2 min{k, m} — m.
Therefore c,_; = 0 and so (f™(f—1)")*#=1 = (g"(g—1)™)*~1). Repeating k—1
times, we obtain

fff=1)"=g"(g—1)"+co.
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If £ = 1, clearly, integrating once we obtain the above expression. If possible, suppose

Co # 0.
Now using the second fundamental theorem we get

(n+m)T(r, f) < N(r,0; f"(f = 1)) + N(r, 00 f*(f = 1))

N
+ N(r,co; f*(f = 1)™) + S(r, f)

N(r,0; f) + T(r, f) + N(r,00; f) + N(r,0; g™ (g — 1)™)
T(r, f)+ N(r,0;9) + T(r,g) + S(r, f)

<

<3

<3T(r, f) +2T(r,9) + S(r, f) + S(r, 9)
<5

Similarly we get
(n+m)T(r,g) <5T(r)+ S(r).

Combining these we get
(n+m - 5)T(r) < S(r),

which is a contradiction since n +m > 5.
Therefore ¢g = 0 and so

=" =g"g-0n"
This completes the proof. ([

Lemma 2.12. Let f, g be two transcendental meromorphic functions and F' =
(fr(f-1)m™® /P, G = (g"(g—1)™)*) /P, where P(z) (£ 0) is a polynomial,
n (1), k (= 1), m (> 0) are positive integers such that n > max{3k + 3 +
2min{k +1,m} —m,m + 3}. If H =0 then

(I) for m = 0, one of the following two cases holds:

(I1) f = g for some constant t such that t" = 1;

12) (fM)*)(g™)*) = P2. In particular, if f and g share oo IM, then for (i)
k=1 andvyp <n—1, we have f(2) = c1e°@ and g(z) = coe™°?, where ¢y,
¢z and c are three non-zero constants satisfying (c1c2)"(c)? = —1, Q(z) is
a polynomial satisfying Q = n~! foz P(n)dn; and for (ii) P(z) = d, we get
f(2) = c1e°® and g(z) = coe™ %, where ¢y, co and c¢ are constants satisfying
(—=1)*(c1c2)™(ne)?k = d2.

(II) for m > 1, one of the following three cases holds:
() (2) = g(=);
(I12) f and g satisfy the algebraic equation R(f,g) = 0, where R(z,y) = a™ x
(x —1)™ —y"(y —1)™, except for m = 1 and O(o0; f) + O(o0;g) > 4/n;
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1) (f(f =1)mB(gn(g —1)™)® = P2,
The possibility (113) does not arise for k = 1.

Proof. Since H = 0, by integration we get

1 _bG+a—b
F-1~ G-1

(2.25)

where a, b are constants and a # 0. We now consider the following cases:
Case 1: Let b# 0 and a # b.
If b = —1, then from (2.25) we have

—a

F=—7-———.
G—a-1

Therefore
N(r,a+1;G) = N(r,00; F) = N(r,00; f) + O(log 7).

So in view of Lemma 2.2 and the second fundamental theorem we get

(n+m)T(r,g) < T(r,G) + Ny41(r,0; 9" (g — 1)™) = N(r,0; G) + O(log )
< N(r,00;G) + N(r,0;G) + N(r,a + 1;G)

+ Niga (r,059" (g — 1)™) = N(r,0;G) + S(r, g)
N(r,00;9) + Nit1(r, 059" (g = 1)™) + N(r, 00; f) + S(r, 9)
N(r,00; f) + N(r,00;9) + (k+ 1)N(r,0; )
+ Ni41(r, 05 (g —1)™) + S(r, 9)
< N(r,00; f) + N(r,00; g) + (k + 1)N(r, 0; g)

+ min{k + 1,m}T(r,g) + S(r,g)
<T(r, f)+{k+2+min{k + 1,m}}T(r,g)+ S(r, f) + S(r,9).

Without loss of generality, we suppose that there exists a set I of infinite measure
such that T'(r, f) < T'(r,g) for r € I.
So for r € I we have

{n+m—k—=3—min{k+1,m}}T(r,g) < S(r,9),

which is a contradiction since n > max{3k + 3 + 2min{k + 1,m} — m,m + 3}.
If b # —1, from (2.25) we obtain that

1 —a

b) b2(G + (a —b)/b)’

F— (1+
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So

%;G) = N(r,00; F) = N(r,00; f).

