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Abstract. We consider a European option pricing problem under a partial information
market, i.e., only the security’s price can be observed, the rate of return and the noise
source in the market cannot be observed. To make the problem tractable, we focus on
gap option which is a generalized form of the classical European option. By using the
stochastic analysis and filtering technique, we derive a Black-Scholes formula for gap option
pricing with dividends under partial information. Finally, we apply filtering technique to
solve a utility maximization problem under partial information through transforming the
problem under partial information into the classical problem.
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1. INTRODUCTION

Option pricing is one of the most important problems which has been widely
studied. The Black-Scholes-Merton model [2], [15] for valuing European call and put
options on an investment asset was published in 1973. It assumes the volatility of
the asset is a constant and the price of the asset changes smoothly with no jumps.
Since neither of these conditions is satisfied for exchange rates, individual stocks
or stock indices, and no empirical evidence in financial industry shows that the
geometric Brownian motion is suitable, one major extension of the Black-Scholes
option pricing model is to overcome the drawbacks of the model. One renowned
model is the well-known constant elasticity of variance (for short, CEV) diffusion

The research was supported in part by National Natural Sciences Foundation of China
under Grants 71101099 and 71571125, and the Fundamental Research Funds for the
Central Universities under Grants 2014SCU04A06.
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model. This model was initially studied by Cox [3]. Then, Cox and Ross [4] designed
and developed it to incorporate the negative correlation between underlying asset
price change and volatility change. The CEV diffusion has been applied to exotic
options as well as standard options by many researchers. However, it is found in
Ballestra and Pacelli [1] that the CEV model does not offer a correct description
of equity prices, whereas Emanuel and Macbeth [7] state that the CEV model with
stationary parameters does not appear to be able to explain the mispricing of call
options by the Black-Scholes model. Therefore, many researchers study the option
pricing problem from other perspectives. We refer interested readers to Duffie [5],
Karatzas [8], [9] and Merton [16] for detailed reviews of the option pricing and its
extensions.

The common feature of previous studies for the option pricing problem is that
they all assume investors can observe the drift process and the Brownian motion
appearing in the stochastic differential equation for the security prices. However, it
is more realistic to assume that investors have only partial information since prices
and interest rates are published and available to the public, but drifts and paths of
Brownian motions are merely mathematical tools for model creation, but certainly
not observable. Therefore, we shall call this situation the case of partial information
to distinguish it from the case of full information.

Under partial information, the utility maximization problem was for the first time
considered by Lakner [10]. Later, Lakner [11] discussed the optimal trading strategy
problem with partial information. Recently, Wu and Wang [18] studied an option
pricing problem under partial information by using the convex analysis and the
backward stochastic differential equation techniques. To our best knowledge, there
are no studies to present a general result for European-type option pricing problem
under partial information.

To fill this research gap, we study the gap option pricing problem with dividends
under partial information, using stochastic analysis and filtering techniques. We
find that the European-type option pricing problem is tractable. By using filtering
technique, we derive a Black-Scholes formula for the gap option pricing problem
with dividends under partial information. Further, we solve a utility maximization
problem under partial information through transforming the problem under partial
information into the classical problem by using the filtering technique.

2. MODEL FORMULATION

Let (Q, F, F:,P) be a complete probability space, where ¢ € [0,T]. We consider
a market which consists of one risky and one risk-free asset with price processes S;
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and By, respectively. The price process B; of risk-free asset satisfies

(1) dBt = TtBt dt if Bt > O,
(2) dB; = —R;B;dt if B; < 0,

with an initial condition By = by where by is a constant, r; and R; are the lending
and borrowing interest rates at time ¢, respectively. The dynamics of the stock’s
price process S; is determined by the stochastic differential equations

(3) dSt = ,LLtSt de + O'tSt th, S() = Sg > 0,

where sg is a constant, u; and o; are the expected return and the volatility rate at
time ¢, respectively. Since the expected return of the stock p; may not be observed
directly, we suppose that it could be described as

dur = apy dt + bdWy +cdVi,  po =,

where {W;};>0 and {V; };>¢ are independent 1-dimensional Brownian motions on the
space (2, F, F;,P). Further, we assume that a,b and c are constants, r, R;, and oy
are deterministic bounded functions and o; has a bounded inverse function.

