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Abstract. We prove and discuss some new (Hp, Lp)-type inequalities of weighted maximal
operators of Vilenkin-Nérlund means with non-increasing coefficients {gx: k& > 0}. These
results are the best possible in a special sense. As applications, some well-known as well as
new results are pointed out in the theory of strong convergence of such Vilenkin-Noérlund
means. To fulfil our main aims we also prove some new estimates of independent interest
for the kernels of these summability results.

In the special cases of general Norlund means t, with non-increasing coefficients analo-
gous results can be obtained for Fejér and Cesaro means by choosing the generating sequence
{qx: k > 0} in an appropriate way.

Keywords: Vilenkin system; Vilenkin group; Norlund means; martingale Hardy space;
maximal operator; Vilenkin-Fourier series; strong convergence; inequality
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1. INTRODUCTION

The definitions and notation used in this introduction can be found in our next
section. In the one-dimensional case the weak (1,1)-type inequality for the maximal
operator of Fejér means o* can be found in Schipp [25] for Walsh series and in P4l,
Simon [24] for bounded Vilenkin series. Fujji [6] and Simon [28] verified that o* is
bounded from H; to L;. Weisz [41] generalized this result and proved boundedness
of o* from the martingale space H), to the Lebesgue space L, for p > 1/2. Simon [26]
gave a counterexample which shows that boundedness does not hold for 0 < p < 1/2.

Supported by TAMOP 4.2.2.A-11/1/KONV-2012-0051, by Shota Rustaveli National
Science Foundation grant no. 52/54 (Bounded operators on the martingale Hardy spaces)
and by a Swedish Institute scholarship, provided within the framework of the SI Baltic
Sea Region Cooperation /Visby Programme.
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A counterexample for p = 1/2 was given by Goginava [14]. Weisz [39] proved that the
maximal operator of the Fejér means o* is bounded from the Hardy space H; /o to
the space weak-L; /5. Goginava [13] (see also [34]) proved that the weighted maximal
operator o is bounded from the Hardy space H;/, to the space L. Moreover,
the rate of the weights {log®(n + 1)}, in the n-th Fejér mean is given exactly.
Analogous results for 0 < p < 1/2 were proved in [33].

Riesz’s logarithmic means with respect to Walsh and Vilenkin systems were stud-
ied by several authors. We mention, for instance, the papers by Simon [26], Gét,
Nagy [11]. In [30] it was proved that the maximal operator of Riesz’s means R* is
bounded from the Hardy space Hj/; to the space weak-L;/3, but is not bounded
from the Hardy space H, to the space L,, when 0 < p < 1/2. Moreover, some the-
orems on boundedness of weighted maximal operators of Riesz’s logarithmic means
with respect to the Vilenkin-Fourier series were proved.

Méricz and Siddiqi [19] investigated the approximation properties of some special
Norlund means of Walsh-Fourier series of L, functions in norm. The case when
gr = 1/k was excluded, since the methods of Méricz and Siddigi are not appli-
cable to Norlund logarithmic means. In [10] Gat and Goginava investigated some
properties of the Norlund logarithmic means of functions in the class of continuous
functions and in the Lebesgue space Li. In [37] it was proved that there exists a
martingale f € H, (0 < p < 1) such that the maximal operator of Nérlund loga-
rithmic means L* is not bounded in the space L,. For more information on Nérlund
logarithmic means, see the papers of Blahota and Gat [3] and Nagy (see [23], [20]
and [21]).

