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Abstract. For any two positive integers n and k > 2, let G(n,k) be a digraph whose
set of vertices is {0,1,...,n — 1} and such that there is a directed edge from a vertex a

to a vertex b if a* = b (mod n). Let n = [Ti—1 pj" be the prime factorization of n. Let
P be the set of all primes dividing n and let Py, P, C P be such that Py U P, = P and
Py N Py =0. A fundamental constituent of G(n, k), denoted by G*P2 (n, k), is a subdigraph
of G(n, k) induced on the set of vertices which are multiples of Hpie p, Pi and are relatively
prime to all primes ¢ € P;. L.Somer and M. K¥izek proved that the trees attached to all
cycle vertices in the same fundamental constituent of G(n, k) are isomorphic. In this paper,
we characterize all digraphs G(n, k) such that the trees attached to all cycle vertices in
different fundamental constituents of G(n, k) are isomorphic. We also provide a necessary
and sufficient condition on G(n, k) such that the trees attached to all cycle vertices in
G(n, k) are isomorphic.

Keywords: congruence; symmetric digraph; fundamental constituent; tree; digraph prod-
uct; semiregular digraph

MSC 2010: 68R10, 05C05, 05C20, 11A07, 11A15

1. INTRODUCTION

Let n and k > 2 be any positive integers. Let G(n, k) be a digraph whose set of
vertices is {0, 1,...,n — 1} and such that there is a directed edge from a vertex a to
a vertex b if a¥* = b (mod n).

The indegree of a vertex a in G(n,k), denoted by indeg, (a), is the number of
directed edges coming into the vertex a, and the outdegree of a vertex a is the
number of directed edges leaving the vertex a. Cycles of length ¢ are called t-cycles,
and cycles of length 1 are called fized points. A fixed point is isolated if it is not
connected to any other vertex in G(n, k).
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Attached to each cycle vertex ¢ in G(n, k) is a tree T'(¢) whose root is ¢ and whose
additional vertices are the non-cycle vertices b such that b= (mod n), for some
positive integer i, but v is not congruent modulo n to a cycle vertex in G(n, k).

Let Gy (n, k) denote the subdigraph of G(n, k) induced on the set of vertices which
are relatively prime to n, and let Ga(n, k) denote the subdigraph of G(n, k) induced
on the set of vertices which are not relatively prime to n. It is clear that the digraph
G(n, k) is a disjoint union of the digraphs Gi(n, k) and Ga(n, k).

Let M > 2 be an integer. The digraph G(n, k) is symmetric [5] of order M if
its set of components can be partitioned into subsets of size M, each containing
M isomorphic components. The digraph G(n,k) is semiregular [6] if there exists
a positive integer d such that each vertex of G(n, k) either has indegree d or 0.

T
Let n = [] p;', where p;, i = 1,2,...,r are distinct primes. Let P be the set

i=1
of all primes dividing n. Let Py, P> be subsets of P such that P, U P, = P and
PiN Py, = 0. Let Gp,(n, k) denote the subdigraph of G(n, k) induced on the set of

vertices which are multiples of [] p; and are relatively prime to all primes g € P;.
pi€P>
Then G7%, (n, k) is called a fundamental constituent of G(n,k). These subdigraphs

were first introduced by B. Wilson [7].

B. Wilson [7] proved that the trees attached to all cycle vertices in G1(n, k) are
isomorphic. In [4], L. Somer and M. Kfizek proved that the trees attached to all
cycle vertices in the same fundamental constituent of G(n, k) are isomorphic. They
also provide an example of a digraph whose trees attached to all cycle vertices in
two distinct fundamental constituents are isomorphic. In Figure 1, the trees in the
fundamental constituents G7, 13}(39 3) and G7,3,(39,3) of G(39,3) are trivial, and
the trees attached to cycle vertices in G}(39,3) and G7 {3} (39, 3) are isomorphic.

AV
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Figure 1. G(39,3).
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In this paper, we characterize n and k such that the trees attached to all cycle
vertices in different fundamental constituents of G(n, k) are isomorphic. We provide
a relation between the tree structure of G(n, k) and the symmetry and semiregularity
property of G(n, k). We also provide a necessary and sufficient condition on G(n, k)
such that the trees attached to all cycle vertices in G(n, k) are isomorphic.

The outline of this paper is as follows. In Section 2, we give some basic prop-
erties of the Carmichael lambda function. In Section 3, we state basic results on
G(n, k) proved in [1], [2], [4]-[7]. In Section 4, we discuss important properties of
the fundamental constituents of G(n, k), which will be used throughout the paper.
In particular, we discuss the product of two distinct fundamental constituents. Sec-
tion 5 contains some lemmas which will be used in the main results. In Section 6,

we prove the main results of this paper.

VO

ur A

Figure 2. G(16,2).

2. CARMICHAEL LAMBDA FUNCTION

In this section, we give some basic properties of the Carmichael lambda function.

