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Abstract. We propose a new method for studying stability of second order delay differ-
ential equations. Results we obtained are of the form: the exponential stability of ordinary
differential equation implies the exponential stability of the corresponding delay differential
equation if the delays are small enough. We estimate this smallness through the coefficients
of this delay equation. Examples demonstrate that our tests of the exponential stability
are essentially better than the known ones. This method works not only for autonomous
equations but also for equations with variable coefficients and delays.
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1. INTRODUCTION

The main object of this paper is the second order delay differential equation
m

(11)  2"()+ ) ait)a'(t - 0;(t)) + Zb z(t —7;(t) = f(t), t€][0,00),
i=1

with a corresponding initial function defining what should be set in the equation
instead of z(t — 7;(t)) when t — 7;(t) < 0 or «/(t — 6;(t)) when ¢t — 6;(t) < 0. For
simplicity and without loss of generality we can consider the zero initial function

(1.2) x(&) =2/ () =0, for £ <0.

Concerning the coefficients, delays and the function f we assume that f, a;, b;, 74, 6;
(¢ =1,...,m) are measurable essentially bounded functions [0, c0) — (—o0, ), and
i()/0,9i()/0fort/0.
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Various aspects of oscillation and the asymptotic behavior of solutions to this
equation were studied in the known books [13], [18], [20]. Various applications of
equation (1.1) and its generalizations can be found, for example, in the theory of
self-excited oscillations, in oscillation processes in a vacuum tube, in dynamics of
an autogenerator, in description of processes of infeed grinding and cutting (see the
book [17]), in position control in mechanical engineering (for example, the model of
container crane: it is important the crane to move rapidly, the payload may sway and,
as a result, the crane operator can lose control of the payload), in electromechanical
systems, in combustion engines [14]. It was noted in [7], [8] that the equation

(1.3) 2" (t) + a1z’ (t) + agx’(t — 7) + bra(t) + bex(t — 7) = 0,

in the case b1bs < 0, is of interest in machine tool analysis, in biology in explaining
self-balancing of the human body and in robotics in constructing biped robots [15]
(see bibliography in [7], [8]). The problem of stabilizing the rolling of a ship by the ac-
tivated tanks method in which ballast water is pumped from one position to another
was reduced in [19] to the analysis of stability of the second order equation (1.1).
Stability of delay equations was studied in the book [17]. Note the results on
stability of autonomous equations obtained there. Stability and instability of second
order autonomous delay differential equation (1.3) with constant coefficients and
delays were studied in [7], [8]. These results were based on Pontryagin’s technique
for the analysis of roots of quasi-polynomials [22]. Results on stability of the equation

(1.4) 2"(t) +ax' (t) +bz(t —7) =0, a>0,b>0,

were obtained in [4] by the method of Lyapunov’s functions. It was proven by
Burton (see [4]) that the simple inequality b < a implies the exponential stability of
equation (1.4). Other results obtained by the method of Lyapunov’s functions were
presented in the papers [6], [23]. In [5] the technique of fixed point theorems was
used for the analysis of stability of equation (1.1). Quite different results for stability
of equation (1.4) by a development of the fixed point method were obtained in [3].
First results on the exponential stability of the equation

(1.5) 2" (8) + a(t)z' (t — O(t)) + b(H)a(t — () =0, a(t) >0, b(t) > 0,

without the assumption 0(t) = 0, as far as we know, were obtained in [11] and then
developed in [2]. Asymptotic properties of equation (1.5) without damping term (i.e.;
in the case a(t) = 0 for ¢t € [0,00)) were studied in ([20], Chapter III, Section 16,
pages 105-106), where instability of the equation

2’(t)+bx(t—7)=0
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for every pair of positive constants b and 7 was obtained. Conditions of instability
of the equation

1.6)  2"(t)+ ibi(t)x(t — (1) =0, b(t) >0, () >0, t €[0,00)

i=1

with variable coefficients and delays were obtained in [10].
The condition fooo 7(t)dt < oo is necessary and sufficient for boundedness of all
solutions to the equation
2"(t) +bx(t —7(t)) =0

(see [10]). Results about boundedness of solutions for vanishing delays (;(t) — 0 for
t — o00) and about asymptotic representations of solutions were obtained in [16], [21],
see also ([20], Chapter III, Section 16). Boundedness of solutions for equations with
advanced arguments (7;(¢) < 0) was studied in [12]. First results on the exponential
stability of the equation ' (t) + ax(t) — bx(t — 7) = 0 with constant coefficients and
delay were obtained in [7], [8]. First results on the exponential stability of the second
order equation (1.6) without damping term and with variable coefficients and delays
were obtained in the recent paper [9].