In [17] Goginava investigated the behaviour of Cesaro means of Walsh-Fourier
series in detail. In the two-dimensional case approximation properties of Nérlund
and Cesaro means were considered by Nagy [22]. Weisz [40] proved that the max-

imal operator o®*

is bounded from the martingale space H, to the space L, for
p > 1/(1 + ). Goginava [15] gave a counterexample which shows that bound-
edness does not hold for 0 < p < 1/(1 + «). Simon and Weisz [29] showed that
the maximal operator c®* (0 < a < 1) of the (C,«) means is bounded from
the Hardy space Hj/(14q) to the space weak-Ly/(144). In [4] it was also proved
that the maximal operator o** is bounded from the Hardy space Hi/(14q) to
the space Lj/(11q). Moreover, this result cannot be improved in the following

sense:

Theorem BT (Blahota, Tephnadze [4]). Let 0 < o <1 and ¢: Ny — [1,00) be
a non-decreasing function satisfying the condition

— log"tn
lim ————— =
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Then there exists a martingale f € Hy/(14q)(G), such that

sup
neN

ntf
¥

leyray =
o(n) /4

It is well-known that Vilenkin systems do not form bases in the space L1(Gy,).
Moreover, there is a function in the Hardy space Hi(G),) such that the partial sums
of f are not bounded in the Li-norm. However, in Gat [8] (see also [1]) the following

strong convergence result was obtained for all f € Hy:

1~ ISkf — £l
1 =0.
oo lognkz::1 k 0

Simon [27] (see also [31]) proved that there exists an absolute constant ¢,, depend-

ing only on p, such that

1 - ISkfIR

log!” n — k2-p

(1.1)

<elflt,, 0<p<1

for all f € H, and n € N, where [p] denotes the integer part of p. In [35] it was
proved that the sequence {1/k*7P}2°, (0 < p < 1) in (1.1) cannot be improved.
Weisz considered the norm convergence of Fejér means of Vilenkin-Fourier series

and proved the following:

Theorem W1 (Weisz [42]). Let p > 1/2 and f € H,. Then there exists an
absolute constant c,,, depending only on p, such that

lowfllp < cpllfllm, forall fe Hy,andk=1,2,...

Theorem W1 implies that

1 - llow sy

n2p— 1 k2—2p
k=1

<0p||f||§31,p7 1/2<p<oo, n=1,2,...

If Theorem W1 held for 0 < p < 1/2, then we would have

1 = llowflp

log[1/2+p] n k2—2p

(1.2) gcp||f||§’{p, 0<p<1/2, n=23,...
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However, in [36] it was proved that the assumption p > 1/2 in Theorem W1 is
essential. In particular, we showed that there exists a martingale f € H; /5 such that

sup [lon f|l1/2 = oo.
n

In [5] it was proved that (1.2) holds, though the Fejér means is not of type (Hp, L,)
for 0 < p < 1/2. This result for the (C, ) means (0 < a < 1) when p = 1/(1 4 «)
was generalized in [4].

In this paper we prove and discuss some new (Hp,L,)-type inequalities for
weighted maximal operators of Vilenkin-Norlund means with non-increasing coeffi-
cients. These results are the best possible in a special sense. As applications, some
well-known as well as new results are pointed out in the theory of strong convergence
of Vilenkin-Nérlund means.

The paper is organized as follows: in order not to disturb our discussions later
on some definitions and notation are presented in Section 2. The main results and
some of their consequences can be found in Section 3. For the proofs of the main
results we need some auxiliary results of independent interest. Also these results are
presented in Section 3. The detailed proofs are given in Section 4.

2. DEFINITIONS AND NOTATION

Denote by N the set of positive integers, N := N, U {0}. Let m := (mg, mq,...)
be a sequence of positive integers not less than 2. Denote by

Zp, ={0,1,...,my, — 1}

the additive group of integers modulo m.,.
Define the group G,, as the complete direct product of the groups Z,,, with
the product of the discrete topologies of Z,, ’s. In this paper we discuss bounded

Vilenkin groups, i.e., the case when sup m,, < co.
neN
The direct product p of the measures

pn({i}) = 1/mn, j € Zm,

is the Haar measure on Gy, with u(G.,) = 1.
The elements of G, are represented by sequences

T = (T, X1y eyTnyv.)y, Ty € Ly,
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It is easy to give a base for the neighbourhood of G,,,:
Ip(z) == G, In(z):={y€Gm: yo==20,. ., Yn-1=2Tn-1}, =€ Gp, n€N.