Definition 2.1. Let n be a positive integer. Then the Carmichael lambda func-
tion A(n) is defined as:

A1) =1= (1),
A(2) =1=p(2),
A4) =2 =p(4),

A2F) =2F2 = %gﬁ(?k), for k > 3,

Ap*) =pF L (p—1) = p(p*), for any odd prime p and k > 1,
A<H Pf"’> = lem[A(py*), A(p3*), - - -, Alp)],
i=1
where p1,po, ..., p. are distinct primes and e; > 1 for all ¢ =1,2,...,r.
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Theorem 2.2. Leta,n € N. Then a*™ =1 (mod n) if and only if ged(a,n) = 1.
Moreover, there exists an integer g such that ord,,(g) = A(n), where ord,(g) denotes
the multiplicative order of g modulo n.

For more on the Carmichael lambda function, see [3].

3. SOME RESULTS ON G(n, k)
Consider a digraph G(n, k). Let
A(n) = uv,

where u is the largest divisor of \(n) relatively prime to k. We need the following
results in this paper.
T
Lemma 3.1 ([7]). Let n = [[ p{*, where p;, i = 1,2,...,r are distinct primes.
i=1

T
Then there are [] ged(A(p"),u) cycle vertices in G1(n, k).
i=1

Lemma 3.2 ([5]). Every cycle in G1(n,k) is a fixed point if and only if k =1
(mod u).

Lemma 3.3 ([6]). Every vertex in G(n,k) is a cycle vertex if and only if
ged(A(n), k) =1 and n is square-free.

Lemma 3.4 ([4]). Every vertex in G(n,k) is a fixed point if and only if n is
square-free and k = 1 (mod \(n)).

Lemma 3.5 ([4]). The vertex 0 is an isolated fixed point of G(n,k) if and only
if n is square-free.

Let Ai(G(n,k)) denote the number of ¢t-cycles in G(n, k).

T

Lemma 3.6 ([5]). Let n = [[ p{*, where p;, i = 1,2,...,r are distinct primes.
i=1

Then

A(G(n, k) =

|

[Hwi gedAGE), K~ 1)+ 1) = S dAe(Gn, k))} |

i=1 d|t, d#t

where 6; = 2 if 2| k' — 1 and 8 | p{*, and §; = 1 otherwise.
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Lemma 3.7 ([7]). Let ¢y and ¢z be any two cycle vertices in G1(n, k). Let T'(c1)
and T'(ce) be trees attached to c¢; and ca, respectively. Then T'(c1) = T (ca).

Lemma 3.8 ([6]). Let n = H p;*, where p;, i = 1,2,...,r are distinct primes,

and k > 2 be integers. If gcd()\( ) k) > 1, then G1(n, k) is always semiregular. If
a is a vertex in G1(n, k) and indeg,, (a) > 1, then

indeg,,(a) = ¢ H ged(A(ps?), k),

where ¢ =2 if 2| k and 8 | n, and € = 1 otherwise.

Lemma 3.9 ([6]). Let p be an odd prime, and let e > 1, o > 1 be integers.
Let k = Qp°, where ged(Q,p) = 1. Then Ga(p*, k) is semiregular if and only if
l1<a<k+e+ 1

Lemma 3.10 ([1]). Let p be an odd prime and let o, k > 2 be two integers. Then
G(p%, k) is semiregular if and only if ged (p®~1(p —1),k) = p>~1L.

Lemma 3.11 ([1]). Let p be an odd prime and o > 1. Then G(p®, k) is symmetric
of order p if and only if ged(p®1(p —1),k) =p*~ ! and k =1 (mod p — 1).

T
Lemma 3.12 ([7]). Let n = [] p;*, where p;, i = 1,2,...,r are distinct primes,
i=1

and let a be a vertex of positive ﬂidegree in Gy(n, k). Then

indeg,, (a ng ged(A(pf"), k),

where ¢; =2 if 2|k and 8| p;', and &; = 1 otherwise.
Lemma 3.13 ([5]). Let p be a prime and let o > 1. Then

indeg. (0) = p*~ fa/k1

Lemma 3.14 ([1]). Let k > 2, a > 1 be integers and let p be a prime. If a and b
are two cycle vertices in the same cycle of G(p®, k), then indeg,q (a) = indeg,q (b).

The height of a vertex b in G(n, k) is the least non-negative integer i such that
b*" is congruent modulo n to a cycle vertex in G(n,k). We denote the height of

a vertex b by h(b). If C is a component of G(n, k), we define h(C) = sup(b).
beC
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Lemma 3.15 ([1]). Let p be a prime and a > 1, k > 2 be integers. Suppose that
h is the unique positive integer such that k"' < o < k". Then h = h(G(p®, k)).

Lemma 3.16 ([1]). Let p be a prime and « > 1, k > 2 be integers. Let A(p®) =
uv, where u is the largest divisor of A(p®) relatively prime to k. If C' is the component
of G(p*, k) containing 1, then h(C) = min{i: v | k'}.

Now we discuss the digraph product and some of its properties. Let n = nins,
where ged(ny,ne) =1, n1 > 1, ng > 1. Let k > 2 be an integer. Then it was proved
in [5] that we can write

G(n, k) = G(n1, k) x G(ng, k).