Note that p; should be driven by another Wiener process which is different from
the Wiener process W. Since p; is the expected return of the stock and S is driven
by W, Wiener process W should affect both p; and S;. Thus, we assume that u; is
driven by both W; and V;.

For investors, both the stock price and the interest rate are published and available.
However, drifts and all information of white noises {W, };>0 and {V;}+>0 are certainly
not observable. Thus we let

Fii=o0{Ws,Vi; 0<s<t}, Gpi=0{Su; 0<u<t],

and suppose that S; is G;-adapted and both {W,;};>0 and {V,}+>0 are F-adapted.
Since drifts and all information of white noises are not observable, only G;-adapted
processes are observable. Further, the decisions of investors mainly depend on the
information of G;. Therefore, in order to get some ideas of the nature of partial
information, we assume that only G;-adapted processes are observable, which implies
investors cannot directly observe the drift process {/}+>0-

We assume that X; represents the wealth of an agent at time ¢ and the initial
wealth Xg = zg > 0 is a deterministic constant. Further, we define a trading
strategy m; for an agent acting in the market, i.e., the amount of money invested
in the stock at time ¢, where m; is a measurable, G;-adapted process such that
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E] OT 77 dt] < oco. The negative values of both 7 and X; — m; are allowed, which

indicates that the stock can be sold out and the agent could get a loan from a bank,
respectively. We denote the dividend rate at time ¢ by d(t¢, S;) where dividends of
stock are assumed to be paid continuously and d(¢, S;) is a bounded function.

Under the above assumptions, the wealth process {Xy; t € [0,T]} is assumed to
evolve according to the dynamics

dXy = [re( Xy — m) " + (e + d(t, Sp))m — Re(Xy — m) 7| dt + oy AWy, Xo = o,
which is equivalent to
dXt = [TtXt + (Mt + d(t, St) — Tt)ﬂ't — (Rt — Tt)(Xt — Wt)_] dt—i—atm th, X() = Zo,

where 2= = (|z| — 2)/2, 7 = (Jz| + 2)/2, for all z € R. The explanation for the
wealth process X; is that, for any time ¢, if investors buy a stock with their own
capital, i.e., my < X, then investors can get revenue from both the stock and the
riskless asset, i.e., 7 (X — )T+ (e +d(t, St))me; otherwise, investors can buy stocks
with borrowed money, i.e., m; > X;, then investors should pay for the cost of borrowed
money, i.e., Ry(X: — m)~, and get revenue from the stock, i.e., (us + d(t, St))m:.
Gap option is one of the most widely used options in the real world. For a striking
price K and a predetermined price £ which is a constant and irrelevant to K, the
investor who has a gap call option can get S; — £ when stock price is higher than K
at time T'. Otherwise, there is no revenue for investors. The situation of a gap put
option is in the opposite. The value of gap option at expire time T is defined as

St —&)1 , call option,
V(T):{( T —&)I(s;> k) P

(6 = Sr)I{s,<K}, Dut option.

To derive the price of a gap option in the next section, the following lemma will
be employed.