Using Lemma 2.2 and the same argument as used for b = —1 we get a contradiction.
Case 2: Let b# 0 and a = b.
If b = —1, then from (2.25) we have

N@

FG = P2,

that is,
(™ (fF=1m® (g (g -1m® = P
n—1,/

In particular, when m = 0 and k = 1, then from above we get f"~!'f'g" !¢’ =
P?/n?. Applying Lemma 2.9 we get f(2) = c1e°? and g(z) = coe™°?, where c1, o
and c are three non-zero constants satisfying (c1c2)™(c)? = —1, Q(z) is a polynomial
satisfying Q = n~! fo n)dn. On the other hand, when m = 0 and P(z) = d =
constant, then since n > maX{Sk +342min{k+1,m} —m, m+ 3} = 3k + 3 always

cz

implies n > k, we have by Lemma 2.7 that f(z) = c;e“* and g(z) = coe™°*, where

c1, ca and c are constants satisfying (—1)¥(c1c2)™(nc)?* = d?.

Also when m > 1 and k = 1, then by Lemma 2.10 we know (f™(f — 1)™) x
(6"(g — )™ # P2,

If b # —1, from (2.25) we have

1 bG

F~ (1+b)G-1
Therefore
N(r LG) = N(r,0; F).
71+b’ Y i

So in view of Lemma 2.2 and the second fundamental theorem we get

(n+m)T(r,g) < T(r,G) + Niy1(r, 059" (g — 1)'”) N(r,0,G) + S(r, g)
< N(r,00:G) + N(r,0;G) + N (r, 1+b G)
+ Nigya(r,0;9"(g = 1)™) = N(r,0; G) + S(r, 9)
< N(r,0019) + (k + 1)N(r,05 ) + Nit1(r, 05 (9 — 1)™) + (k + 1)
x N(r,0; f) + Niya (7, (f— ™) + kN (r,00; ) + S(r, f) + S(r,9)
<Ak + 2+ min{k+ 1,m}}T(r,g)
+{2k+ 1+ min{k + 1,m}}T(r, f)+ S(r, f) + S(r,g).
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So for r € I we have
(n+m—3k—3—-2min{k+1,m})T(r,g) < S(r,9),

which is a contradiction since n > max{3k + 3 + 2min{k + 1,m} — m,m + 3}.
Case 8: Let b= 0. From (2.25) we obtain

G+a-—1
- )

(2.26) F
If a # 1 then from (2.26) we obtain
N(r,1—a;G) = N(r,0; F).

We can deduce a contradiction similarly as in Case 2. Therefore ¢ = 1 and from
(2.26) we obtain F' = G, i.e.,

(=™ ® = (" - 1™)®.

So by Lemma 2.11 we have

(2.27) frif=D"=g"(g-1"

When m = 0 we have from (2.27) that f = tg, where t™ = 1.

When m = 1 and O(o0; f) + O(c0;g) > 4/n, we then by Lemma 2.8 can prove
that f =g.

When m > 2, then proceeding in the same way as in the proof of Theorem 2 in [22]
we can show that either f = g or f and g satisfy the algebraic equation R(f,g) =0,
where R(z,y) = 2" (x — 1) —y"(y — 1)™. O

Lemma 2.13 ([1]). Let f, g be two non-constant meromorphic functions which
share (1,1). Then
J— P —(2 J— P
2N L(r, 15 f) + 2N1(r, 159) + Ny (r, 1 £) = Nyoa(r, 139) < N(r, 13.9) = N(r, 15 9).

Lemma 2.14 ([4]). Let f, g share (1,1). Then

— 1— 1— 1
N oa(r,159) < 5 0: ) + 5 (r, 005 ) = 3 No(r, 05 ) + (r, ),
where Ny(r,0; f') is the counting function of those zeros of f’ which are not zeros

of £(f—1).
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Lemma 2.15 ([4]). Let f and g be two non-constant meromorphic functions
sharing (1,0). Then

— — —(2 — —
N 15 )+ 2NL(r 159) + N (15 f) = Nysa(r,15.9) — Nosa (.15 f)

< N(T,l,g) - N(T7lyg)

Lemma 2.16 ([4]). Let f, g share (1,0). Then

NL(r,1; f) < N(r,0; f) + N(r, 003 f) + S(r, f).

Lemma 2.17 ([4]). Let f, g share (1,0). Then

(i) Nys1(r,159) < N(r,0; f) + N(r,00; f) = No(r,0; f') + S(r, f),
(ii) Ngs1(r,1; f) < N(r,0; ) + N(r,00;9) — No(r,0; g') + S(r, g).