The isomorphism is given by a +— (a1, as), where a = a; (mod n;), for i = 1,2.
T
In general, if n = [] p;*, where p;, ¢ = 1,2, ..., r are distinct primes, then
i=1

G(n, k) 2GS, k) x G(ps2, k) x ... x G(pr, k).

Lemma 3.17 ([2]). Let n = ning, where ged(ni,n2) = 1. Let a = (a1,a2) be
a vertex in G(n, k) =2 G(n1,k) x G(ng, k). Then

indeg, (a) = indeg,,, (a1) indeg,,, (a2).

Lemma 3.18 ([7]). Let n = [] p;*, where p;, i = 1,2,...,r are distinct primes.
i=1
Let a = (a1, as,...,a,) beavertexin G(n, k) = G(p{*, k) x G(ps?, k) x ... x G(psr, k).

Then

T

indeg,,(a) = Hindegqi (a;), where q; =p;'.

i=1

Lemma 3.19 ([2]). Let n = nyng, where gcd(nyi,n2) = 1. Let C1 be a component
of G(ni1,k) and Cy be a component of G(nsa,k). Let the cycle length of C; be t;.
Then Cy x Cy is a subdigraph of G(n, k) consisting of ged(t1,t2) components, each
having an lem[tq, to]-cycle.

Lemma 3.20 ([5]). Let n = ning, where ged(ny,n2) = 1. Let ¢ = (c1,¢2) be

a vertex in G(n, k) =2 G(n1,k) x G(ng, k). Then c is a cycle vertex in G(n, k) if and
only if ¢; is a cycle vertex in G(n;, k), fori=1,2.
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Lemma 3.21 ([5]). Let J(n1,k) be a union of components of G(ni,k) and let
L(ng, k) be a union of components of G(ng,k). Then J(ni,k) x L(ng, k) is a union
of components of G(n,k) = G(n1,k) x G(nz, k). Moreover, if

L(ng, k) = | J Li(na, k),
i=1
where L;(ng, k) are distinct components of G(na, k), fori=1,2,...,m, then
J(n1,k) x L(ng, k) = | J J(n1,k) x Li(na, k),
i=1

where the union is a disjoint union.

Definition 3.22 ([1]). For any positive integers ¢ and m, we define O}* to be
the digraph which satisfies the following conditions:

(i) O7* has a t-cycle;
(ii) indeg(a) = m if a is a cycle vertex, and indeg(a) = 0 otherwise.

Lemma 3.23 ([1]). O7* x G 2 O x H if and only if G = H, for any digraphs
G and H.

4. FUNDAMENTAL CONSTITUENTS OF G(n, k)

Let n = ning, where ged(ny,n2) = 1. Let P be the set of primes dividing n.
Let P;, P; be subsets of P such that Py U P, = P and P, N P, = (). Suppose that

ny = [] pi* and no = [ pj". Let L(ng, k) denote the subdigraph of Ga(ng, k)
pi€P1 pi€P2
induced on the set of vertices of Ga(nz, k) which are multiples of [ p;. It is clear
pi€EP2
that L(ng, k) is a single component of G(ns, k) with the fixed point 0.

Then we have (see [4])
(4.1) G}z (’I’L7 k‘) =~ Gy (’I’Ll7 k‘) X L(ng, k‘)

If P, =, then ng = n and G}, (n,k) = L(n,k). If P, = (), then ny = n
and Gp,(n, k) = G1(n, k). Tt was discussed in [4] that G}, (n, k) and Gp,(n, k) are
disjoint unions of components of G(n, k), and G2 (n, k) is a disjoint union of G, (n, k),
where P, ranges over all the nonempty subsets of P.
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T r+s
Let I = mn, where gcd(m,n) = 1. Let m = [[ p{" and n = [[ pi*, where
i=1 i=r+1
pi, © = 1,2,...,r + s are distinct primes. Let P = {p1,p2,...,p-} and Q =
{Pre1spr42, - prast. Let Gy, (m, k) and G, (n, k) be fundamental constituents
of G(m, k) and G(n, k), respectively, where P, C P and Q2 C @. Then from (4.1),
we see that

P (M, k) X GG, (n, k) = Gp,u0,(1, k).

Also note that if R = {p1,p2,...,DrsDrt1,Drt2s---,Pr+st and Re C R, then
(4.2) Gr, (k) = G*R; (I;, k) x G};’ (15, k),

where R}, Rg are subsets of Ry such that R U Rg =Ry, RLN Ré =0, and ;l; =,
where ged(l;,1;) = 1 and R = {p; € Ra: pi | li}, R, = {p; € Ra: p; | I;}.

Thus we see that the product of a fundamental constituent of G(m, k) and a fun-
damental constituent of G(n, k) results in a fundamental constituent of G(I, k). Also,
any fundamental constituent of G(I, k) can be decomposed into a product of a fun-
damental constituent of G(m,k) and a fundamental constituent of G(n,k). This
property of the fundamental constituents will be our main technique to prove the
main results in this paper.

Note. If G, (m,k) is a fundamental constituent of G(m,k), then G7), (I,k) is
also a fundamental constituent of G(I, k), and

Gy, (1, k) = G (m, k) x Gj(n, k).