Lemma 2.1. Consider a continuous system variable x; € R and a continuously
observable variable Z; € R which satisfy

dZt = J)tZt dt+D(t)Zt th Vt e [(),T’]7
where F(t), G(t), C(t), D(t), D~(t) € R are bounded, {U;}o<i<r and {W;}o<t<r

are two independent 1-dimensional Brownian motions. If Ex$ < oo, mg and Z; are
independent of the Wiener processes U and W, and the conditional distribution
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P(zog < x| Zp) is Gaussian, N(Zo,Ily), where Z; := 0{Z,; 0 < u < t}, then the
solution of the filtering problem x; = E[x;|Z,] satisfies the equations

o GWDW 4T, (AZ
i'\o:E[{E()] Vte [O,T],

where 11, = E[(x; — 7;)?| 2] satisfies the Ricatti equation

dHt H% G 2
o =k 20 - %)Ht L),
Iy = E[(J?O — 33\0)2] Vit e [O,T]

Proof. The proof is analogous to that of Theorem 12.2 in [13]. So we omit it
here. g

3. GAP OPTION PRICING UNDER PARTIAL INFORMATION
To derive the price of a gap option, we first should discuss whether the contingent

claim replication is possible. For an arbitrary contingent claim (, we consider the
backward stochastic differential equation (for short, BSDE)

(4) { dXt = [TtXt =+ (‘Ll,t -+ d(t, St) — Tt)ﬂ't — (Rt — Tt)(Xt — Wt)_] dt -+ OT¢ th,
X7 = Cv

where ( is an arbitrary Fpr-measurable process such that E|¢?| < oo. Let Z; = oy
and

(5)  h(t, X4, Ze) = reXo + (pe +d(t, S) =)oy ' Zo — (Re — 1) (Xe — 07 " Z4) ™,

then

- {dxpzmuxhayu+zwmm

Xr = (.
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Lemma 3.1. For any (, the BSDE (6) admits a unique adapted solution
(X(),Z(-))-

Proof. By Theorem 4.1 of [14], we have that (6) admits a unique adapted
solution if there exists a constant L which satisfies the inequalities

) { \h(t, Xy, Zy) — h(t, Xy, Zy)| < L1 Xy — Xo| + | Ze — Z4]),

h(t,0,0) < L, te0.7].
It follows from (5) that

\h(t, X1, Zo) — h(t, X1, Z0)| = [re(Xe — Xo) + (e + d(t, Sp) — ri)oy (2 — Zy)
—(Re—r)(Xe—0,'Z)” = (X — 0, ' Zy)7)
= ‘%(Rt =+ Tt)(Xt — )_(t) -+ (/I,t -+ d(t,St) — %(Rt -+ Tt))O't_l(Zt — Zt)

1 B _ o
- —(Rt —r)(|Xe — 0, ' Z4) = | Xt — 0, ' Z4))

1 - 1 B _

‘g(Rt +r)(Xe — Xo) + (Mt +d(t, 5e) — 5 (Be +7“t))0t Y2y - Zy)

+2|(Rt—m||( =X+ o7 (Z = Z0)|

1

<5l
1 _

— SR+l + IR =)l ) 72 - Zi
< Re| Xy — Xo| + oy | (ie] + d(t, Se) + R)| Ze — Z4|

(Re + o) + |[(Re — ro) )| X — Xo| + |Ufl|(|ut +d(t, S)

and
|h(t,0,0)| = 0.

Let L = max{Ry, |o; *|(|pe|+d(t, S;)+R;)}. Since o, ', s and d(t, S;) are bounded
and A, v are constants, (7) holds. Therefore, BSDE (6) admits a unique adapted
solution (X (-), Z()). This completes the proof. O

Lemma 3.1 implies that BSDE(4) has a unique adapted solution (X (-),o(-)n(-)).
As 0y is a deterministic bounded function, (X(-),n(:)) also is an adapted solution.
Since the contingent claim ( is arbitrary, the market is complete and the price of the
gap call option satisfies the BSDE

(8) dXt = [’I"tXt + (/J/t + d(t, St) — ’I"t)ﬂ't — (Rt — Tt)(Xt — Wt)_] dt + oy th,
X7 = (ST — §)I1sr>K1-
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Since mneither {Wi}icjo,r) nor {Vi}ico,r) are observable, we cannot observe
{#t}eepo,r) directly. However, we could employ the filtering technique to observe
{1t }epo,7) through the information of {S;}+cjo, 7. Then we have the following result.