3. PROOF OF THE THEOREM

Proof of Theorem 1.1. Let F = (f*(f—1)™)*) /P(z) and G = (¢g"(g — 1))/
P(z). It follows that F' and G share (1,1) except the zeros of P.

Case 1: Let H # 0.

Subcase 1: 1 > 1. Let 2’ be a pole of H such that P(z') # 0. From (2.1) it can
be easily calculated that the possible poles of H occur at (i) multiple zeros of F
and G, (ii) those 1-points of F' and G whose multiplicities are different, (iii) poles of
F and G, (iv) zeros of F'(G’) which are not zeros of F(F — 1)(G(G —1)).

Since H has only simple poles we get

(3.1) N(r,00; H) < N(r,00; f) + N(r,00;9) + Nu(r,1; F,G) + N(r,0; F; > 2)

+ N(T, Oa Ga 2 2) + NO(ra 07 Fl) + NO(ra 07 Gl) + O(lOg T)a
where No(r,0; F') is the reduced counting function of those zeros of F’ which are
not zeros of F(F — 1), and No(r,0; G’) is similarly defined.

Again, let 2o be a simple zero of F'— 1 but P(z¢) # 0. Then z is a simple zero of
G — 1 and a zero of H. So

(3.2) N(r,1;F;=1) < N(r,0; H) < N(r,00; H) + S(r, f) + S(r, g).
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While [ > 2, using (3.1) and (3.2) we get

(33) N(T,l;F) (Tal;F;: 1) +N(T,1;F;> 2)

<N

< N(r,00; f) + N(r,00;9) + N(r,0; F; > 2)

+ N(r,0;G; = 2) + N.(r,1;F,G) + N(r,1; F; > 2)
+

No(r,0; F') + No(r,0;G") + S(r, f) + S(r, 9).
Now in the view of Lemma 2.3 we get

(3.4) No(r,0;G) + N(r,1; F; > 2) + N.(r, 1; F,G)

< No(r,0;G")+ N(r,1; F; > 2) +
= No(r,0;G')+ N(r,1;G; > 2) +
N(r,0;G";G # 0) + O(log )
N(r,0;G) + N(r,00;9) + S(r,9),

N(r
N(r

Hence using (3.3), (3.4), Lemmas 2.1 and 2.2 we get from second fundamental theo-
rem that

(3.5) (n+m)T(r, f)

ST(r,F) + Ngo(r, 0; f*(f = 1)™) = Na(r,0; F) + S(r, f)

< N(r,0;F) + N(r,00; F) + N(r,1; F) + Nyo(r, 0; f(f — 1)™)
— No(r,0; F) — No(r,0; F') + S(r, f)

< 2N(r,00, f) + N(r,00; g) + N(r,0; F) + Nyyo (r, 0; f(f = 1)™)
+N(r0;F;=2)+ N(r,0;G;>2)+ N(r,1; F; > 2) + N.(r, 1, F,G)
+ No(r,0;G") — No(r,0; F) + S(r, f) + S(r, 9)

< 2{N(r,00; ) + N(r,00: 9)} + Ny (r, 05 f"(f = 1)™)
+ No(r,0,G) + 5(r, f) + 5(r. 9)

< 2{N(r,00; f) + N(r,00; 9)} + Nigya(r, 0; f*(f — 1)™) + kN (r, 00; g)
+ Nit2(r, 059" (g = 1)) + S(r, f) + S(r, 9)
< 2{N(r,00; f) + N(r,00;9)} + (k + 2)N(r,0; f) + min{k + 2, m}T'(r, f)

+ (k+2)N(r,0;g) +min{k + 2,m}T(r, g)

+ kN (r,00;9) + S(r, f) + S(r, g)

< (k+4+min{k +2,m})T(r, f)
+ (2k+4+min{k +2,m})T(r,g) + S(r, f) + S(r,9)

< (B3k+ 8+ 2min{k +2,m})T(r) + S(r).
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In a similar way we can obtain
(3.6) (n+m)T(r,g) < (3k + 8+ 2min{k + 2,m})T(r) + S(r).
Combining (3.5) and (3.6) we see that

(n+m)T(r) < Bk + 8+ 2min{k + 2,m})T(r) + S(r),
ie.,
(3.7) (n+m—3k—8—2min{k +2,m})T(r) < S(r).