T
Let n = ][ p;* be the prime factorization of n and P be the set of all primes
i=1

dividing n. Let Py = {p1,p2,...,ps}, for any s such that 1 < s <r. Then
Gp,(n, k) = Gy 4 (p1, k) X G,y (P2, k) %
X G’{*ps}(ps,k:) X Gy(psy1, k) x ... x Gy(pr, k).
Theorem 4.1 ([4]). Let n = [] pj*, where p;, i = 1,2,...,r are distinct primes
i=1
and let P be the set of primes dividing n. Let Py, P> be subsets of P such that

PLUP, =P and PN Py, = . Let c1, ca be two cycle vertices in Gp,(n, k) and let
T(c1) and T'(cq) be the trees attached to ¢; and ca, respectively. Then T (¢1) =2 T'(c2).

930



5. PRELIMINARY LEMMAS

Lemma 5.1. Let n = ning, where ged(ni,n2) = 1, ny > 1, ng > 1. Let P
and Q be the set of all primes dividing n1 and ns, respectively. Let Gp, ¢ (n, k) and
G (n, k) be fundamental constituents of G(n,k), for any Q" C Q and () # Py CP.

(i) Let ny = pip2...pr, where p;, i = 1,2,...,r are distinct odd primes. Let
Py ={p1,p2,...,ps}, for any integer s such that 1 < s < r. Suppose that k =1
(mod A(n1)). Then G, (n, k) consists of (p1 —1)(p2—1)...(ps — 1) subgraphs
of G(n, k), each isomorphic to Gp, o/ (1, k).

(ii) Let ny = p®, where p is an odd prime and « > 1. Suppose that k =1 (mod p—1)
and p*~'/k. Then Go(n, k) consists of (p — 1) subgraphs of G(n,k), each
isomorphic to G7 ¢/ (1, k).

Proof. We prove the first part. By Lemma 3.2, we see that every vertex in
G1(ni,k) is a fixed point. Also, by Lemma 3.6, we have

T T

A4(Gna, ) = [[(eedOp), k= 1)+ 1) = [ = 1)+ 1] = Hpﬁnl

i=1 i=1
Hence, G(nq, k) consists only of isolated fixed points.
Let @ € Q and () # P, C P, for any s such that 1 < s < 7. Then by (4.2),
Go(n, k) = Gy(ni, k) x G (ne, k),
Gpug (N, k) = Gp,(n1, k) x Goy(na, k).
By (4.1) and Lemma 3.5, we see that Gj(n1, k) consists of (n1) isolated fixed points,
and G, (n1, k) consists of (psy1 — 1)(psy2 —1)...(pr — 1) isolated fixed points, for

any s such that 1 < s <r.
Let m = (ps41 — 1)(ps42 — 1) ... (pr — 1). Then we have

@(n1)
G (n, k) U Fi(n1,k) x Gy (na, k),

Ghuo (k) = | Ej(n1, k) x G (na, k),

i=1

where Fj(ni1,k) and Ej(ny, k) are components of Gj(n1,k) and G, (n1, k), respec-
tively, for i = 1,2,...,¢(n1) and j = 1,2,...,m. Also, by Lemma 3.23 we see
that

Fi(n1,k) x Gy (n2, k) = Ej(ni, k) x Goy (na, k),

for all 4, j.
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Hence, G¢) (n, k) consists of (p1 —1)(p2 —1)...(ps — 1) subgraphs of G(n, k), for
any s such that 1 < s < r, each subgraph is isomorphic to G, ¢/ (n, k).

We now prove the second part. Assume that k=1 (mod p— 1) and p>~! | k. By
Lemma 3.2, we see that every cycle in G1(n1, k) is a fixed point. By Lemma 3.6, we
have

A1 (G(n1,k) = ged(p* ' (p—1), k=) +1=(p-1)+1=p.

Also, note that the only cycle vertex in Ga(n, k) is the fixed point 0. Thus, every
cycle in G(nq, k) is a fixed point.

Let a1,a2,...,a, be the fixed points of G(n1,k). Then by Lemma 3.12 and
Lemma 3.13, it follows that

indegp“ (az) = (pail(p - 1)7 k) = pailv for i = ]-7 2; 37 Ry 2

P
This implies that ) indeg,.(a;) = p* = n;. It follows that the height of each
i=1

component of G(nq,k) is 1. Hence, all the components of G(nq, k) are isomorphic.
Consider Gj(n1, k) and Gy (n1, k), the fundamental constituents of G(n1, k). We
know that Gj(n1, k) consists of p— 1 isomorphic components and G?p} (n1, k) consists
of only one component.
Let G7) (n2, k) be a fandamental constituent of G(nz, k), for any Q" C Q. Then,
by (4.2)

p—1
Goi(n k) = Gj(na, k) x Goi(na, k) = | J OF " x Gy (na, k),
=1
Gipug (k) 2 Gy (n1,k) x oy (n2, k) = OF " x Gy (na, k).

Hence, by Lemma 3.23, it follows that G7) (n, k) consists of p—1 subgraphs of G(n, k),
each isomorphic to GZg'u{p} (n, k). O

Lemma 5.2. Let p be a prime, let « > 1 and k > 2 be integers. Suppose
that the trees attached to all cycle vertices in G(p*, k) are isomorphic. Then the
trees attached to all cycle vertices in G(p*, k"), for any positive integer r, are also
isomorphic.