Theorem 3.1. Under partial information, the price process of a gap call option
{Xy; t€[0,T]} is
X; = esssup{X?; r <6 < R},

where

T
X =Eq [exp{—/ Ss dS}(ST - §)I{ST>K}|gt}
t

and Q) is a risk neutral probability measure which satisfies

T (g _ 852 T ~ . o
@ = exp / — (‘ut + d(t’ S;) 5t) dt — / e + d(t, St) 0t AW,
dp 0 20} 0 O

and

t _/\
Wt:Wt+/ Mds
0 Os

Proof. Let
fit = E[u|Gi], v = El(pe — fie)*|Ge).-

By Theorem 7.17 of [12], there exists a standard Brownian motion {W}¢co,7) on
the space (€2, G, G, P) which satisfies

(9) dSt = ﬁtSt dt + O'tSt th

From Lemma 2.1 we have

~ ~ boy + v (dSy
dpiy = dt — — L dt
(10) Wt = ap dt + p ( S, Wt ),

flo = Eluo] ¥t € [0,7],

and -, is the unique solution of the Riccati equation

d 2
e = 2ay; +b* + 2 — (b—i—ﬁ) ,
(11) dt o

Y = El(no — f0)?] Yt €0, T].
Solving (11), we have

_ B — LBaexp((B2 — B1)o, *t)
(12) T T Lexp((B2 — Bu)o; %)

)
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where

5= (0= 2)ot o/ (a- D)o+ e
g = (0= D)ot v /(o= D)o+

_n—h
Yo — B2

L

It follows from (10) and (12) that

t
fit = fioe™" +/ ea(t=9) (b + l) dW,.
0

Os
By (1), (8), and (9), the price of a gap call option satisfies

dXt = [TtXt =+ (ﬁt + d(t, St) — Tt)ﬂ't — (Rt — ’I"t)(Xt — 7Tt)_] dt =+ 0Tt th,
X7 = (ST — ) {sr>K}-
Let
Y =ovm, 0y =07 (fie +d(t,Si) — 1),
b(t, X, Y) = —[TtXt + Qth - (Rt - Tt)(Xt - Wt)_].

Then we have

(13) { —dXt = —[TtXt + Qth — (Rt — Tt)(Xt — Wt)i] dt — Y; th,

Xr = (ST — f)I{ST>K} Vit e [O,T].

Since (13) is a nonlinear BSDE, by using the method of variational formulation of

the price system in [6], we have

(14) b(thta E) = Sup{bd(ta Xtv Y%)v Tt < 515 < Rt}v
where
_4 R
V(X0 Vi) = =0, = 0,Y: — “Y; = 8,y — o7 (fi + d(t,5)) = 6)Ys.
t

By Proposition 3.6 and the BSDE comparison theorem in [6], the solution of
BSDE (13) is

(15) X; = ess sup{Xf; re < 0 < R},
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where X? satisfies the equation

(16) { _dXté = —[5tXt5 + Ufl(ﬂt +d(t,S) — 5t)Yt6] dt — Yté dWy,

X%:(ST_g)I{ST>K} Vit e [O,T]
The adjoint process of (16) is

ng = _Fi[és ds + Us_l(/js + d(t7 Ss) - 53) dWsL
‘=1 VseltT].

Thus
s I _ 2 s ~ _ o
It = exp{/ —0y — (@, + (v, 5;1)) %) dv —/ Ao+ d(v, 5) = 3, dWU}.
¢ 2JU ¢ Oy
Further, we have
S, SG) - 53)2

T ~
(17) X = BET%X3|G,] = E{exp{/ 5 Bt N
t

2
207%

TAS d(s,Ss) — 65 —
B / fis £ d(s, S.) dws}wT—g)I{sz}'gt}
t

Os

Since d(t, St), 0+, 0+ and 0;1 are bounded, it is easy to verify that u; is a Gaussian
process and satisfies

sup Efi; < oo, sup Ef? <oo, sup D < oo.
0<t<T 0<t<T 0<t<T

Further, we have

T ~ _ 2 T ~ _
I (R iy g RN S Y
0 0

2
207 Ot

It follows from the Girsanov theorem (see, for example, Theorem 8.26 of [17]) that

