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FINITE-TIME TRACKING CONTROL
OF MULTIPLE NONHOLONOMIC MOBILE ROBOTS
WITH EXTERNAL DISTURBANCES

MEIYING OU, SHENGWEI GU, XIANBING WANG AND KEXIU DONG

This paper investigates finite-time tracking control problem of multiple nonholonomic mobile
robots in dynamic model with external disturbances, where a kind of finite-time disturbance
observer (FTDO) is introduced to estimate the external disturbances for each mobile robot.
First of all, the resulting tracking error dynamic is transformed into two subsystems, i.e., a
third-order subsystem and a second-order subsystem for each mobile robot. Then, the two
subsystem are discussed respectively, continuous finite-time disturbance observers and finite-
time tracking control laws are designed for each mobile robot. Rigorous proof shows that each
mobile robot can track the desired trajectory in finite time. Simulation example illustrates the
effectiveness of our method.

Keywords: finite-time tracking control, finite-time disturbance observer, external distur-
bances, nonholonomic mobile robot, dynamic model

Classification: 93A14, 93D15, 93D21

1. INTRODUCTION

Coordination control of multiple autonomous agents has received considerable attention
recently because of its challenging features and many applications in rescue mission,troop
hunting, formation control, cluster of satellites, and so on. A group of autonomous
agents can coordinate with each other via communication or sensing networks to perform
certain challenging tasks, which can not be well accomplished by a single agent. Multiple
agents have been widely used in many fields, such as cooperative control of unmanned air
vehicles, flocking of birds, schooling for underwater vehicles, distributed sensor networks,
attitude alignment for cluster of satellites, collective motion of particles, and distributed
computations [I7, 211 221 26, 27, 29]. In the area of cooperative control of multiple
autonomous agents, consensus is an important and fundamental problem. The consensus
means that a group of dynamic agents can reach an agreement on certain quantities of
interest by implementing an appropriate control strategy or protocol on the basis of local
state information. Obviously, the consensus state and the convergence rate are crucial
for the study of consensus problem.
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In recent years, on the basis of the algebraic graph theory, many consensus-based
results have been applied to cooperative control of multi-robot systems [I'7, 22 [20]
27]. However, the robot system models in these papers are all linear. In practical
cooperative control applications, many robot system dynamics are nonlinear and have
nonholonomic constraints. Therefore, it is necessary to discuss cooperative control of
multiple nonholonomic mobile robots. Cooperative control of wheeled mobile robots
has been studied in [5] 14, [16]. For cooperative control of multiple nonholonomic mobile
robots in kinematic model, consensus-based control laws were proposed in [7]. However,
in practice, most of nonholonomic mechanical systems are of dynamic model which
require generalized forces as their inputs. Hence, the control inputs are generalized
velocities which are designed based on the kinematic models can not be directly used to
control the practical dynamic systems. For this reason, to study the cooperative control
of multiple nonholonomic mobile robots with dynamic systems is not only theoretically
challenging but also practically imperative. [6, [§] investigated the cooperative control
of multiple nonholonomic systems with dynamics and uncertainty. In both papers, the
backstepping design schemes are employed to solve the cooperative control problem.

In almost all engineering control systems, the presence of disturbances, model un-
certainties and nonlinear model parts is inevitable. If no adequate control method is
used to deal with disturbances, the existence of disturbances may influence system per-
formance, cause oscillation, and lead to instability. Thus, in recent years, the problem
of controlling uncertain dynamical systems subject to external disturbances has been
a interesting topic. Various robust control methods have been proposed, e.g., internal
model control, sliding mode control and H, control, these methods are well known for
their performance and robustness. However, these conventional feedback control meth-
ods usually can not react directly and promptly to reject these disturbances. This may
result in a degradation of system performance when meeting severe disturbances.

Disturbance-observer-based control (DOBC) approach is from practice and depends
on the idea of feed-forward compensation. That is, the controller design is the composite
of two parts. On the one hand, observer or filter can be designed to estimate disturbances
based on the outputs or states. Thus, the estimations are to reject the disturbances.
On the other hand, stabilizer for nominal system can be designed. Recently DOBC
approach as a robust control approach has widely found its applications in mechanical
and electrical, dynamics and structure control areas [2] [3, 4] [10] [32]. A characteristic
of DOBC is having simple structure, combining with different control laws according to
different desire of control performance and very easily setting on line and engineering
realization.