Clearly, (3.7) leads to a contradiction.
While [ = 1, using Lemmas 2.3, 2.13, 2.14, (3.1) and (3.2) we get

(1, F;=1)+ Np(r 1, F) + Np(r, 1;G) + Na(r, 1; F)

(r,00; f) + N(r,00;9) + N(r,0; F; > 2) + N(r,0; G; > 2)
t N1 FE,G) + No(rn LF) + No(r,1,G) + No(r,1; F)

+ No(r,0; F') + No(r,0;G') + S(r, ) + S(r,9)
< N(r,00; f) + N(r,00;9) + N(r,0; F; > 2) + N(r,0; G; > 2)

—l-QNL(T,l;F)—l-ZNL(T,l;G)+NE(’I“,1;F)

+ No(r,0; F') + No(r,0;G') + S(r, f) + S(r,9)
< N(r,00; f) + N(r,00;9) + N(r,0; F; > 2)

+ N(r,0;G;>2) + Npsa(r,1;G) + N(r,1;G) — N(r, 1, G)

+ No(r,0; F') + No(r,0; G') + S(r, ) + S(r,9)
< §N(r 00; f) + N(r,00;9) + N(r,0; F; > )+%N(r,O;F)

+ N(r,0;G;>2)+ N(r,1;G) — N(r, 1,G)

+ No(r,0;G") + No(r,0; F') + S(r, f) + S(r, )
géﬁ(roof)—i—]\f(roog)—i—N(TOF )+%N(T,O;F>
+ N(r,0;G;>2)+ N(r,0;G';G #0)

+ No(r,0; ') + S(r, f) + S(r, g)
géﬁ(roof)—l—ZN(roog)—i—N(rOF 2)+%N(T,O;F>

+ No(r,0;G) + No(r, 0 F') + S(r, f) + S(r, 9).

(3.8) N(r,l;F)<N
<N

[\

[\
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Hence using (3.8), Lemmas 2.1 and 2.2 we get from second fundamental theorem
that

(3.9) (n+m)T(r,f)

ST(r, F) + Nigo(r, 0 f*(f = 1)™) = No(r, 0 F) + S(r, f)

< N(r,0;F) + N(r,00; F) + N(r, 1; F) + Nyyo(r,0; f*(f —1)™)

— Na(r,0; F) — No(r,0; F)

gﬁ(r, o0; f) + 2N (r,00; g) + Na(r,0; F) + %N(r, 0; F)

+ Niga(r, 0; f7(f = 1)) 4 Na(r,0;G) = Na(r,0; F) + S(r, f) + 5(r, 9)

S (001 )+ 2N (r, 005.9) + Nisa(r, 0 /"(f = 1)™)

N

N

+ %N(r, 0; F) 4 No(r,0; G) 4 S(r, f) + S(r, 9)

< gﬁ(n 003 f) + 2N(r,00; g) + Nig2(r, 03 f*(f = 1)™) + kN (r, 003 9)

+ Nigg2(r, 059" (g — 1)™) + %{’W(n 00; f)
+ Niga (r, 0, f*(f = 1)™)} + S(r, f) + S(r, 9)
k+5 3k +5—

< 5 W(r,oo;f)—i—(k:—i—Z)W(r,oo;g)—i—TN(T,O;f)

+ (% min{k + 1, m} + min{k + 2, m})T(r, £)+min{k +2,m}T(r,g)

+ (k+2)N(r,0;9) + S(r, f) + S(r, g)
< <2k +5+ % min{k + 1, m} + min{k + 2, m})T(r, )
+ 2k + 4+ min{k +2,m})T(r,g) + S(r, f) + S(r,g)
< <4k + 9+ 2min{k +2,m} + % min{k + 1, m})T(r) + S(r).

In a similar way we can obtain
(3.10) (n+m)T(r.g) < (4k+9+ 2min{k+2,m} + % min{k+ 1,m} ) T(r) + S(0).
Combining (3.9) and (3.10) we see that

(n+m)T(r) < (4k +9+ 2min{k +2,m} + % min{k + 1, m})T(r) +S(r),
iLe.,
(311 (ntm—4k—9— 2min{k+2,m) - % mink +1,m})T(r) < S(r).
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Since n > max{4k + 9 + 2min{k + 2,m} + 1/2min{k + 1,m} — m, m + 3}, (3.11)

leads to a contradiction.
Subcase 2: 1 = 0. Here (3.2) changes to

(3.12) NP (r,1;F;=1) < N(r,0; H) < N(r,00; H) + S(r, F) + S(r, G).
Using Lemmas 2.3, 2.15, 2.16, 2.17, (3.1) and (3.12) we get