Let us try to imagine situations in which variable delays and coefficients arising
in the delayed feedback control may be important: 1) the case of control for mis-
siles, where the delay depends on their distance from the controller and is variable;
2) spending of fuel implies the change of the mass of the missiles that leads to variable
coefficients in the delay system.

We understand a solution of equation (1.1), (1.2) as a function z: [0,00) —
(—00, 00) with absolutely continuous on every finite interval derivative 2’ and essen-
tially bounded second derivative z”/ which satisfies this equation almost everywhere.

The general solution of equation (1.1), (1.2) can be represented in the form [1]

(1.7) o) = [ C(t.5)(5)ds 21 (2)2(0) + ()2 (0)

where z1(t), z2(t) are two solutions of the homogeneous equation (1.8), (1.2), where

(1.8) (1) + Y ai(t)a' (¢ = 0:(0) + Y bi(B)a(t — :(t) =0, ¢ € [0,00),
i=1 1=1

satisfying the conditions

(1.9) 21(0) =1, 21(0) =0, 22(0) =0, 25(0) = 1;
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the kernel C(¢, s) in this representation is called the Cauchy function (fundamental
function in other terminology) of equation (1.1).

Note that in the classical books on delay differential equations [13], [18], [20], the
homogeneous equations are considered as equation (1.8) with absolutely continuous
initial function

(1.10) 2(6) = 9(), 2'(€) = ¢(€) for £ <0.

Let us formulate several definitions concerning stability.

Definition 1.1. Equation (1.8), (1.10) is uniformly exponentially stable if there
exist N > 0 and a > 0 such that the solution of (1.8), (1.10), where

{E(f) = 50(5)7 (E/(f) = Sﬁl(f)a f <o, {E(to) = Zo, {E/(to) = xé)v
satisfies the estimate
(1.11) lz(t)] < Ne~@=t0) |2/ (#)| < Ne~*(t=t) 0 <t < o0,

where N and a do not depend on tg.

Definition 1.2. The Cauchy function C(%,s) of equation (1.1) satisfies the ex-
ponential estimate if there exist positive N and « such that

(1.12) |C(t,s)| < Nem =% |Cl(t,s)] < Ne7@(=%) 0 < s <t < oo0.

It is known that for equation (1.1) with bounded delays these two definitions are
equivalent [1].

In this paper we develop the approach of the paper [2] and improve essentially its
results on the exponential stability. In the corresponding cases we improve the noted
above Burton’s result [4] for equation (1.4) (see Remark 2.4 below). Our technique
in the study of the exponential stability is based on the Bohl-Perron theorem: for
equation (1.1) with bounded delays, the exponential estimate of the Cauchy function
is equivalent to the fact that for every bounded right hand side f, the solution x and
its derivative 2’ are bounded [1].

The paper is built as follows. In the first section we describe known results on
asymptotic properties of second order delay equations. In Section 2, we formulate the
main results of the paper and compare them with known results. Auxiliary assertions
can be found in Section 3. Proofs of the assertions, formulated in Section 2, can be
found in Section 4. An open problem is formulated in Section 5.
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2. FORMULATION OF MAIN RESULTS

Let us consider the following ordinary differential equation:
(2.1) 2" (t) + Az’ (t) + Bz(t) = 2(t), t€[0,00), A>0, B> 0,

where z is an essentially bounded measurable function with constant positive coef-
ficients A and B. Denote by W (t,s) the Cauchy function of equation (2.1). It is
known that for every fixed s the function W (¢, s), as a function of the variable ¢,
satisfies the homogeneous equation

(2.2) 2"(t) + A2’ (t) + Ba(t) =0, t € [s,00),

and the initial conditions

(2.3) z(s) =0, 2'(s)=1.

It is known that the solution of the equation (2.1) which satisfies the initial con-
ditions
(2.4) z(0)=0, 2(0)=0

can be written in the form

(2.5) () = /O Wit 5)(s) ds.

Its derivatives are

(2.6) Z'(t) = /0 W/(t,s)z(s)ds, z"(t) = /0 W/i(t,s)z(s)ds + z(t).

Let us denote

t—00 >0

¢
(2.7) |[W| = lim sup/ |W(t,s)|ds,

(2.8) W] = Jim sup/ W/ (t,s)|ds, |W/]= Jim sup/ |W/i(t,s)| ds.