Finite-time control method is another an efficient feedback control scheme to improve
disturbance rejection performance. Apart from this advantage, finite-time control system
has other good point: faster convergence, better robustness [Il, 9, 15} 24] 33, B0]. For
the tracking control problem of nonholonomic mobile robot systems, some finite-time
control laws have been proposed [12] 23] 25 [3T]. The authors of [31] proposed finite-
time tracking controller for the nonholonomic systems with extended chained form,
where the relay switching technique and the terminal sliding mode control scheme with
finite time convergence were used to design the controller. In [23], finite-time tracking
control problem of multiple nonholonomic wheeled mobile robots in dynamic model
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was investigated, and finite-time tracking control laws were designed for each mobile
robot. The authors of [12] discussed finite-time formation control problem for a group of
nonholonomic mobile robots, where the desired formation trajectory was represented by
a virtual dynamic leader, finite-time observer was proposed for each follower to estimate
the leader’s states and finite-time tracking control law was designed for each mobile
robot. However, all these above papers don’t consider external disturbances in robot
system models. The authors of [25] studied finite-time tracking control problem of
a nonholonomic wheeled mobile robot in dynamic model with external disturbances,
finite-time disturbance observers was introduced to estimate the external disturbances
and finite-time tracking control laws were proposed for the mobile robot . However, the
paper [25] only considered single mobile robot system model.

This paper will discuss finite-time tracking control problem of multiple nonholonomic
mobile robots in dynamic model with external disturbances. On one hand, finite-time
disturbance observers are derived for each mobile robot to estimate the external distur-
bances. On the other hand, continuous finite-time tracking control laws are proposed
such that the states of each mobile robot converges to a desired value, in which the
estimated values are used as a feed-forward disturbance compensation part. In the first
stage, the unified tracking error system consists of two subsystems for the mobile robot is
introduced. In the second stage, the two subsystems are discussed respectively, continu-
ous finite-time disturbance observers and finite-time tracking control laws are proposed
for each mobile robot. The second stage is divided into two subproblems, each with
its own design objectives. The first subproblem is that finite-time disturbance observers
will be designed for each mobile robot to estimate the external disturbances. The second
subproblem is to design finite-time tracking control laws for each robot, where finite-time
disturbance observers are introduced to compensate for the influence of the disturbances
using proper feedback. It is shown that the proposed finite-time tracking control laws
make the states of each mobile robot converge to the desired value.

This paper is organized as follows. In Section 2, related preliminary results and the
problem formulation are first presented. The main results are presented in Section 3.
Section 4 gives numerical simulations. Some conclusions are given in Section 5.

2. PRELIMINARIES
Notations. For convenience, in the sequel, set

sig”(y) = |y|“sgn(y), o >0, (1)

where sgn(-) denotes the standard signum function.
It can be verified that

i 14+a _ [ i : 14+a _ @
dnyI = (1 + a)sig®(y) and 1 (y) = (1 + a)[y|™. (2)

2.1. Related lemma

Lemma 2.1. (Hardy, Littlewood and Polya [11]) For z; € R, i =1,2,...,n,0<p <1
is a real number, then the following inequality holds:

(o] + -+ fen)” < faaf” + - -+ fza]”. (3)
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2.2. Graph theory

This paper considers n noholonomic mobile robots. If we consider each robot as a node,
the communication between robots can be described by a directed graph G = (V, &, A),
where V' ={1,2,...,n} is a node set, € C V x V is an edge set with element (i, j) that
describes the communication from node ¢ to node j. The node indexes belong to a finite
index set I' = {1,2,...,n}. If the state of robot i is available to robot j, there will be
an edge (i,7) € &, and we say robot 4 is a neighbor of robot j. The set of neighbors
of robot ¢ is denoted by N; = {j € V : (i,5) € £}. A directed path is a sequence of
ordered edges of the form (i1,i2),(i3,%4),..., where (ig,ix+1) € € in a directed graph.
The weighted adjacency matrix is defined as A = [a;;], the element a;; associated with
the arc of the digraph is positive, i.e., a;; > 0 < (4,j) € €. Moreover, it is usually
assumed that a; = 0 for all ¢ € V. A diagonal matrix D = diag{d;,ds,...,d,} € R**"
is a degree matrix of G, whose diagonal elements d; = ZjeNi a; for i = 1,2,...,n.
Then the Laplacian of the weighted digraph G is defined as L = D — A € R™*™.