T -~ _ 52 T ~ _ o
dQ _ exp / (At d(tht) 6t) a _/ fie +d(t, St) — 6 aw, |
dp 0 20} 0 O

where Q is a risk neutral probability measure, and

t —
(18) Wt:WtJr/ “”d(z’s&) % ds
0 s
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is a standard Brownian motion under the probability measure Q. From (9) and (16),
we have

dSt = (515 - d(t, St))St dt + O'tSt th,
which is equivalent to
1
Sr =S, exp{ [5t —d(t, 8y) — Eat} (T — 1) + oo(We — Wt)}
and then .
{ —dX? = —[6; X0] dt — Y, dWy,

X$ = (St — s>k}
The adjoint process of the above BSDE is

drt = —T'6, ds,
‘=1 Vselt,T].

This gives

It = exp{/ —0dy dv}.
¢

Then we have

T
(19)  X? = EqQ[l%X4|G] = Eq [exp{—/ 8s ds}(ST — ) I(sr>x131Gt |-
t
This completes the proof. O

Corollary 3.1. When all parameters are constants, the price of a gap call option
with dividends under partial information is

Xy = e TG, N(dfH(Sh)) — ge TN (dg (),

where d(t,S;) = d, 0; = §, o, = o are constants and

d(Sy) =

1 St 1
T (Ke*(5*d)(T*t)) B
d3(Sy) = dj( St) + 0\/T

{Sr>K} = { L < dé(st)}

- = —Z/2d
m/_oo -
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Proof. From (19), we have

T
Xté = FEg {exp{—/ (5d8}(ST — E)I{ST>K}|Qt
t
= Eglexp{—6(T — ) }(St — O)I(s,>K}|G¢]
= Egle "SI 5,5 111Gt — €e T Eg[I{s, 5 10y]
_ _Ee—é(T—t)Q(I{ST>K}) + e—d(T—t)StEQ[eU(WT—Wt)—1/202(T—t)I{ST>K}]
—&e P TTIN(dy(Sh))

o0
1
+e—d(T—t)St/ e—“mx_l/%z(T_t)I{x<d§(St)}\/2_
: T

— — —_ —_ o ]‘ — Tr+o — 2
= —e TN (dS(Sy)) + e~ 4T t>st/oo—\/_e 1/2(z+oVT—t) Iy eap sy 42

e /24y

—6(T— 5 —d(T— —1 242
—€e  TTIN(dg(Si)) + e t)S/ " Tycap sy W

P(Se)
e NI N (A (S,)) 4 oA~ t)S/ —1/2y dy
7d(T t) SN(dé(St)) § —6(T— t)N d(S St))

and

0X;
96

which implies that X increases with respect to §. By (15) and (20), the option price

(20) =T —t)e” O~ VTIN(d)(Sy)) > 0

at time ¢ is
(21) X, = e ¥T=08,N(dl(S,)) — ce BTDN(dF(S,)).
This completes the proof. ([

If d =0 and Ry =ry = r, then (21) reduces to the classical gap call option pricing
formula, i.e.,

= SiN(d1(Sy)) — &e " T=I N (do(Sy)),

where

do(S) = w%{ln% +(r-5o) @ -}

dl(St) = d()(St) +ovT —t.

In the same way, we can get the gap put option pricing formula under partial infor-
mation either.
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4. OPTIMAL TRADING STRATEGY UNDER PARTIAL INFORMATION

In this section, we consider the optimal trading strategy under partial information.
Let xg be the initial wealth at time O of an agent. The investor wants to select
a portfolio in order to maximize the expected utility on the finite time interval [0, T7].