Proof. If Cis a component of G(p*, k"), then |C| < |D|, where D is a component
of G(p*, k) and D contains all the vertices of C. Note that a is a cycle vertex of
G(p“, k) if and only if a is also a cycle vertex of G(p®, k"), for any positive integer .
Let ap be a fixed point in G(p*, k), as well as a fixed point in G(p*, k"). If C
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is a component of G(p*, k") with the fixed point ag, then |C| = |D|, where D is
a component of G(p®, k) with the fixed point ag and containing all the vertices of C.
That is, the components C' and D have the same vertices but the edges may be
different.

Let 7'(0) and T'(1) be the trees attached to the fixed points 0 and 1, respectively, in
G(p“, k). By hypothesis, there exists a digraph isomorphism ¢ from 7'(0) onto 7T'(1).
Let 7'(0) and T"(1) denote the trees attached to the fixed points 0 and 1, respectively,
in G(p*, k"), for any positive integer r. It is enough to show that 7/(0) = T'(1).

Let a and b be two vertices in 7'(0) such that a*” = b (mod p®). Then there exist
vertices r1, T3, ..., T, = b such that

a® =z, (mod p®), =¥ = x5 (mod p®), ..., z¥ | =b (mod p®).

Since 77(0) and 7'(0) have the same vertices, and since ¢ is an isomorphism, we have

p(a)® = p(e1) (modp®), p(x1)" = p(r2) (mod p®), ..., p(z,-1)" = @(b) (mod p®).

Thus, ¢(a)*" = ¢(b) (mod p®) in T(1) as well as in 7(1). Hence, T7'(0) = T'(1). O

Theorem 5.3 ([2]). Let n = pqiqz...q., where p and q;, i = 1,2,...,r are
distinct odd primes. Suppose G(p, k) is not symmetric of order p. Then G(n,k) is
symmetric of order p if and only if both of the following conditions are satisfied.

(ii) Let T = {q¢; | ged(q; — 1,k) = 1}. Then T is not empty and for all t € N,

p| A (G(q};[Tqi,k;)) orord,_1 k | t.

Corollary 5.4. Let n = pqi1qs...q,, where p and ¢;, 1 = 1,2,...,r are distinct
odd primes. Let k > 2 be an integer such that ged(p — 1, k) = ged(q; — 1, k) = 1, for
all i. Suppose that G(n, k) is symmetric of order p and G(p, k) is not symmetric of
order p. Then p | A1(G(qiqz - .- qr, k)).

Proof. This follows from Lemma 3.11 and Theorem 5.3. O

933



6. MAIN RESULTS

Theorem 6.1. Let | = mn, where gcd(m,n) = 1, and let k > 2 be an integer. Let
Gp, (m, k) and G, (m, k) be two distinct fundamental constituents of G(m, k) such
that the trees attached to all cycle vertices in G (m, k) and G}, (m, k) are isomor-
phic. Let Gf)(n, k) be a fundamental constituent of G(n, k). Then the trees attached
to all cycle vertices in the fundamental constituents G, p, (I, k) and G p, (1, k) of
G(l, k) are isomorphic.

Proof. By (4.2), we have

Gpug(l k) = Gp, (m, k) x G(n, k),
G}‘Dqu(la k) = G}‘Dz (ma k) X Gz)(na k)

Let a1, as, ..., a, be the cycle vertices of Gp, (m, k), b1, ba,...,bs be the cycle vertices
of Gp,(m, k), and c1,c2,...,¢; be the cycle vertices of G (n, k), for any positive
integers r, s, and t.

Then by Lemma 3.20, the cycle vertices of Gp, (I, k) and G}, (1, k) are of the
form (a;,c;) and (by,c;), respectively, for all 4, j, x such that 1 < < r, 1 < j <t
and 1 < z < s. It now suffices to show that the trees attached to cycle vertices
(ai,c;) and (by,c;) are isomorphic, for all 4, j, . In view of Theorem 4.1, it is
enough to show that T'(a1, ¢1) is isomorphic to T'(b1, ¢1).

By hypothesis, there exists a digraph isomorphism ¢;; from T'(a;) onto T'(b;), for
all 4, j such that 1 <7 <7, 1 <j <s. Note that ;; maps a vertex at height A in
T'(a;) to a vertex at the same height in T'(b;). Now, we define a map F from T'(a1,¢1)
into T'(by,c1) as F((u,v)) = (¢11(u),v), for each vertex (u,v) in T'(a1,c1). We first
show that F is well-defined. Suppose that (u,v) is a cycle vertex in T'(ay,c1). Then

F((u,0)) = F((a1, 1)) = (p11(a1), e1) = (b1, ).

Now assume that a vertex (u,v) is at height h > 1 in T'(a1,c1). Then h is the least
positive integer such that (u, v)kh = (a1,c1). It follows that w is at height h in T'(a1)
or v is at height h in T'(¢1). If one of u or v is at height h, then the other is at
height i such that ¢ < h. Since @17 is a digraph isomorphism, then

h h

[F((uy o)]F" = (11 (), 0)*" = (11 ()™, 0"
= (pu1 ("), 0"") = (pr1(ar), e1) = (b1, c1).