In contrast to a directed graph, the pairs of nodes in an undirected graph are un-
ordered, where the edge (4,7) denotes that robot i and j can obtain information from
each other. An undirected graph is connected if there is an undirected path between
every pair of distinct nodes. In this paper, we assume that the graph G is undirected.

2.3. Problem formulation

Consider a group of n nonholonomic mobile robots indexed with 1,2,...,n, which are
moving on a plane. It is assumed that each member of the group has the same mechan-
ical structure and each mobile robot has two-degrees-of-freedom. A simplified dynamic
model of each mobile robot is give by [13]

z; = w;jcosb,, (4a)
¥; = visinb, (4b)
0, = w;, (4c)
v; = uy + dig, (4d)
w; = Ug; + do, 1€l (4e)

The problem we consider here is the tracking control problem. The reference trajectory
T of the group of robots is described by the following equations:

T, = wv,cosb,, (5a)
Yr = vpsinb, (5b)
0, = w,. (5¢)

The definitions of variables in and are given in the following Table 1. In this
paper, the communication topology among the group of nonholonomic mobile robots is
denoted by the graph G and satisfies the following assumption.

Assumption 2.2. The communication topology graph G is undirected and connected.



Finite-time tracking control of multiple nonholonomic mobile robots ... 1053

i, Yi Cartesian coordinates of the center of mass of the robot ¢

0; Angle between the heading direction of the ith robot and the x; axis
v; Translational velocity of the ith robot
wj Angular velocity of the ith robot

U4, U; Torques of robot i

dyi, do; Disturbances of robot 7

Ty Yp Cartesian coordinates of the center of mass of the reference robot
0, Angle between the heading direction of the reference robot and the z, axis
Uy Reference translational velocity
Wy Desired angular velocity

Tab. 1.

2.4. Error system

In this section, let us make some transformation for systems 7 (), and obtain the
tracking error system. Firstly, we have the following assumptions which will be used in
this paper.

Assumption 2.3. Suppose w,., &, 0, are bounded with 0 < Wit < |w,(t)] < wmax,
|wr(t)] < |wi®| and |0 (t)] < |w5?¥| for each t > ¢ > 0, where w™®, WP WM and

T
w5'®* are appropriate constants.

Assumption 2.4. Suppose v, and v, are bounded with |v.(¢)] < v** and |v,(¢)] <
v for each t > ¢y > 0, where v*** and v{*** are appropriate constants.

Assumption 2.5. It is assumed that the disturbances d;; (j = 1,2,¢ € T") are unknown,
time-varying but with bounded variation. That is

|dys] < 614, |doi| < 0oy, VE>0, i €T, (6)

where J1; and Jo; are two known positive constants for robot 3.

For simplicity, we convert the coordinates representation to the Cartesian coordinates
fixed on each member of the group where the following global transformation is used
[18]:

Tie cos 0; sinf; 0 T, — X4
Yie | = | —sinf; cos; 0 Yr — Yi ,i el (7)
Oic 0 0 1 0, —0;
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which implies that

Tie = WilYie — Vi + U €OSbie,
Yie = —WiTic + vpsinby,
eie = Wr — Wy,

v = wuy +dy,

Wi = ug +doy.

If we denote w; = w; — Wy + Wy, W; = Wy — Wy, can be rephrased as follows
i’ie = WrlYie — Vs + v, — u—)iyie + UT(COS 01’& - 1)7
Yie = —WpTie + W;Tie + vy sin Oic,

Oie = @y,
v = ui; +di,
Wi = Wy — U — dy.