Denote by A; and B; the average values of the coefficients a;(t) and b;(¢) in

equation (1.1), respectively. To connect equations (1.1) and (2.1) e suppose below

that the coefficients A and B in equation (2.1) are the sums A = Z A;, B= Z B;.
i=1

Denote also Aa;(t) = A; — ai(t), |Aa;|* = esssup|Aaq;(t)], Abi(t) = B; — bi(1),

=

|Ab;|* = esssup |Ab;(t)|, 0F = esssupb;(t), 0* = max 0, 7} = esssup7;(t), 7" =
>0 t>0 i=1,...,m t>0

~max 7.

i=1,....,m
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Theorem 2.1. Let A > 0, B > 0 and let the following inequality be fulfilled:

(2.9) D AO{IWH+ 13 + > 1 Aail W
i=1 i=1

Y BT W+ ) AL W < 1.

i=1 i=1

Then the Cauchy function C(t,s) of equation (1.1) and the fundamental system
x1(t), x2(t) of equation (1.8), (1.2) satisfy the exponential estimate.

Remark 2.1. Denoting P = |W|, @ = |W{|, R = |W/}|, we have a simple geo-

m
metrical interpretation of this result. Let as define the coordinates: X = > |A;|67,
i=1

m m
Y = > {|Aa|* + |Bil7}}, Z = |Ab;|*. Condition (2.9) is fulfilled for every inte-

=1 i=1
rior point (X, Y, Z) of the pyramid bounded by the planes (1+R)X +QY +PZ =1,
X=0,Y=0,Z=0.

Remark 2.2. It is clear from inequality (2.9) that in the case, when the coef-
ficients a;(t) and b;(t) (i = 1,...,m) are close to constants, the second and fourth
terms are small, and in the case of small delays 0;(¢) and 7;(¢t) (i = 1,...,m), the
first and third terms are small. We can make the conclusion that in this case equa-
tion (1.1) preserves the property of the exponential stability of equation (2.1).

Remark 2.3. Below in Section 3 we compute the exact values of |W/|, |W/| and
|[W/i]. It is clear from inequality (2.9) that in the case of exact |W|, |W/| and |W/{|,
we can obtain better tests of the exponential stability. Let us compare exact values
of [W|, |W]| with their estimates obtained in [2]. For A = 3, B = 1.25, we have the
case A2 —4B =4 > 0 and |[W| = 0.8 in both works in this situation. Concerning
|[W/| we have |W/| = 3, according to [2], and |W{| ~ 0.53499, according to our result.
For A = 3, B = 2, we have also the case A2 — 4B =1 > 0. In both cases |W| = 0.5.
Concerning |W/| we have |W}| = 6, according to [2], and |W/| = 0.5, according to our
result. For A =1,B =1, we are in the case A% < 4B. We have |W| = 2, according
to [2], and |W| &~ 1.6044, according to our result, and |W}| = 3.15, according to [2],
and |W/| ~ 0.551, according to our result. For the case A? = 4B, we have in both
cases |W| = 1/B. Concerning |W/| we have |W/| = 2/+/B, according to [2], and
|W/| = 2/(ev/B), according to our result.
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Theorem 2.2. Let A > 0, B > 0, A?> > 4B and Iet the following inequality be
fulfilled:

m

2 A — /A2 — 4B (A-VA?—4B)//A*—4B
2.10 A6} +1
( ) ;' | {A+\/A2—4B{A+\/A2—4B} }

S x 4 A — /A2 — 4B (A—VA—1B)/(2VA*—4B)
+Z|Aai| " \/27{ : }

i=1 +VA2 4Bl A4 /A2 — 4B

S * 4 A — /A2 — 4B (A-VA2-4B)/(2V/A2-4B)
+Z|Bi|7'i 1 \/27{ 5 }

= +VA2 — 4B\ A+ /A2 — 4B

“ 1
i=1

Then the Cauchy function C(t,s) of equation (1.1) and the fundamental system
x1(t), x2(t) of equation (1.8), (1.2) satisfy the exponential estimate.

Theorem 2.3. Let A >0, B > 0, A?> = 4B and let the following inequality be
fulfilled:

m . A m .
(2.11) ;|Ai|9i{2+§—(1—z)ei2}+;|Aa¢| %

m m
+> |Bil7; Te + ) |Ab 5 <l
=1 =1

Then the Cauchy function C(t,s) of equation (1.1) and the fundamental system
x1(t), x2(t) of equation (1.8), (1.2) satisfy the exponential estimate.