(3.13) N(r,1;F)
<N (T,l,F)+NL(7“,1,F)+NL(T,1,G)+NE(T,1,F)
< N(r,00; f) + N(r,00;9) + N(r,0; F; > 2) + N(r,0;G; > 2)
SN FG) + No(rn 1, F) + No(r, 1,G) + Ne(r, 1; F)
+ No(r,0; F") + No(r,0;G") + S(r, f) + S(r, g)
< N(r,00; f) + N(r, 005 g) + N(r,0; F; > 2) + N(r,0; G; > 2)
+2NL(r, 1 F) 4+ 2N 1 (r, 1;G) + N (r, 15 F) 4+ No(r,0; ')
+ No(r,0;G") + S(r, f) + S(r, g)
< N(r,00; f) + N(r,00;9) + N(r,0; F; > 2) + N(r,0; G; > 2)
+ Npsi1(r,1;G) + Ngs1(r, 1, F) + No(r, 1; F) + N(r, 1, G)
— N(r,1;G) + No(r,0; F') + No(r,0; G") + S(r, f) + S(r, 9)
<3N (r,00; f) 4+ 2N(r, 00; g) + No(r,0; F) + N(r,0; F)
+ No(r,0;G) + N(r,1;G) — N(r, 1;G)
+ No(r,0;G") + No(r,0; F') + S(r, f) + S(r, 9)
< 3N(r,00; f) + 2N (r,00; g) + Na(r,0; F) + N(r,0; F) + Na(r,0; G)
+ N(r,0;G";G # 0) + No(r,0; F') + S(r, f) + S(r, g)
<3N (r,00; f) + 3N(r,00; g) + No(r,0; F) + N(r,0; F) + No(r,0; G)
+ N(r,0;G) + No(r,0; F') + S(r, f) + S(r, g).

Hence using (3.13), Lemmas 2.1 and 2.2 we get from second fundamental theorem

that

(3.14) (n+m)T(r, f)
ST(r, F) 4 Niga(r, 0; f"(f = 1)™) = Na(r, 0; F) + S(r, f)
N(r,0; F) + N(r,00; F) + N(r,1; F)
+

N2 (r, 0; f*(f = 1)™) — Na(r,0; F') — No(r,0; F')

~
<

33



<4AN(r,00; f) + 3N (r,00; g) + No(r,0; F) 4+ 2N(r,0; F)
+ Nit2(r, 03 f"(f = 1)™) 4+ Na(r, 0; G)
+ N(r,0;G) — Na(r,0; F) + S(r, f) + S(r, g)

< AN (r, 005 f) + 3N (r,00; g) + Niya(r, 0; f(f = 1)™) + 2N(r, 0; F)
+ No(r,0;G) + N(r,0; G) + S(r, f) + S(r, 9)

< AN (r, 005 f) + 3N (r,00; g) + Nigya(r, 0; f(f = 1)™) + 2kN(r, 00; f)
+ 2N (1,05 f(f = 1)™) + kN (r,00; g) + Nig2(7,05 9" (9 — 1))
+ kN (r, 00; g) + Nig1(r,0;9" (g = 1)™) + S(r, f) + S(r, 9)

< (2k+4)N(r,00; f) + (2k + 3)N(r, 00; 9) + (3k + 4)N(r,0; f)
+ (2k + 3)N(r,0; g) + (min{k + 1,m} + min{k + 2, m})(T(r, f)
+T(r,g))+min{k + 1,m}T(r, f)+ S(r, f) + S(r,g)

< (5k + 8+ 2min{k + 1,m} + min{k + 2, m})T(r, f) + (4k + 6
+ min{k + 1,m} + min{k + 2, m})T(r,g) + S(r, f) + S(r, g9)

< (9% + 14 + 3min{k + 1,m} + 2min{k + 2,m})T(r) + S(r).

In a similar way we can obtain
(3.15) (n+m)T(r,g) < (9% + 14+ 3min{k + 1,m} + 2min{k + 2, m})T(r) + S(r).
Combining (3.14) and (3.15) we see that

(n+m)T(r) < (9% + 14+ 3min{k + 1,m} + 2min{k + 2, m})T(r) + S(r),
ie.,
(3.16) (n+m—9k —14 — 3min{k + 1,m} — 2min{k + 2, m})T(r) < S(r).
Since n > max{9k + 14 +3min{k + 1, m} +2min{k + 2, m} —m, m+ 3}, (3.16) leads

to a contradiction.
Case 2: Let H = 0. Then the theorem follows from Lemma 2.12. O
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