Consider a state transformation defined by

T14 Yie

. 0.
Xii=| zu | = —WrTie ; Xoi = < ifz ) = < gje
T3 —wlYie + wr (v — ) + Op T > '
Then, the derivatives of X1; and X5; can be written as
X = (X, )+ Hiug + Hidy + 9(X14, Xoi),
Xoi = fo(Xo;) + Houg; + Hody, i €T,
where
_ ) Wy 5 207 2wy .
U1 = —WrwWrT1; + (* —wy = 72)3321‘ +t T3 — WUy,
Wy w? Wy
T2i T
f1( X, w15) = T3 s (X)) = ( wz ) ;
U4 "
0 0
H1 = 0 s H2 = —1 )
wy
g1
(X1, Xo4) = 921
g31

1 .
— oo T2iT5i + v, SIN T4,
= X1 T5iwy — Wy (COSTy; — 1)

2 . . .
T2 T5iWr — Wity SIN Tg; + WpT1;T5; — WpUy(COS Tyy — 1)

(13a)

(13b)

(13c)
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Thus, the tracking error model is transformed into two subsystems, i. e., third-order
subsystem and second-order subsystem .

Our aim here is to design appropriate control laws u1; and wug; such that system
can track the reference system in finite time, i.e., the error system is finite-time
stable.

Variables xj; (j = 1,2,3,4,5,% € I') are unified tracking errors between each robot
and the desired trajectory. By considering the relation between systems and ,
we can see that x;; = 0 (j = 1,2,3,4,5,¢ € I') implies that z; = 2,y = yr,v; = vy
and 0; = 6,,w; = w,. Therefore, our idea in this paper is to prove that states x;; (j =
1,2,3,4,5,7 € T') can converge to zero in finite time. In the following part, we will give
two steps to design controllers uy; and us; . In the first step, we design ug; such that
x4; and x5;(i € ")) are forced to converge to zero in finite time. In the second step, we
design wy; such that z1;, zo; and x3;(i € I') are driven to converge to zero in finite time.

Remark 2.6. The authors of [23] discussed finite-time tracking control problem of sys-
tem without external disturbances, and finite-time control laws were designed as
follows

3_9
ks [ 2 = » .
Uy, = —— (l’; P4 k; P (.’Egz + k:f Z aij(xh- — $1j) + k?$12)> + wrT;
" JEN;
Oy 202 20, _
_(;g — Wy — Tg)xgl — Tgl‘gi =+ vy (14&)
n
ugi = Wy + kasig™ s + ks sig™aai + Y aysig™ (w5 — 25))
j=1
n
+ Z aijsigO‘? (.1‘41- — 334j>, (14b)
j=1

where k; (i = 1,2,3,4,5) > 0 are appropriate constants , 1 < p = % < 2, p1,p2 are
positive odd integers, 0 < oy, < 1.

Lemma 2.7. (Ou, Du and Li [23]) Suppose the external disturbances d;; = 0 (j =
1,2,4 € T"), if Assumptions f hold, then the control laws can make system
uniformly globally finite time stable, i.e., system can globally track the reference
trajectory in finite time without external disturbances.

3. MAIN RESULT

In this section, we will solve the finite-time tracking control problem for system (|4)).
In other word, we will design control laws u;; (j = 1,2,i € T') such that system
can converge to zero in finite time. Since the external disturbances exist, i.e., dj; #
0 (j =1,2,i € T'), the performance of the closed-loop system will degrade if no proper
method to deal with the disturbances. In order to improve the disturbance rejection
performance, disturbance observers are introduced to estimate the disturbances.

This section will give two subsections to obtain finite-time control laws wu;; (j =
1,2,i € T). In the first subsection, we consider the second-order subsystem and
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design finite-time tracking control laws ug; to guarantee system is finite time stable.
In the second subsection, finite-time tracking control laws wuq; is given to guarantee
third-order subsystem is finite time stable. Both subsection consists of two steps.
In the first step, the finite-time disturbance observers are designed to estimate the
external disturbances dj; (j = 1,2,¢ € I'). In the second step, finite-time control laws
uj; (j =1,2,i € ') are designed, in which the estimated value of disturbances will be
used for the feed-forward compensation.

3.1. Design of uy; for each mobile robot

In this subsection, we will discuss second-order subsystem (11b)) and design finite-time
controller ug; for robot i(i € T').