Definition 4.1. A trading strategy m = {m(t) = (w1 (t),...,7n(t)); 0 <t < T}
is an N-dimensional, measurable, G-adapted process such that

T
E/ 77 dt < oo,
0

where G is the augmented filtration generated by the price process S;.

Definition 4.2. A trading strategy 7 is called admissible if X" > 0, a.s.
te[0,T].

Definition 4.3. A function U: [0,00) - R U {—o0} is called a utility func-
tion if it is continuous, strictly increasing, strictly concave on its domain, continu-
ously differentiable on [0,00) with derivative function U’(-) satisfying the relation
lim U'(z) = 0.

Tr—r0o0

Our optimization problem is to maximize the expected utility from the terminal

wealth, i.e.,

(22) max E[U(X:"7)]

{Wt}0<t<T

over all admissible trading strategies. To find an optimal solution for the above prob-
lem, we can use both the information of the stock price and the optimal estimation
of p; which was obtained by using the filtering technique.

From the preceding section, we have
dXtIO’ﬂ— = [TtthO’ﬂ— + (ﬁt + d(t, St) — Tt)’ﬂ't

—(Rt — Tt)(thOJr — 7Tt)7] dt —+ 0T th,

dSt = //L\tSt dt + O'tSt th,
bor + 1t

Ot

(23)

dﬁt = aﬁt dt + th Vit e [0, T],

where {W}iejo,m) and {fit }+e[o, 1] are observable.

In an uncertain market, besides the expected profit, investors focus more on risk
or potential loss. In view of this, we consider the Constant Relative Risk Aversion
(CRRA) utility function which is defined as

lx” if v <0,
U(z) =4V
Inz ifv=0.
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First, we consider the case of v < 0, then the utility function is

(24) Ux) = %x”.

By using the It6 formula, we have

1 T0,T\V 1 v 1 T To,M\V—2 2 2
(25) E(;(XT ))—;x +38 | =Ty ot i

T
FE [ X 4 G+ dle S0~
0
= (Re = re)(X{0" —m) 7] dt

1 T
=z’ + E/ (X/0™) re dt
v 0

r 1
— E/O W |:Xt ’ [(7’} — Ut — d(t, St))’f('t

Zo,T — ]‘
+ (Re =) (X7 = m) ] + 5(1 - v)oia?] at.

Theorem 4.1. Under partial information, the optimal trading strategy for (22)
and (24) is

Zo,T
Xt

= o(v—1)

(re — pe — d(t, St)) + (Re —7t)

1—sgn(X;/0" — 7Tt):|
2 Y

where sgn(-) is the sign function.

Proof. In order to maximize the expected utility from the terminal wealth, we

should maximize (25), i.e., minimize the following term:
7r ~ - _ 1
M(ﬂ't) = thm [(’I“t — Mt —d(t,St))ﬂ't—F (Rt —’I"t)(thm —7Tt) ] + 5(1 —l/)O't27Tt2.

Let dM (m)/dm = 0. Then we have

1 — sgn(X;*" — )

0 [ o, 50) + () =22

+ (1 —v)oin =0,

which implies

X . 1 —sgn(X;0" — )
Wt:m (re — e — d(t, St)) + (Re — 1) 2t }
This completes the proof. O
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Corollary 4.1. If both the borrowing and lending interest rates are identical,
then the optimal trading strategy under partial information is

Zo,T
Xt

Ty = m(ﬁ — fir — d(t, St))-

Next, we consider the case of v = 0. In this case, the utility function is also called
the logarithmic utility function, i.e.,
(26) U(z) =Inz.

By using the It6 formula, we have
1 Zo,T ~
W [Xt [(re — e — d(t, St))me
t
1

+ (Rt . rt)(th’o,ﬂ' _ ’]'['t)_] —+ 5037&2} dt.