, U

If 1 <i < h, then it follows from Lemma 3.20 that [F((u,v))]¥ = (p11(u*"), v*")
is not a cycle vertex in T'(b1,c1). Hence, F' maps a vertex at height h in T'(a1,c1)
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to a vertex at the same height in T'(b1,c¢1). We now show that F' is a digraph
isomorphism.

Clearly, F' is one-one. We now show that F is onto. First note that (b1,c¢1) =
(p11(a1),c1) = F((ai,c1)). Let (u,v) be a vertex at height h > 1 in T'(b1,c1). As-
sume that v is at height h in T'(b1) and v is at height ¢ such that ¢ < hin T'(¢;). Since
11 is a digraph isomorphism, there exists a vertex w at height h in T'(a1) such that
©11(w) = u. Then (w,v) is at height h in T'(a1,¢1) and F((w,v)) = (¢v11(w),v) =
(u,v). Similarly, if v is at height h in T'(¢1), then F((w,v)) = (p11(w),v) = (u,v),
where w is at height ¢ such that ¢ < h in T'(a;). Hence, F is onto.

Finally, we show that F' preserves direction. Let (u1,v1) and (us,v2) be two non-
cycle vertices in T'(a1,c1). Suppose there exists a directed edge from (u1,v1) to
(ug,v2). Since 11 is edge-preserving, we have

[F((ur,v1))]" = (p11(u1),v1)* = (¢11(u1)", vf)

= (e (uf),vf) = (p11(uz), v2) = F((uz,v2)).

NIz JEN

®) 29 &3 a5 @ 25 @3
20)

OIS)

@ 8D

Figure 3. G(32,4).

Theorem 6.2. Let o > 1, and let k > 2 be an integer. Then G(2% k) is
symmetric of order 2 if and only if the trees attached to all cycle vertices in G(2%, k)
are isomorphic.

Proof. If G(2%k) is symmetric of order 2, or if the trees attached to all cycle
vertices in G(2%, k) are isomorphic, then G(2%, k) has exactly two isomorphic com-
ponents, one containing the fixed point 0 and the other containing the fixed point 1.
Hence, the result follows. ([
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Corollary 6.3. Let a > 1, and let k > 2 be an integer. Suppose that the trees
attached to all cycle vertices in G(2%,k) are isomorphic. Then k must be an even
integer.

Proof. By Theorem 6.2, the only cycle vertices in G(2%, k) are the fixed points 0
and 1. Now, A;(G(2%,k)) = ged(A(2%),k—1)+1. If k is odd, then A, (G(2%,k)) > 3,
which is a contradiction. Hence, k must be even. ([

Theorem 6.4. Let p be an odd prime and o > 1. Let k > 2 be an integer.
Then the trees attached to all cycle vertices in G(p®, k) are isomorphic if and only
if ged (p*~H(p—1),k) =p* .

Proof. Assume that ged(p — 1,k) = d > 1l or p t kK when a > 1. Let h =
h(G(p®,k)). Then h(G(p®, k")) = 1. By Lemma 3.14, we have

G(p™, k") = Go(p®, k") U G1(p®, k") = O Ua 07 U a0 U... U a, O,

where a; = A;(G1(p®, k")) and m = ged(p®~(p — 1),k"). By our assumption,
m # p>~1. This implies that the trees attached to cycle vertices in G1(p®, k") and
Ga(p®, k") are not isomorphic. By Lemma 5.2, the trees attached to cycle vertices
in G1(p®, k) and Ga(p®, k) are also not isomorphic. Hence, ged(p — 1,k) = 1 and
p |k when a > 1.

We now assume that p”||k, for some positive integer r. By hypothesis, h(7'(0)) =
h(T(1)) = hg. By Lemma 3.15 and Lemma 3.16, we have k"o~! < o < k" and
p*~ ' | k"o, Then r(hg — 1) < a — 1 < rhg. Then pPo=1) L gho=t <o — 1 < rhy,
which implies that hg = 1. Thus, the height of all components of G(p*, k) is 1. Then

we can write
a—1
G(p*, k) =07 UaO"Uax0 U...UaOf",

where a; = A;(G1(p®, k)).

Also, indeg,.(a) = p", if a is a cycle vertex in G1(p®, k), and indeg,.(a) = 0
otherwise. By hypothesis, we get m = p” = p®~!, which implies » = a — 1. Hence,
the result follows.

Now we prove the converse. Assume that ged(p®~1(p — 1),k) = p®~1. Then the
indegree of any vertex in G(p®, k) is 0 or p*~ 1. Also, the indegree of all cycle vertices
in G(p“, k) is p®~1. By Lemma 3.1, the number of cycle vertices in G1(p*, k) is p— 1.
It follows that the number of cycle vertices in G(p®, k) is p. Thus, this implies that
the height of all components in G(p®, k) is 1. Hence, the result follows. (I
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Corollary 6.5. Let p be an odd prime and o > 1. Let k > 2 be an integer.
Then the trees attached to all cycle vertices in G(p®, k) are isomorphic if and only
if G(p*,k) is semiregular.