3.1.1. Design of finite-time disturbance observer for do;

Since there exists external disturbance dy; in system (11D]), the system performance will
degrade if no efficient method to deal with the disturbances. In order to improve the
disturbance rejection performance, a finite-time disturbance observer is introduced to
estimate the disturbance do;, and the estimated value of disturbance will introduced as
a feed-forward disturbance compensation part into controller . Inspired by paper
[19, 28], we introduce a finite-time disturbance observer (FTDO) to estimate external
disturbance dg;, which can be written as follows [19 [28].

Z0i = Voi — U2 +wr, (15a)
1 1,

voi = —Aoil{;|z0i — 542 sign(zos — w5i) — 214, (15b)

Z21i = _)\liLli sign(zh- + V()i), i€ F, (150)

Whe;re zo; and z1; are the estimates of x5; and ds;, respectively, Ly; is an upper boundary
of da;, Aoi, A1 > 0 being properly chosen so as to provide for the finite time convergence
of the differentiator with Lq;.

According to Assumption the existence of Ly; is reasonable. Then, we have the
following results.

Lemma 3.1. (Shtessel, Shkolnikov and Levant [19] 28]) For the subsystem (11b)) with
disturbance observer , there exist the observer gains Ag;, A1; and Lq; such that the
estimated states zg;, z1; converge to xs; and do;, respectively.

3.1.2. Design of finite-time control law uo;

On the basis of the disturbance observer , the composite controller ug; for subsystem

(11b)) is given as follows

Ug; = d}r—|-ki4 siga1x5i—|—k5 Siga2$4i+z Q5 Sigal ($5i — .’L‘5j)+z (%7 Siga2 (l‘4i — x4j)_21i7
j=1 =1

(16)

where a1 and o are defined as that in Remark Then, we have the following theorem.
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Theorem 3.2. If Assumptions [2.2]-[2.5 hold, control law makes subsystem ((11b))
finite time stable in the presence of external disturbances.

Proof. Substituting control law into (11b]), one obtains

T4; = s, (17a)
n
&5 = —kysigtxs; — kssig™ g — Z a;j sig™ (v5; — ;)
j=1
n
— Z Qjj Siga2 (55'41‘ — £L'4j) + (Zli — in). (17b)
j=1

On one hand, from Lemma [3.1] we know that there exists a time ¢, > 0 such that
z1; = dg; for any t > tg. On the other hand, according to Lemma the closed-loop
system is finite time stable when ¢ > ty. Thus, in the following, we only need to
prove states x4; and x5; are bounded during t < ty.

Consider the following function

T4 —T4j

, 1 — ks~
V($41, .1351 = Z Z/ Q5 Slga2 (S) ds + 5 ngz + ﬁ Z ‘.134i|1+a2, (18)
i=1 i=1

21]1

which is positive definite with respect to x4;, x5;. Denote e;; = z1; — do;. Based on
Assumption it can be obtained that a;; = a;;. Differentiating V (x4;, z5;) along the
closed-loop system and making use of Lemma we have

. n n n n
V(xgi,xsi) = 20 D aijsig™? (w4 — Taj)Eai + D Tnids; + ks Y, sig™?waida,
i=1j=1 i=1 =1

n
;x5 Sig™ (x5 — T55) + D T5i(21 — dai)
i=1

n
b
= —ksg ) x5isigMas —
171

= —k4 Z ‘.’175 |1-"_O(1 - % .

M=

N
Il
_

.
Il
_

n
(@ij + aji)xs; sig™ (x5 — T55) + Y Tsi€14

M=
™=

i=1 i=1j=1 i=1
n n n

= —ka 3 Josi T = 5 30 3 agws;sig® (wsi — ;)
i=1 i=1j=1

INgE

aijs; sig™! (L5 — i) + 3 Ties

D=

n
>
j=li=1

n
kg 3wt —
=1

[
M=

s
Il
-

<.
Il
-

n
az‘j{(xm‘ - $5j) Sigal(fﬂm - 335]')} + E T5i€1i

n
aij|wsi — w5; T+ Y wsien
=1

M=

N
Il
-
<.
I
A

n
—ky Y | T —
=1

n
> wsillen].
=1

IA

(19)
Since ey, converges to zero in finite time, thus ey; is bounded, we denote |eq;| < 7, where
v > 0 is a constant.
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If |z5;] > 1, one obtains
V(2 5:) < Z lzsi?leri] < 29V (w4i, w5:).- (20)
i=1