Denote I, := I,,(0) for n € Ny and

It is evident that

(2.1) Iy = <NU2 mfjl NUI molfm(xkek +xlel)) u <NU1 m[JlIN(xkek)).

k=0 xp=1I1=k+1 ;=1 k=0 xp=1

If we define the so-called generalized number system based on m in the following
way:
My:=1, My41:=m,M,, neN,

then every n € N can be uniquely expressed as
oo
n= anMk, where ng € Z,,,, k € N4
k=0

and only a finite number of ny’s differ from zero.

Next, we introduce on GG, an orthonormal system which is called the Vilenkin sys-
tem. First we define the complex-valued functions ri(x): G,, — C, the generalized
Rademacher functions, by

2niz
T1X 12

ri(z) == exp o

=—1,z€ G, keN.

Now, define the Vilenkin system 1 := (¢,: n € N) on G, as
Y (x) := H e (x), meN.
k=0

In particular, we call this system the Walsh-Paley system when m = 2.
The norm (or quasi-norm) of the space L,(Gy,) (0 < p < 00) is defined by

1]z = / Tam

m

The space weak-Ly,(G,y,) consists of all measurable functions f for which
||f||€veak—Lp = Sup >\p:u’(f > A) < 0.
A>0
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The Vilenkin system is orthonormal and complete in La(Gy,) (see [38]).

Now we introduce analogues of the usual definitions in Fourier analysis. If f €
L1(G,,) we can define the Fourier coefficients, the partial sums of the Fourier series,
the Dirichlet kernels with respect to the Vilenkin system in the usual manner:

— n—1

/ FBudi Suf =5 Fbwe. Du= St mens.
Gm k=0 k=0
respectively.
Recall that
M, ifzel,,
(22) D, (@)=q "
0 if x ¢ 1I,.
It is also known that (see [2], [9] and [16])
s—1 s—1
(2.3) Dsn,, = D, Z Yru, = D, Z Ty
k=0 k=0
and
(2.4) Dart,—j = Dom,, — saa,—1Dj, G =1,..., M, — 1.

The o-algebra generated by the intervals {I,,(z): = € G,,} will be denoted by F ,
(n € N). Denote by f = (f™,n € N) a martingale with respect to £, (n € N). (For
details see e.g. [42].)

The maximal function of a martingale f is defined by
f*i=sup | £
neN

For 0 < p < oo the Hardy martingale spaces H,(G,,) consist of all martingales
for which

[ f ez, = 1" [lp < oo

If f = (f™,n €N) is a martingale, then the Vilenkin-Fourier coefficients must
be defined in a slightly different manner:

7) = 1im / FOB, .

k—o0
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Let {g,: n > 0} be a sequence of non-negative numbers. The n-th Norlund mean
is defined by

n

1
tnf = Q_ ankskfa
" k=1

where
n—1
Qn = Z qk-
k=0

It is well known that
tf@) = [ FOF -t
Gm

where F,, are the so called Norlund kernels

n
F, :

1
= Q_ Gn—kDy.
" g=1

We always assume that ¢o > 0 and lim @, = oco. In this case (see [18]) the

n—oo

summability method generated by {¢,: n > 0} is regular if and only if

lim n—1

n—oo n

If ¢, = 1, then we get the usual n-th Fejér mean and Fejér kernel

onf :lzskfa Ky ::lZDk;
nkil nkil

respectively.
Let t,n € N. It is known that (see [7])

0 if o —arer & Iy, x € It \ Ty,
M,
1—r(z)
(M, +1)/2  ifze I,

(25) I(]\/[n (.13) = if ¢ — Teer € In, xr € It \ It+1,

The (C, o)-means (Cesaro means) of the Vilenkin-Fourier series are defined by

(03 1 . a—
Unf = F Z Anflisk.]i

n k=1
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where
(a+1)...(a+n)

n!

A =0, AY:= , a#E—=1,-2 ...