Corollary 6.6. Let p be an odd prime and o > 1. Let k > 2 be an integer.
Suppose that G(p*, k) is symmetric of order p. Then the trees attached to all cycle
vertices in G(p®, k) are isomorphic.

The converse of Corollary 6.6 does not hold. For example, the trees attached to
all cycle vertices in G(49, 35) are isomorphic, but G(49,35) is not symmetric (see
Figure 4). However, if k =1 (mod p—1), then the converse is also true. This follows
from Theorem 6.4 and Lemma 3.11.
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Figure 4. G(49, 35).

=

Theorem 6.7. Let n = pyps...p., where p;, i = 1,2,...,r are distinct odd
primes. Suppose that for any fundamental constituent G5(n, k) of G(n,k), there
exists a distinct fundamental constituent G¢,(n, k) such that the trees attached to
all cycle vertices in G(n, k) UGF (n, k) are isomorphic. Then, G(p;, k) consists only
of cycles, for at least one i such that 1 < i < r, and conversely. Moreover, if G(p;, k)
consists only of cycles for all i, then the trees attached to all cycle vertices in G(n, k)
are isomorphic.

Proof. From Lemma 3.5, we see that 0 is an isolated fixed point of G(p;, k),
for all 4. Suppose that G(p;, k) contains some nontrivial trees, for all i. Then using
Lemma 3.7, the indegree of all non-zero cycle vertices in G(p;, k) is greater than 1,
for all i. Note that the cycle vertices of G(n, k) are of the form a = (a1, aq,...,a,),
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where each a; is a cycle vertex of G(p;, k). By Lemma 3.18,
indeg,,(a) = H indeg,,, (a;).
i=1

Thus, indeg,,(a) > 1, unless a = (0,0, ...,0). That is, the only cycle vertex in G(n, k)
with indegree 1 is the fixed point 0. Since G?php%___mT} (n, k) is the only fundamental
constituent of G(n, k) with trivial trees, the result follows.

Conversely, assume that G(p;, k) consists only of cycles for at least one ¢
such that 1 < ¢ < r. Then the trees attached to all cycle vertices in the

fundamental constituents Gy(pi, k) and G? (pi, k) are isomorphic, in fact the

pi}
trees are trivial. Let G{)(n,k) be any fundamental constituent of G(n, k). Let

m; = piP2...Pi—1Pit1 ---Pr. Then by (4.2),
G*Q(n,k‘) o ngl(pi,k') X G”fQ2 (my, k),

where Q1 = {p € Q: p|pi}, Q2 ={p € Q: p| m;}. Then there exists a fundamental
constituent Gfol (pi, k) of G(ps, k) such that the trees attached to all cycle vertices
in G3, (pi, k) U Gy (pi, k) are isomorphic. By Theorem 6.1, the trees attached to all
cycle vertices in G¢)(n, k) U G¢ 1UQs (n, k) are isomorphic.

The second part follows directly from Lemma 3.20. O

Corollary 6.8. Let n = pips...p,, where p;, i = 1,2,...,r are distinct odd
primes, and let k > 2 be an integer. Suppose that G(n,k) is symmetric of order n.
Then the trees attached to all cycle vertices in G(n, k) are isomorphic.

The converse of Corollary 6.8 does not hold. For example, the digraph G(35,11)
has trivial trees but it is not symmetric (see Figure 5).

OO0 e

Oy R GO O0® 0 00O
W) 58 TR @8 @80 69

Figure 5. G(35,11).
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Corollary 6.9. Let n = pqi1qs...q,, where p and ¢;, 1 = 1,2,...,r are distinct
odd primes. Let k > 2 be an integer such that ged(p—1, k) =ged(¢;—1, k) =1, for all i.
Let Q C{q1,q2,---,q-} and consider the fundamental constituent G¢,(q1q2 - - - ¢r, k)
of G(q1q2 ... qr, k). Suppose that G(p, k) is symmetric of order p. Then G,(n,k)U
G*Qu{p} (n, k), which is a subdigraph of G(n, k), is symmetric of order p.

Proof. Since G(p, k) is symmetric of order p, then by Lemma 3.11 we see that
k=1 (mod p—1). Let C be a component of Gf,(n,k). Then by Lemma 5.1 (ii),
there exist distinct components C7,Cy,...,Cp_2 of Gé(n,kj) and one component
Cp—1 of Géu{p}(n, k) such that each C; is isomorphic to C, for i = 1,2,...,p — 1.
Similarly, it is the case if we take C' to be a component of ngu{p} (n, k). Hence,

GoH(n, k) U Gouip (n, k) is symmetric of order p. O

Corollary 6.9 does not hold when G(p, k) is not symmetric of order p, even though
G(n, k) is symmetric of order p. Consider the following example.