If x5 < 1, equation can be written as

V(wgi,w5:) < lilews| <y, I >n. (21)

Therefore, for any z;; (j =4,5,7 € I'), we have

V(2ai, w5:) < 29V (243, 75) + 11y (22)
From (22)), one has
l l
V($4i, l‘5i) S (V(l‘m(O), I (0)) + 21>€Q’Yt — 51 (23)

Therefore, zj; (j =4,5,¢ € I') are bounded when t < t,. Thus, control law makes
subsystem ([L1b)) finite time stable. This completes the proof. O

3.2. Design of control law uy;

In this subsection, we consider third-order subsystem (|11a)) and design finite-time track-
ing control laws uy; to guarantee that system ((11al) is finite time stable in the presence
of external disturbances.

3.2.1. Design of finite-time disturbance observer for w,dy;

Because there exists disturbance dy;(¢ € T') in third-order subsystem (11a)), similar to
section 3.1, let us first design a finite-time disturbance observer to estimate w,.d;;, which
can be written as follows [19] 2§]

Zoi = Uoi+ U1 +wrtt; + g31, (24a)
< 1 1, _ _

Doi = —XoiLl3;|Z0i — w342 sign(Zo; — x3i) + 214, (24b)

z1; = —MiLosign(z1; — voi), (24c)

where @14, g31 are defined as (12)) and (13d|), Zp; and z;; are the estimates of x3; and
: : d(wrdii)

wyd;, respectively, Lg; is an upper boundary of ==7=.

According to Assumptions 23] and 2.5 the existence of Lo; is reasonable. Then, we

have the following results.

Lemma 3.3. (Shtessel, Shkolnikov and Levant [19, 28]) For third-order subsystem
([11a) with disturbance observer (24), there exist the observer gains Ag;, A1; and Lo;
such that the estimated states Zy;, z1; converge to x3; and w,.dy;, respectively.
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3.2.2. Design of finite-time control law w1,

Based on disturbance observer , we can get the following theorem.

Theorem 3.4. For subsystem (114)), If Assumptions [2.2]-[2.5| hold, and the controller
is given as follows

-2

3
D P P
o k3 2—p 2—p (,.P D . L . Do . .
Ui = =g (%z +ky " (ah; + kY EN aij(w1; — 15) + kﬂlz)) + wrzy (25)
JEN;
) 202 20, : Z1;
_(Tg — Wp — wgr )i — w2 T3i + U — wlf

Then, the closed-loop system (11a) with control law is finite time stable in the
presence of external disturbances.

Proof. According to Lemma@ it is known that there exists a time ¢; > 0 such that
Z1; = wpdy; for any ¢ > t;. Similar to Theorem [3.2] in the following, we only need to
prove states x;; (j = 1,2,3,7¢ € I') are bounded during ¢ < ¢;.

Substituting composite control law into , one obtains

T = To; — %Tiﬁzifvsi + vy 8in T4,
Eoi = X3i + wWrl1iTs; — wpvp(COS T4 — 1), \
3_9
P P P
I3 = —k3 (:L';i_p + k22—1’ (.’E;gz + k:f Z az-j(xu — xlj) + k?$12)> + T2;T5iwWy
JEN;
—w2v, sinzy; + Wpr1iTs; — Opvr(cos g — 1) — (21; — wedy;).
(26)
Consider the finite time bounded function
1 1 1
B(Xy;) = iaﬁi + 53;; + ixgi. (27)

Denote €1; = Z1; — wydy;. Taking the derivative of B(X;;) along system yields

B(X1i) = 1@y + Toibo; + 3503
= w22 — w%flfzil”m' + vy sinay;) 4 2i (T3i + wrT1i s — wrvp(cos Ty — 1))
—|—133i (1_1,11‘ —+ WrToiTs; — WE’UT sin T44 “+ U.Jrl'lixm' — L,Z)T’UT(COS T4i — 1))
—3i(Z1; — wrdy;)

T1;%2; + (wr — w%)xuxzﬂsl‘ + |vr@1i] + T2i23i + 2|wrvrm|

IN

Hwy T T3 Ts; + (W20, T3] + WrT1iT3i T + 2|WpvrTsi| — T3i€1
_P_ P 3_
—kgwai (w5, " + ks " (ah kD Y ai(@1 —1y) + k2n))”
JEN;