The n-th Riesz logarithmic mean R,, and the Norlund logarithmic mean L,, are
defined by

oo LN S 1 Sif
-—1—277 Inf =7 2 05

respectively, where

n—1

| =

ly =

=
Il

1

For the martingale f we consider the maximal operators

t'fi=suplt,f|, o"f:=suplo,f|, o“*f:=sup|oyfl,
neN neN neN

R*f:=sup|R,f|, L*f:=sup|L,f|
neN neN

We also define the weighted maximal operators

t"fi=sup —/————,
f nen log' **(n + 1)
o f|
=sup ————~——,
= neFN) 10g1+a(n +1)
o*f:=su lon ]|

nen log®(n +1)

A bounded measurable function a is called a p-atom, if there exists an interval I
such that

/ad,u =0, |lalloo < p(I)~Y?, supp(a)C I.
I

3. RESULTS
Main results and some of their consequences

Theorem 3.1. Let f € Hy/(14q), where 0 < a < 1, and let {g,: n > 0} be
a non-increasing sequence of numbers such that

(3.1) — =0(1) asn— oo,
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and

An — Gn+1
(3.2) T_; =0(1) asn— occ.

Then there exists an absolute constant c,, depending only on «, such that

”E*le/(lJra) < COéHfHHl/(1+a)'

Corollary 3.2 (Blahota, Tephnadze [4]). Let f € Hy/(14q), where 0 < o < 1.
Then there exists an absolute constant c,, depending only on «, such that
||"'OL *

le/(lJra) < COéHfHHl/(1+a)'

Corollary 3.3 (Goginava [13], Tephnadze [34]). Let f € H; /5. Then there exists
an absolute constant c such that

0" flls2 < el flla, .-

Theorem 3.4. Let f € Hij14q), where 0 < a < 1, and let {g,: n > 0} be
a non-increasing sequence of numbers satisfying conditions (3.1) and (3.2). Then
there exists an absolute constant c,, depending only on «, such that

1/(14«)
1 Z || f||I—I/1(/(1+Q) c Hle/(l—i-oc)
logn £~ k S Call T, o

Corollary 3.5 (Blahota, Tephnadze [4]). Let f € Hy/(11q), where 0 < o < 1.
Then there exists an absolute constant c,, depending only on «, such that

1/(14«)
1 Z o kf||H1/(1+a> call £/ 0+
logn £~ S Call Nty s

Corollary 3.6 (Blahota, Tephnadze [5], Tephnadze [32]). Let f € H;/,. Then
there exists an absolute constant ¢ such that

n 1/2
s o/ 7z _ o o1
logn &=k h Huyzr
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Remark 3.7. For some non-increasing sequence {g,: n > 0} of numbers, condi-
tions (3.1) and (3.2) can be true or false independently.

Remark 3.8. Since Cesaro means satisfy conditions (3.1) and (3.2), we immedi-
ately obtain from Theorem BT that the rate of the weights {log'™*(n + 1)}, in
the n-th Norlund mean cannot be improved.

Some auxiliary results

Weisz proved that the following is true:

Lemma 3.9 (Weisz [42]). Suppose that an operator T is o-linear and for some
0<p<1

/T|Ta|pdu <¢p <00

for every p-atom a, where I denotes the support of the atom. If T is bounded from
Lo to L, then

ITfllp < cpll fllz,-

We also state three new lemmas we need for the proofs of our main results but
which are also of independent interest:

Lemma 3.10. Let sM,, <r < (s + 1)M,,, where 1 < s < m,,. Then
sM,,—2

(33) QrFr = Q’I“DSM-,L — WsM, —1 Z (QT’fsM,LJrl - qrfSM-,LJrlJrl)lE
=1

- wsMn—l(SMn - 1)Q7"—1KSM,,,—1 + wsl\anr—sMﬂ,Fr—sMﬂ,-

The next lemma is a generalization of an analogous estimate of the Cesaro means
(see [12]).