Theorem 2.4. Let A >0, B > 0, A? < 4B and Iet the following inequality be
fulfilled:

m

ZVL‘W?{Ai% + 1}

i=1

(2.12)

m 9 ex
i=1 \/E

i 2 €xp [_ /25— A2
2 75

m 1 1—|—eXp(—\/43Aﬁﬂ)
+ Abi[*—
;' il B1- exp(— A )
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Then the Cauchy function C(t,s) of equation (1.1) and the fundamental system
x1(t), x2(t) of equation (1.8), (1.2) satisfy the exponential estimate.

Let us formulate corollaries for the equation

(2.13) 2 (t) + Ax'(t — 0(t)) + Bx(t — 7(t)) = f(t), t€[0,00),
where
(2.14) x(€) =0, 2/(§) =0 for £ <0,

A, B are constants and 6(t), 7(t), f(t) are measurable essentially bounded functions.

Denote 0* = esssup§(t), 7* = esssup 7(t). All the corollaries are results of substitu-
>0 >0

tion of the values |[W/|, |W/| and |W/]| in Theorems 2.2-2.4.

Corollary 2.1. Let A >0, B >0, A2 > 4B,

_JAZ — (A—+/AZ—4B)/\/A2—4B
(215) 40" {1+ 2 {A A 43} }
A++VA2 — 4B\ A4+ A2 — 4B
4 A — /A2 — 4By (A—VA2—4B)/(2VA2—4B)
+Br (At <1
A++VA2 - 4Bl A+ /A% — 4B

Then the Cauchy function C(t,s) of equation (2.13) and the fundamental system
x1(t), 2(t) of equation (2.13), (2.14) satisfy the exponential estimate.

Corollary 2.2. Let A >0, B >0, A2 = 4B,

(2.16) A9*{1+§—(1—§)é}+7*%<1.

Then the Cauchy function C(t,s) of equation (2.13) and the fundamental system
x1(t), x2(t) of equation (2.13), (2.14) satisty the exponential estimate.

Corollary 2.3. Let A >0, B >0, A2 < 4B,

A VIB—A?
2Bo* exp | ———=—5 (1 + arctg*==—""
217) A0+ —20 4 2V/Br v ( T .
B -4 1= exp [~ 757

Then the Cauchy function C(t,s) of equation (2.13) and the fundamental system
x1(t), x2(t) of equation (2.13), (2.14) satisty the exponential estimate.

Remark 2.4. For the case a =1, b = 1, the result b7 < a by Burton [4] leads us
to the condition 7 < 1 for the exponential stability of equation (1.4). Corollary 2.3
claims that for 7 < 4 equation (1.4) is exponentially stable.
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3. VALUES OF INTEGRALS OF THE MODULUS OF CAUCHY FUNCTIONS
FOR AUXILIARY EQUATIONS

Consider all possible cases: 1) A%2 > 4B, 2) A2 = 4B, 3) A% < 4B.

Lemma 3.1. Let A >0, B >0, A2 > 4B. Then

(3.1)  lim sup/ [W(t,s)|ds ==

t—00 ¢>0

(3.2) hm Sup/ |W/(t,s)|ds

A — /A2 — 4B (A-VA2-4B)/(2V/A?-4B)
T A+ m { A+ m} ’
83) Jim sup [ WG s
9 A— JAZ (A—VA2—4iB)//A2—4B
T2 +VA2 — 4B { A+ m} '

Lemma 3.2. Let A >0, B >0, A2 =4B. Then

3.4 1 W(t,s)|ds = —=
@ ti sy [ V0914 =
4
(3.5) lim sup/ W/ (t,s)|ds =—
t—00 >0
A Ay 1
(3.6) Jim iglg/o Wii(t,s)[ds =1+ - — (1 —~ Z)6—2.

Lemma 3.3. Let A >0, B >0, A2 < 4B. Then

1 1+4exp T
(3.7)  lim sup/ ‘W (t,s ‘ds— = '4B A%
t—o0 4> exp(—mﬂ

)
3

\/413 Az
! 2 €Xp[— T+ arctg
(3.8) lim sup/ }Wt’(t’ s)| ds = = [ m( )] |
t—00 4>0 VB 1— eXp[ 4B T ]
2B
3.9 lim su W/i(t,s)|ds = ———.
(39 B t>‘8/' albs)lds = om—s
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Proof of Lemma 3.1. The characteristic equation for (2.2) is
(3.10) k* 4+ Ak + B = 0.