First of all, based on Theorem and Lemma the states z;; (j =4,5,i € I') and &3,
reach zero in finite time. Thus, x5; and &;; are bounded, we denote |z5,(t)| < z2*** and

max

|e1;] < 71, where ® > 0 and v, > 0 are two constants. Let my = || X1 (¢)|| =
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\/Qx%i—kzz:%i—km%i > n > 1, then we have |z;;(t)] < m < ni and |z;:(0)||zu(t)] <
%17 (4,1 =1,2,3,7 € T'). With this in mind, we obtain

. 2 2 2 2
B(Xy;) < %1 + 7]71|Wr - W%,W?ax + 1t lve] + %1 + 2173 |wrvp] + %lwr‘xrsnax + 17w

3_
P IJ2

2 P P
5 | B 207 v |+ pfEn + ks |ng T ks Ty 4 kTks T k'm

2 2
< 77% + %WT - i‘xrsnax + n%‘vr‘ + 2n%|wrvr‘ + %|wr|xglax + 77%|w%’ur|
2 9 - 9 2= - 2 -2 %72
+ L@ |2 + 2nF|Orvr| + m3v1 + kamu|ng " ks Tl T A+ kVky TR T
2 2
< 77% + %|wr - i‘mgnax + 77%‘”7"‘ + 277%|wrvr‘ + %|wr|x?3ﬂax + 77%|w72-vr|
3_2
2 2 P _pP_ P
8 wp |22 4 203 |Wpvp |+ D271 + k0t 1+ k5 7 +k Ry 7K
2
= 1771 <2 + |wr — w%lffg“”‘ + 2[v| + 4|lwrvr| + |wr‘xr5nax + Q‘Wg'ur‘ + |wr‘xglax
P b 3_o
+4ldpvy| + 271 + 2k (1 + k37 + Kk 7K ),
(28)
where k' =142 > a;;. V' = max{by,bs,...,b,}. Consider Assumptions 7 then
JEN;
B(X3;) can be rewritten as )
B(X1;) < KB(X1), (29)

where

r T
3_2
P

2
K — 2 + |w1r:ﬂax + 1 xgﬂax + 2v71}’1ax + 4w7121a$v7rpax + w’rr:ﬂaxxglax + 2(wmax) ,Umax

e g | gm0y ok (14 kI 4 RRETH)
On the other hand, if 71 < 1, there exists a constant L > 0 such that B(Xh») < L. Tl(’lgl)l(l),
for any x;; (j =1,2,3,i € I'), we have
B(X1;) < KB(Xy) + L. (31)
From , we can obtain

B(X1) < (B(Xh-(o)) + IL{)eKt — % (32)

Therefore, z;; (j = 1,2,3,i € I') are bounded when ¢ < ¢;. Thus, control law can
make subsystem ((11a)) finite time stable. This completes the proof. O

By virtue of Theorems [3.2] and we have the following main result.

Theorem 3.5. Consider systems ({4]) — (5] satisfying Assumptions f then control
laws and make system (4)) globally track the reference trajectory in finite
time, where the control parameters are chosen as in Remark
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Proof. From the proof procedure of Theorems [3.2{and 3.4 control laws and
make the states z;; =0 (j =1,2,3,4,5,7 € T') of system (L1)) converge to zero in finite

time, i.e., system globally tracks the reference trajectory in finite time. Thus,
the proof is completed. O

4. SIMULATION RESULTS

In this section, a numerical example is provided to illustrate our theoretical results
derived in the previous section. The information exchange among mobile robots is shown
in Figure 1, where 1,2, 3,4,5 are five mobile robots. We choose a;; = 1if (¢,5) € £ and
a;; = 0 otherwise.

Fig. 1. Undirected and connected graph G.

In simulation we take the initial states as
2;(0) = (0.1507, —0.18,0.2396, 0.1108, —0.4914)7, 6;(0) = (1.86,2.1,2.3,1.9,2.27)7,
4i(0) = (—0.0856,0.0106, 0.4823, —0.015, —0.3479)7, w; (0) = (1.8,1.95,2.4,1.7,2.15)7,
v;(0) = (1.2375,0.7,1.85,1.05,0.075)7. The initial values of disturbance observers are
chosen as zp;(0) = (1.8,1.95,2.4,1.7,2.15)T, 21;(0) = (0,0,0,1,0)T,
Z0:(0) = (1.86,2.1,2.3,1.9,2.27)T, and 71,(0) = (0,1,0,1,0)7.