T T
E(In(X7"™)) = Inzo + E/ rydt — E/
0 0

Corollary 4.2. Under partial information, the optimal trading strategy for (22)
and (26) is

Xxo,ﬂ' N
m = = | + d(t, 81) =) = (B — 1)
t

1 - sgn(X7*" — )
2 )

where sgn(-) is the sign function. If both the borrowing and lending interest rates
are identical, then the optimal trading strategy under partial information is

xXo,T

T = t2 (ﬁt + d(t, St) - Tt).
Oi

Proof. The proof is analogous to that of Theorem 4.1. So we omit it here. [

For both utility functions, the optimal trading strategies heavily depend on the
filtered estimation of , i.e., fiy. Therefore, in the sequel, we compare the difference
of the optimal expected utility between full information and partial information. To
make the problem easy to analyze, we assume that all parameters are constant and
both the borrowing and lending interest rates are identical, i.e., ry = Ry = r, 0y = 0,
and d(t,S;) = 0. The terminal wealth under full information is given as

AXPOT = [PXEOT 4 (g — r)m] dt + om AW,
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and the optimal trading strategy is

Lo,
_ Xt

T —

o2 (Mt - 7’).

Therefore, the optimal terminal wealth under full information is

_ 24 o~
dX; = {T+M}Xﬁodt+m LXpo aws,
o g

Similarly, the optimal terminal wealth under partial information is
~ 2 ~ e
ax; = [r+ (e )7 | ar+ B0 aiw,
o o

Under the logarithmic utility function, the difference of the optimal expected util-
ity between full information and partial information is

1 g 2 e 2
E | (us—r)*ds—FE | (s—r)°ds|.
0 0

(27)  [E(XP) - Eln(X7)] = 5

For pi, the unique solution of SDE (3) is

t t
(28) e = ne + / be®(t=9) qW, + / ce®t=9) qV/,.
0 0

It is easy to verify that u; is Gaussian on the space (Q,F,F:,P). Then we have
Euy = fige®t and

t
But = o+ ) + [ (02 + e s,
0
where fip = E(uo) = E(n) and yo = E[(uo — fi0)*] = E[(ko — E(0)?].
For [it, it follows from (9) and (10) that

tha

- - bo +
dpy = ap dt + > gL

which implies that
t ~ o
(29) fie = fioe™ + / (b + f)e““*) div,.
0
Then, from (11) and (18), we have

t
(30)  fir = flgedo am T re/o)ds +/ Lo+ 2 )eliame it/ an g,
g

o O

t
b [ (b Lottt s,
0 g )
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where

_ By LeB2—B1)t/0”
fytzﬂl 62 © N Blza(aa—b—\/m),

1 — LoB2—Bi)t/o?

B2 = o(ac — b+ v ao? — bo + ¢2),

— _ t — 1 o~ t o~
L:FyO il and Wt=Wt—|—/ Mds:VVt—/ Hs rds.
Yo — B2 0o O 0o O

By (28) and (30), the difference of the optimal expected utility between full infor-
mation and partial information (27) can be further written as

|Eln(5(:§°) —Eln(X7°)| = (b% + 2 + 2a70) (e®**T — 1) — 2a(b* + A)T

8a202

T rs 2
- 4a2/ / (b + k) e22(5=v) 4y ds
0Jo a

Obviously, the difference is decreasing with respect to both ¢ and ~g.

5. CONCLUSIONS

This paper addresses a gap option pricing problem with dividends under partial
information. Since investors could not observe complete information in financial
markets, it is more realistic to consider how to price financial derivatives under
partial information. By using the filtering technique, a Black-Scholes formula for
pricing a gap option is derived. Although we only focus on the gap option, this
method could be applied to other European-type options. In the last part of this
paper, we solve a utility maximization problem of an investor who wants to maximize
the expected utility from the terminal value of his portfolio on the finite time interval
[0, T] under partial information. By using the filtering technique, the problem under
partial information can be transformed into the classical problem.

Future studies can go one step further by adapting the proposed method to the
valuation of American-type options. Moreover, it would be more interesting to gen-
eralize the model to discuss the portfolio selection problem under partial information.
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