Solving the characteristic equation (3.10), we obtain

 —A-/A2_4B

A4+ VAT—4iB
(3.11) ki = kg = 2 .

2 2

Substituting the initial conditions (2.3), we get

1 —A+ VA% - 4B
Ja—ap 7P 2
—A—+A%2 - 4B
—exp 5 (t—9)| v,
1 {—A+\/A2—4B exp[—A+\/A2—4B
VA2 — 4B 2 9
(—A—+/A2—-4B)

- 5 exp [

1 —A++A2—4B QGX —A+A2 - 4B
JAZ—1B 2 P 2

(AT [T

(3.12) Wi(t,s) =

(t-9)]

(3.13) W/(t,s) =

(-]
‘A‘“fﬁ(t—@]},

(3.14) Wi(t,s) = (t— s)}

The proof of (3.1) follows from [11].
Let us find the points where the derivative W/(t, s) as a function of ¢ for fixed s

changes its sign. We have

1 ! A++VA?2—-4B

3.15 t—s= n .
( ) VA2 —4B A—-+A?2-4B
Denoting

1 A++VA%2—-4B
(3.16) # m At

T VAZ_4iB A_JAZ_4iB
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we see from formula (3.13) that W/(t,s) > 0 for t — s < t* and W/(¢,s) < 0 for
t — s > t*. We can compute for ¢t > t* the integrals

t t—t* t
/ Wiks)ds=— [ Wits)ds+ [ Wit s)ds
0 0

t—t
_ 1 exp —A+ VA2 - 4B .| _ exp —A- \/mt*
- VA2 4B 2 2
1 A+ VAZ_IB _A-VAT—4B
—exp t| +exp 5 t

+7

A% — 4B 2

1 { [ A—l—\/A2 4B }
———=9—1+exp

- VAT,
2
1 { [—A+\/A2—4B *} [—A— A? — 4B *}}
= ———=92exp t*| —2exp t
VA2 — 4B 2 2
L 1 B —A+ VA2 _4Bt n —A— A2 _4Bt
T D exp 5 exp 5

2 {[AJF\/m](—M A7—4B)/(2V/A—4B)

—|—1—eXp[_

A2 —4 VAT 4B
A4+ AT 3B ATVATAB)/(2VAT-4B)
i) |

1 o [FATYVAEZAB] (A VAR B,
—_— X — €ex
VAZ—ap | P 2 P 2
_ 92 {|:A+ /A2_4B:|(—A+\/A2—4B)/(2\/A2—4B)|:1_ (A— /A2_4B>:|}
A2 — 4B — VA2 - 4B A++VA2 - 4B
1 —A+\/A2—4Bt —A—\/A2—4Bt
—— =1 eX —ex
VAZ 4B | P 2 P 2
B 4 {[A—I-\/M] (—A++VA2—-4B)/(2 A24B)}
A4+ VAT 4B — VA2 = 4B

. —A+\/mt} _exp{—A—\/mt]}.

1
m{exp[ 2 2

After the passage to the limit, we get the equality

(3.17) lim Sup/ |[W/(t,s)|ds

=00 4>0

4 \/m (A—VA2—-4B)/(2V/A%2—4B)
T AL /AT 4B[A+x/A2 43]
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Let us find the points where the derivative W//(t, s) as a function of ¢ for fixed s
changes its sign. We have

2 ! A++VA%2—-4B

3.18 t—s= n .
( ) VA2 —4B A—+A?2-4B
Denoting

2 A++VA2—-4B

(3.19) £ mat

T VA_iB A-JVA_iB

we see from formula (3.16) that W/i(¢t,s) < 0 for t — s < ¢* and W/(t,s) > 0
for t — s > t**. Using the roots (3.11) of the characteristic equation (3.10) we can
compute for ¢ > ¢** the integrals

t

t t—t**
/|Wﬂu$Ms:—/‘ Wi s)ds+ [ Wt s)ds
0 0

o

) .
= / [kfekl(t*s) — k‘%ek?(tfs)] ds
0

ko —ky
1 t
+ / [k%ekl(t_s) — k%e]@(t_s)] ds.
ko — k1 Ji_pee
Denote
1 t—t**
(3.20) I = E— / [kfekl(t_s) — kgekZ(t_s)] ds,
2 — K1 Jo
1 t
(3.21) R — / [k2ek1(t=8) _ 2ek2(t=9)] 4.
g
We obtain
1 . .
hz—b_kJmJﬁ—@Jﬁ—mJﬂ + ka2t