The reference velocities for system are selected as in [20]: v, = 1.5 — L%

i+10
=1+ 107’ad/5 The external disturbances are designed as dy; = sin(t),di2 =

cos(Zt) dy3 = 0.5sin(t), d14 = cos(t), d1s = 0.3sin(t), do1 = 0.2sin(t), deg = cos(t), d2s =
sin(2t),day = 0.3 cos(3t),dos = 0.8sin(2t). Choose the gains as Ag1 = Ag2 = Aoz =
Aoa = Aos = 6, A1 = A2 = A3 = Aia = A5 = 6, A1 = Aoz = Aoz = Ao = Aos = 4,
)\11—/\12—/\13—/\14—)\15—4 Letp— 11,0&122,042—1&11(1]61—03/{}2—
5,ks =9,ks = 4, ks = 4. The simulation results are shown in Figure 2 - Figure 9.

m/s,

0.2 T

(rad)

ie

[«
o
o H
= agent 1
o -+ agent 2
_5 — = agent3||
3 — — —agent4
= agent 5
L L L L T
0 05 1 15 2 25 3
Time (s)
Fig. 2. Response curves of tracking errors 6;c (i =1,2,...,5).
Figures 2—3 show the tracking errors of e, Yie, 0ie (1 = 1,2,...,5) respect to time for

each mobile robot. In Figure 4, the time response of v; and w; of system with FTDO
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are plotted, showing that the expected tracking velocities have been achieved for system
with the external disturbances under FTDO. Figures 5-8 show the disturbance
estimated by finite-time disturbance observers (FTDO) and , we can see that
the observer exhibits excellent tracking performance. Figure 9 shows the control outputs
of u1; and usg;, respectively.

E o5
o / AR
2 -
g of! LT
5] agent 1
2 agent 2
% -0.5F - —-agent3
o - — —agent4
= agent 5
a ‘ ‘ ‘ ‘
0 1 2 3 4 5 6
Time (s)
o5k
8 N
e N
g of e
@ agent 1
2 agent 2
= - —-agent3
g 05 - - —agent4
= agent 5
0 1 2 3 4 5 6
Time (s)
Fig. 3. Response curves of tracking errors z;c and y;e (i = 1,2,...,5).
Q
E agent 1
> agent 2| |
@ — - agent3
2 - - —agent4
8 agent 5[]
E
©
g
o
3
g
g
= 3 5 6
Time (s)
& 25
2
& 2
-
g 15p
’§ agent 1
E ir agent 2
Z — - agent3
s 05 — — —agent4
=3 ~
2 agent5
< 0 L L L L L L L L
0 0.5 1 15 2 25 3 35 4 4.5 5
Time (s)
Fig. 4. Response curves of velocities v; and w; (i =1,2,...,5).

5. CONCLUSIONS

This paper has studied finite-time tracking control problem for a group of nonholonomic
mobile robots in dynamic model with external disturbances, where a kind of finite-time
disturbance observer has been introduced to estimate the external disturbances for each
mobile robot. First of all, the unified tracking error has been transformed a fifth-order
system consisting of two subsystems, i.e., a third-order subsystem and a second-order
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Fig. 5. Disturbance estimated by finite time disturbance observers
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Fig. 6. Disturbance estimated by finite time disturbance observers
(FTDO) (T5).
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Fig. 9. Response curves of control outputs.

subsystem for each robot. Then, these two subsystems have been discussed respectively,
continuous finite-time disturbance observers and finite-time tracking control laws have
been designed for each mobile robot. Rigorous proof has shown that these finite-time
controllers can make the states of a group of robots converge to a desired value in finite
time, i.e., all the robots can track the desired trajectory in a finite time. Simulation
results been presented to support the theoretical results. It is worth noting that the
communication topology graph here is required to be connected and undirected. Future
research will try to solve the case of directed network topology, which is more complicate
and general.
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