Lemma 3.11. Let 0 < o < 1 and let {g,: n > 0} be a non-increasing sequence
of numbers satisfying conditions (3.1) and (3.2). Then

In|
C,
ml < S {3 gl
=0
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Lemma 3.12. Let 0 < o < 1 and let {g,: n > 0} be a non-increasing sequence
of numbers satisfying conditions (3.1) and (3.2). If r > My, then

ca MM
/ |Fr(£l,' — t)| du(t) < Tl Tk T e Il+1(8k6k + slel),

In T'O/MN ’
where
1<sp<mp—1, 1<si<my—1, k=0,....N—-2, I=k+2,...,N—1,

and

ca M,
/ Frla =0l du(t) < S7E, o€ In(snen),

In

where

4. PROOFS

Proof of Lemma 3.10. In [16] Goginava proved a similar equality for the kernel
of Norlund logarithmic mean L,,. We will use his method.
Let sM,, <r < (s+ 1)M,,, where 1 < s < m,,. It is easy to show that

T sM, r
(4.1) qu,ka = Z qr—1D; + Z qr—1 Dy =1+ 1I.
k=1 =1 l=sM,+1

By combining (2.4) and Abel transformation we get that

sM, —1 sM, —1
(42) I= E Gr—sM,+1Dsn, —1 = E Gr—sMp+1Dsn, —1 + Gr—sn, Dsu,,
=0 =1
sM, —1 sM,—1
= DSM,, § Qr—sM,+1 — wsM,,—l E qr—sMﬂ,+lDl
=0 =1
sMy,—2

= (Qr — Qr-sat,)Dant, = Ysrry 1 > (Gr— sttt — Gr—snt+111)IKL
=1

- 1Z)SM,,Lflqrfl(3-7\471 - 1)KSM-,L71'

Since
DjJrsMn :DSM,L+wsM7LDj7 j:1a27"'a8Mn_17
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for II we have that

r—sM,

(43) I = Z QTfsM,,LlelJrsM,,L = QrfsMnDsM,L + wsMnQrfsM"FrfsM,g
=1

By combining (4.1)—(4.3) we obtain (3.3) and the proof is complete.

Proof of Lemma 3.11. Let sM,, < k < (s+ 1)M,,, where 1 < s < m,, and let
the sequence {qr: k > 0} be non-increasing and satisfy the condition

(4.4) q(;_: =0(1) asn— .

By using Abel transformation we get that

n n—1
(4'5) Qn = ZQn—j 1= Z(Qn—j - Qn—j—l)j + qon
j=1 j=1
and
1 n—1
(46) Fn = Q_ ( (qn—j — Qn—j—l)jKj + QOnKn> .
Since
In
(4.7) K| <Y Ma|Ka,l,
A=0

by combining (4.5) and (4.6) we immediately get that

n—1 [n|
C
[Pl < on (Z |Gn—j — n—j—1| + qo) > MalKy,|

j=1 A=0
. el Inl
=0 (Z —(n—j — qn—j—1) + QO> Z Ma|K |
j=1 A=0
< (20— dnn ln‘M K| < — Hn”M K| << MM K
¢ Qn A§=:O A| MA|\QnAz=:O A| MA|\nAz=:O A| MA|'

Since the case gon/Q, = O(1), as n — oo, have already been considered, we can
exclude it.
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Let 0 < a < 1. We may assume that {qr: k > 0} satisfies conditions (3.1) and

(3.2) and in addition, the condition

@ =o(l) asn — oo.
qon
It follows that
(4.8) qn:qowéq &:0(1) as n — 0o.

By using (4.8) we immediately get that

oo oo
1 c
(49 =3 <3 e <
l=n l=n
and
n—1 c
(4.10) Qn=>Y a<), e S en.
1=0 =1
Let sM,, < k < (s+ 1)M,. It is easy to show that
(4.11) Qk|Dsnr, | < My |Dsn,, |
and
(412) (SMn - 1)qk—1|KsMn—1| < Ck(y_an|KsMn—1| g CM7?|KSM”—1|'
Let
n==8p, Mn +Sp,Mp, +...+5,,. My, n1>no>...>n,,
and
n®) = Snpgr Mny oy + oot 80, My, 1<sp,, <my—1,1=1,...,r

By combining (4.11), (4.12) and Lemma 3.10 we have that

Snqy My —1

QuFal < ca (M e |+ 3 1 + 002 1Ky

=1

+ My K, w,, 1] +1Qn0 Fro |>-
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By repeating this process r-times we get that

Sny Mn, —1

LD DR |71

=1

Mﬁk|Ksnank—1|> =T+ I+ 1II.