1 [A+\/A2—4B (—14—\/142—431 A+\/A2—4B>}
= exp

T VAT_iB 2 VAZ 4B  A_JAZ_iB
| [-A+VAT 4B [(-A+VAT_4B._ A+AZ_iB
‘m{ 2 eXp( VA 1B 1“A-¢mﬂ
k k
_k2_1klek1t+k2_2klekgt
1 A+\/m A+\/m (—-A—+/A2—-4B)/\/A2—4B
:‘m[ 2 (A—M) ]
1 —A+ VAT 4B [ A+ VAZ = 4B\ ATYATTAB)/ VAT
‘m{ 2 (A—M) }
k k
_k2_1k16k1t+k2_2klek2t;
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1
k2_k1
“A— AT _AB[ A+ VAT —4p | (-A-VAT-iB)/VAT-1B
2v/AZ — 4B { _\/m]
_ VAT IB[A+ VAT —4p]|(A+VAT-4B)/VAT-1B
2VA? — 4B { _\/m}
A— JAZ —4p]A- VAR -4B)/VAZ-4B .
T e o
[A+\/m:| A+ VAZ_4iB

—-A—+VA2—-4B
A2
\/1427 (A++VA%2—-4B) eXp( > t)
— A2 —
! (A—+A%2—-4B) exp( At A 4Bt>

I =

[—k?l + kleklt** + ko — erkzt**]

L+L=1-

~ 9J/A2 _4B
9 \/m (A—VA2—-4B)//A2—4B
AT VAZ _4B {A 1Az Z 43} '

After the passage to the limit, we get the equality

(3.22) lim sup/ |W/i(t,s)|ds

t—=00 4>0

9 — \/A? — AB(A—VA?=1B)/VA"—1B
A+\/A2 4B A+\/A2 43} '

Lemma 3.1 has been proved. O

Proof of Lemma 3.3. Solving characteristic equation (3.10), we get

—A 4B — A2 —A V4B - A2
e S R T T

and substituting initial conditions (2.3), we get

(3.24) W (t,s) = mexp[—a(t — s)]sin B(t — s),
where
(3.25) oA govaB-A 2

2’ 2 T ViB_ A2
(3.26) W/(t,s) = m{—aexp[—a(t — s)]sin B(t — s) + Bexp[—a(t — s)]cos B(t — 5)},

which can be rewritten in the form
(3.27) W/ (t,s) = —m+/a? + B2 exp[—a(t — s)]sin(B(t — s) — o),
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where g = arctg(v4B — A2/A).
(3.28) W/i(t,s) = my/a2 + B2Zexp[—a(t — s)]sin(B(t — s) — 2¢0),
/ W (t, 5)| ds = / mexpl—a(t — s)]| sin(B(t — )] ds.
0 0

Denoting t — s = ¢, ds = —d¢, n = |ft/n|, where |g| means the floor integer part
of g, we can write

t
/0 mexp|—ac]|sin(6¢)| d¢
n—1

S [ et ei-asina dc+ [ m(-1)essl-adsin(s0) ac
- m(—1)" exp[—a(] sin + m(~1)" exp[~a(]sin
A p nr/B ’

k=0 Y k=/B
n—1

(k+1)n/B

kn/pB
t

B cos B¢ + asin 5¢
B a? + (32 }
_Bcos/g’g—f—ozsinﬁﬂ}

a2+62

= g(—nk[(—mexp(—@)—<—1>k+1exp(—%—%)}

m(~1)* exp[-ac]|

+ m(—l)”{ exp[—a(] [ nr/p

B

+ (=1)""{exp[—ad][B cos B¢ + asin A},

"
mp = kan o
2 el ) o(2)

#662(—1)” [exp(—%) cosnt — exp(—at) (5 cos ft + asin Bt)}

mpB  [1—exp(—nan/B)] (1 + exp(—na/B))
a? 4 (2 1 — exp(—na/B)

B exp(—%) — exp(—at) (S cos ft + asin Bt)] .

+ |
OéQ +62
After the passage to the limit, we get the equality

mfB 1+ exp(—na/B)
a? + 21— exp(—ne/B)’

t
lim sup/ [W(t,s)|ds =
0

t—o00 t>0

and substituting «, 8 and m from formulas (3.28) we obtain

_ 11+ exp(—nd/V4B — A%)
- B1- exp(—nA/VA4AB — A?)’

¢
lim sup/ |[W(t,s)|ds
0

t4mnt>0
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Now we obtain
0= [ Wil ds =my/a T 7 [ espl-a(t o)l sinfi - 5) - )] ds
= /a5 7 [ expl-ar) sinr — )] dr
GE | " exp(—ar)sin(@r - go)dr

(k+1)x/B+wo/B

+ Z(—l)k / exp(—ar7)sin(f1 — o) dr
k=0 krn/B+¢o/B
t
+ (—1)”/ exp(—aT)sin(B1 — o) dr|,
nr/B+eo/B

where n = L(tﬂ —v0)/ TEJ. Continuing this computing, we obtain

I(t) = — o exp(—ar)asin(ST — @o) + B cos(BT — @o)] go/ﬁ

}

m Z F exp(—ar)[asin(Br — po) + B cos(Br — gg)]|FF /A e0/B
(e}

kn/B+po/B

= (1" explam)lasin(dr — o) + Beos(37 ~ 0l

T

T (=) lasin(—iu) + B eos( )]

Bl NGNCTRS )t
_ exp(—a(%]q + %)) (_1)k5}
_ a2m+ = (-1 {exp(—at)(a sin(Bt — o) + Bcos(Bt — o))
—exp(-a(Gn+ 7))8-0"]
\/#/82 [ﬂ cos o — asin g — exp(—%¢0)5]

n—

T

[

= $o
+ N [ﬁexp( B(k:+1)—aﬁ)+exp( aﬂk_afﬂ
\/#52 (=1)" (asin(Bt — o) + Beos(Bt — ¢o)) exp(—at)

pon(-ans )
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- \/#/52 [—5 eXp(—%QOO) + 5exp(—%§00) kZ:O (1 + exp(—%n)) eXp(—%nk)}
= [(_1)n+1(0¢ sin(Bt — o) + B cos(Bt — vo)) exp(—at))

TR

T )

+6exp(—a(5n+ F))]
m @ a 1—ex (—Qrm) a
= \/ﬁ [/5’ eXp(_B%) (1 + exp(—gn)) T ool—am ejp(_ﬁ%n) - 5exp(—g¢o)}

L [(~1)" (asin(Bt — o) + Beos(Bt — o)) exp(~at))

Mo

+ Bexp(—a(gn + %))}
After the passage to the limit, we obtain
1+ exp(—$%mn
i 1) = s e () o T~ ()]

B mp 2exp(—%1‘c) exp(—%gpo)

V1o e(-59
2 exp[— g (T + o)
B ﬁ 1 —exp(—\/ﬁn) ’
where g = arctg(M/A).

Now we obtain

J(t) = /O [Wii(t,s)|ds = m(a® + 52)/0 exp[—a(t — s)][sin(B(t — ) — 2¢0)| ds

t
=m(a® + ,6’2)/ exp(—ar)|sin(81 — 2¢pg)| dr,
0
and denoting ¢; = 2¢¢, we obtain
t
J(t) = m(a® + ﬂQ)/ exp(—arT)|sin(81 — 1) dr
0

and using the methods developed in computing I(¢) in the previous part, we obtain

J(t) = m[ﬂexp(_%wl) 1+ eXp(_ s

1-—- exp(—
£m[(-1)™ (asin(Bt - 1) + Beos(Bt — 1)) exp(~at)
+ Bexp(—a(%n + % )}
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After the passage to the limit, we obtain

i 70 = e (-G R T — pexn(~50)]
_mﬁexp(—%Qﬁ)Hi—zz:E gg 1}
24 exp(~ )
= 2000~ 7)1 exp(fjjjn) |

Thus we obtain ( ( ))
2exp(———===2po+ 1
lim J(t) = I .

t—o0 1 —exp (7ﬁn)

Proof of Lemma 3.2. Solving characteristic equation (3.10), we get

and substituting the initial conditions (2.3), we get
A
W(t,s) =(t—s) exp{—;(t - s)},
A
/ —_— _ p— —_— —
W (t,5) = (1 St s)) exp[ (t s)},

Let us compute the integrals fot |[W(t,s)|ds, fot |W/(t,s)|ds and fot |W/i(t,s)| ds:

K —A 4 2t 4 A
|Wt5)|d5_/(t_5)eXP[ B) (t—s)}ds:ﬁ (A AQ)exp(—;t)7
and after the passage to the limit we get

) ¢ 4 1
lim / W (t,5)lds = 5 = .

t—o0 0

Let us compute the integral

/Ot (W/(t, )| ds = /Ot ‘(1 - g(t— s)) exp[—?(t— s)] \ ds

for sufficiently large t.
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We can find the point t* = 2/A, such that the derivative W/ (¢, s) changes its sign
at the point ¢t — s = t*. We have

/Ot [W/(t,s)ds = —/Ott* (1 — g(t — s)) eXp[—g(t - s)} ds
?(t—s)) exp[—?(t—s)} ds

After the passage to the limit we get the inequality

¢ 4
i ! = —.
im / W) ds = -

t—o0 0

Let us compute

/Ot|Wt’t'(t,s)|ds=/Ot‘é(A(t—s)—4)exp[—§(t—s)”ds.