T

|QnFn| < ca Z (Mslesnank

k=1

By combining (2.2), (2.3) and (2.5) we obtain that

CQZMk|DMk| CQZMk|KMk|
k=1 k=1

and

T
< Ca Z MIS|KM7¢|
k=1

§ : 1
III Co Mo~ |Mnk Kgﬂank - Dsnkjwnk

Moreover,

ng sAaMa—1

I =c, Z DD D (AR 17l

k=1A=1l=sa-1Ma_1

l=sa—1Ma_1

D S SR CRe

k=1A=npi1+1 saMs—1
MNk+1 saMa—1

<ec ZM;:H?IZ > K|

k=1 A=1l=sa_1Ma_1
r ng saMa—1
tead, Y MY K| =10+ 1D,
k=1 A=np41+1 l=sa_1Ma_1

By combining (2.5) and (4.7) for II; we get that

Nkg+1  saMa—1

Ih < ca ZMV?H% Z Z ZM |KM |

k=1 A=11l=sa_1Ma_1 j=0

ni k A ni k
Sca ) MPT2Y Ma) MjlKu,| <cad MP7'Y MKy
k=1 A=1 J=0 k=0 =0
n1 n1 n1
=ca Y MKy | Y M <o Y MKy
Jj=0 k=j

Jj=0
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By using (4.7) for II; we have similarly that

r Nk A
My<ca Y, >, M3V MKy

k=1 A:nk+1+1 j=0
< Co ZM“ 1ZM |K ;| < caZMa|KM .
7=0
The proof is completed by combining the estimates above.

Proof of Lemma 3.12. Let « € I;11(sker + s1e1), 1 < sp <mp — 1,1 < 5 <
my — 1. Then, by applying (2.5), we have that

Kur, () =0, whenn>1[>k.
Suppose that k < n < I. By using (2.5) we get that
|KM” ((E)| < CMk.

Let n <k <. Then u
+1
(R, ()] = 2

If we now apply Lemma 3.11 we can conclude that

< CMk.

1 1
(4.13) Qr|Fr(2)] < ca Y M3|Kar, (2)] < ca Y MGMy, < co M M.
A=0 A=0
Let « € Ij1(sker+sier) for some 0 < k <1< N—1. Since x—t € I;y1(sger+sier)
for t € Iy and r > My, from (4.13) we obtain that
CaMaMk
4.14 Fo(z —t)|du(t) < =—L—.
(1.14) [ V- aut < g
Let © € Iy (sgex), k =0,...,N — 1. Then, by applying Lemma 3.11 and (2.5),
we have that

7|

(415) QIF (o= Ol du) < Yo M3 [ [Kura (o~ 0] duct)

In A=0 In

Let x € In(sker), k=0,...,N —1,¢t € Iy and x4 # tg, where N < ¢ < |r| — L.
By combining (2.5) and (4.15) we get that

o= Ca M M2
QrlFr(z — )| dp(t) < ca » M§ [ Mydpu(t) < o
In A=0 In N
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Hence,

CaMpM¢ CaMj,
4.1 Fo(z —t)|dp(t) < L <= —.
(1.16) [ 1B - nlaue < S < S

In

Let z € IN(skek), k=0,....N—1, telyand zn = tN,...,iL"M_l = tm_l. By
applying again (2.5) and (4.15) we have that

|1
Ca aM
(4.17) /|F(a:—t|du < § MA/ My du(t) < ek
In

By combining (4.14), (4.16) and (4.17) we complete the proof of Lemma 3.12. O

Proof of Theorem 3.1. According to Lemma 3.9 the proof of the first part of
Theorem 3.1 will be complete if we show that

/7 7 a ()0 du(e) < oo
In

for every 1/(1 4+ a)-atom a. We may assume that a is an arbitrary 1/(1 + a)-atom
with support I, u(I) = My' and I = Iy. It is easy to see that t,(a) = 0 when
n < My. Therefore, we can suppose that n > My.