We can find the point t** = 4/A such that the derivative W{(t, s) changes its sign
at the point t — s = t**. Then

t t
A
/|W;z<t,s>|ds:/ A
0 0

TAW = 5) — 4 exp {—?(t - s)} \ ds,
/Ot Wt )| ds = /OH** ?[A(t —§)— 4] exp {—?(t ~5)] ds

S- 32 2) ¢ (- ) en(-50).

After the passage to the limit, we obtain

1im/ |Wt’t’1ﬁs)|ds—1—i2 é(1+l).

t—o0 4 62
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4. PROOFS OF MAIN THEOREMS

Consider the equation

(4.1) (¢ +Zaz t))+§:bi(t)x(t—n(t)) = f(t), tel0,00),

(4.2) z(§) = (7: 0, for&<O.

It is known [1] that in the analysis of stability, we can consider only the zero initial
conditions

(4.3) z(0) =0, 2/(0)=0.

Let us write equation (1.1) in the form
a”(t) + Az’ (¢ +Zaz i(t)) + Bx(t) — Bx(t)
+Zb a(t—7(t) = f(t),

and

2’ (t) + Az’ (t) + Ba(t) — Z A; /t 2"(s)ds — Z Aa;(t)a' (t — 0;(t))

—0,(t)

—ZB/ ds—ZAb z(t —7i(t)) = f(t), te€[0,00).

t—T; (t)

Let us make the so called W-transform [1], substituting

(4.4) x(t):/o W(t, s)z(s)ds

where z € Lo (Lo is the space of essentially bounded functions z: [0,00) —

(—00,00)), into the last equation. It is clear that

(4.5) /Wts s)ds, z” /Wt'éts s)ds + z(t).
We get the equation

(4.6) z(t) = (K2)(t) + f(b),
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where the operator K: Lo, — Lo is defined by the equality

;Aia(t—éi /tm{/ W (5, €)2(€) dé + (s )}ds
m t—0:(t)

3 Aai(to(t - 6:(1)) / WI(t — 05(2), 5)2(s) ds(t)
i=1 0

Bio(t — 7i(t SW;S, z(€)d€ds
P By [ [ wiegue

m t—73(t)
£ Ab(@olt - 7i(1) /0 W(t, s)(s) ds,

() (K2)(0) =

and

ws) 0 1, t>0,
. g =
0, t<0.

Let us denote |K| = tli>rgosupt>0(K1)(t). The inequality (2.9) implies that |K| is
less than one. There exists a bounded operator (I — K)™': Lo, — L. For every
bounded right hand side f, the solution z of equation (4.6) is bounded.

In the case A > 0 and B > 0, the Cauchy function W(¢,s) and its derivative
W](t,s) satisfy the exponential estimates. The boundedness of the solution x of
equation (1.1) and its derivative 2’ follow now from the boundedness of z. According
to Bohl-Perron theorem [1], the Cauchy function C(t,s) of equation (1.1) and the
solutions z1 and xo satisfy the exponential estimate.

To prove Theorems 2.2-2.4 we set the values of |W|, |W/| and |W};|, obtained in
Lemmas 3.1-3.3, into (2.9).

5. OPEN PROBLEM

In the previous works on the exponential stability of equation (1.1), it was assumed
that a; > 0foralli =1,...,m (see [2], [4], [3], [11]) and a; =0 foralli =1,...,min
the paper [9]. Ounly for a spemal casem =2, a; > 0,7 =0, az <0 and 7 = const,
stability of equation (1.1) is studied in the papers [7], [8]. It should be stressed
that assertions on stability of our paper could be true for equation (1.1) also in the

m

case when several among the coefficients a; are negative, but the sum A = > A;
i=1
of all average values A; of the coefficients a; is positive. Is it possible to obtain

the exponential stability of equation (1.1) in the case of negativity of all coeflicients
a; < 0 for all i = 1,...,m, and consequently A < 0?7 Such results are considered
impossible, but, in our opinion, assertions of this sort will be proved in a future.
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