Let x € In. Since ¢, is bounded from L, to Lo (the boundedness follows from
Lemma 3.11 and ||a]ls < MAT we obtain that

tna(z)] < / a(t)] | Fa( — )] dat) < [lalloo / Foe — 1) dua(t)

In
<caddy [ 1F (e - 0] du).
In
Let z € Iy1(sger + sier), 0 < k <1 < N. From Lemma 3.12 we get that

MM M
(4.18) ltaa(z)| < oL RN
nOL
Let x € In(skex), 0 < k < N. Lemma 3.12 implies that

(4.19) [tra(x)] < coa MipMy.
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By combining (2.1) and (4.18)—(4.19) we obtain that

1@ duga)

In
N—2mip—1 N—1 m;—1
tha(z 1/(14a)
zzzz/ wp |l
=0 sem1 1okl st T (skentsie) n>My Hog (n+1)
~ tha(z 1/(1+a)
Z / Y %‘ dp()
= = (sper) n>My 1og (n+1)
N—2mip—1 N—1 m;—1
it 1/(1+c)
Ca sup [tpa(z) du(x)
N k=0 sp=1 zz:1 s;z::l /Il+1(sk€k+slel)n>MN
o Noamid
N sup. [tya(a)|/ 0+ dp(a)
k=0 sp=1 Y In(sker) n>My
<& N-2 Nz—zl (g — 1)(my — 1) (M M)}/ () 3/ (e
SN My Mo/ (+a)
k=0 I=k+1
ca N (M6 = 1) o /
« k — a/(1+a) 3 71/ (14a)
Ca M M
PN
coa Nty MOV SM
N My N 1/(1+a) o
k=0 I=k+1 =
The proof is complete. o

Proof of Theorem 3.4. By Lemma 3.9 the proof of Theorem 3.4 will be com-
plete, if we show that

n

1 1/(1+a)
logn kzl [tkally )1 1a) < ca <00

for every 1/(14 «)-atom a. Analogously to the proof of Theorem 3.1 we may assume
that a is an arbitrary 1/(1 + a)-atom with support I, u(I) = My* and I = Iy and
n > My.

Let x € In. Since t,, is bounded from L, to Lo (the boundedness follows from
Lemma 3.11) and [|al|c < My, we obtain that

/ [tna(@)[V 0+ dp < Jla(@) I My < ea < 0.

In

Hence

< co < 00.

?vl»—*

n
1/(1+04) <
e, Z B, @M s e <
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By combining (2.1) and (4.18)—(4.19) we can conclude that

1 &1 L
‘ /(+a) 4
bgnk:}”j[ a0 duta)
n N—2 my—1 N—1 m;— 1
=1 > > > = / ltra(@)[V 0 du(r)
ognk My =0 sp=1 l=r+1 s;=1 lipi(srertsien)
n N—-1 m,—1

/(1+a)
1Ogn > > /N(WT) |tra(x)[ ) dp(x)

k=Myn r=0 s,=1
1 n Ma/(lJra)

Ca
S logn (kz]\; Tpa/(+a)+1 + Z ) < e < 00.

My

The proof is complete.
Proof of Remark 3.7. Let us see an example. Let
! ifneN
— un +5
dn ‘= { \/ﬁ
0 if n=0.

Then this sequence is non-increasing and non-negative.

1. Let 0 < a < 1/2 be arbitrary. It is easy to see that if n > 2, then

Qn>z / \/_ —2Vn—1-2.

Recalling oo < 1/2 we obtain

n n%
0< — — = 0(1).
<Qn<2\/’n—1—2 (1)

On the other hand,

dn — qn+41 1

ne=2 T+ 1/n(\/1+1/n+1)

/2 £ 0(1).

2. Analogously we can show that in the case of « > 1/2 the situation is the
opposite. O
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