Example. Consider the digraphs G(5,15) and G(29,15). Note that both G(5,15)
and (G(29,15) consist only of cycles. By Lemma 3.11, G(5,15) is not symmetric
of order 5. Now, A;(G(5,15)) = 3, A2(G(5,15)) = 1, A1(G(29,15)) = 15, and
A2(G(29,15)) = 7. Also, A1(G(5x29,15)) = 45 and A2(G(5 x 29,15)) = 50. Hence,
G(5 x 29,15) is symmetric of order 5.

Consider the fundamental consituents Gy(145,15), G7, (145, 15),

5 (145, 15)
and G?5,29}(145, 15) of G(145,15). By (4.2), we have

{29}

Gy(145,15) = G5(5,15) x G§(29,15),
t51(145,15) 2 G5, (5,15) x Gj(29,15),
120y (145,15) = G5 (5,15) X G0, (29,15),
G520y (145,15) 2 G5, (5, 15) x G0, (29,15).

Note that G(5, 15) consists of one 2-cycle and 2 isolated fixed points, and G(29, 15)
consists of 7 2-cycles and 14 isolated fixed points. Then by Lemma 3.19 and
Lemma 3.21, Gj(145,15) consists of 14 + 14 + 14 = 42 2-cycles and 28 isolated
fixed points. Similarly, ?5}(145, 15) consists of 7 2-cycles and 14 isolated fixed
points, ?29}(145,15) consists of one 2-cycle and 2 isolated fixed points, and

15729}(145,15) consists of only 1 isolated fixed point. Therefore, we see that
Gp(145,15) U G (145,15) is not symmetric of order 5, for any P,Q C {5,29},
P Q.
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Theorem 6.10. Let n = nyng, where ged(ni,n2) = 1, and k > 2 be positive
integers.

(i) Let ny = p1p2...pr, where p;, i = 1,2,...,r are distinct odd primes and r > 2.
Suppose that ged(A(n), k) = 1.
(ii) Let my = p®, where p is an odd prime and « > 1 is an integer. Suppose that
ged(p®~H(p—1),k) = p* L.
(iii) Let nqy = 2%, where o > 1. Suppose that G(nq, k) satisfies the following condi-
tions:
(a) a=5,k=4.
(b) a=4,k=2.
(©) a<220 |k
(d) a<2,k>2,22]k.
Then for any fundamental constituent G'p(n, k) of G(n,k), there exists a distinct
fundamental constituent G¢,(n, k) such that the trees attached to all cycle vertices
in G (n, k) U GE(n, k) are isomorphic.

Proof. We first show that the trees attached to all cycle vertices in G(ny, k) are
isomorphic. Cases (i) and (ii) follow from Lemma 3.3 and Theorem 6.4, respectively.

Now we consider case (iii). For parts (a) and (b), we see from Figure 2 and Figure 3,
respectively, that G(16,2) and G(32, 4) have exactly two isomorphic components, one
with the fixed point 0 and the other with the fixed point 1.

We now prove parts (c¢) and (d). By Lemma 3.2, every cycle of G1(2%, k) is a fixed
point. Also, the fixed point 0 is the only cycle in G2(2%, k). Since A;(G(2%,k)) =
ged(A(29),k — 1) + 1 = 2, the only cycles in G(2%, k) are the fixed points 0 and 1.
By Lemmas 3.12 and 3.13, we get indeg,, (1) = indeg,, (0) = 2*~!. Thus, G(2%, k)
has exactly two isomorphic components, one component containing the fixed point 0
and the other containing the fixed point 1.

To finish the proof, in all three cases we use Theorem 6.1 and equation (4.2). Let
G5 (n, k) be any fundamental constituent of G(n, k). By (4.2), we have

Gp(n, k) = Gp, (n1, k) X Gp, (n2, k),

where Py = {p € P: p|ni1}, Po={q € P: q|n2}. Then there exists a fundamental
constituent G¢, (n1,k) of G(ni1, k) such that the trees attached to all cycle vertices
in Gp, (n1,k) UGY, (n1, k) are isomorphic. Now, using equation (4.1), consider the
fundamental constituent

G, (n1,k) x G, (n2, k) = Gy, up, (0, k).

Hence, by Theorem 6.1, the trees attached to all cycle vertices in GhH(n,k) U
G5, up,(n, k) are isomorphic. O
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Corollary 6.11. Let n = 3p*p5? ... pSr, where p; # 3 are distinct odd primes.
Let k > 2 be an odd integer. Then for any fundamental constituent G (n, k) of
G(n, k), there exists a distinct fundamental constituent G¢,(n, k) such that the trees
attached to all cycle vertices in Gp(n, k) U Gf)(n, k) are isomorphic.

Corollary 6.12. Let n = nino, where ged(nq,ne) = 1. Let nqy = p%, where p is
an odd prime and a > 1. Let Gj,(n2,k) be a fundamental constituent of G(nz,k).
Suppose that G(n1, k) is symmetric of order p. Then G (n, k)U Géu{p}(n, k), which
is a subdigraph of G(n,k), is symmetric of order p.

Proof. By Theorem 6.10, the trees attached to all cycle vertices in G*Q (n,k)U
Gzzu{p} (n,k) are isomorphic. Since G(ni,k) is symmetric of order p, then by
Lemma 3.11 we get that k =1 (mod p—1). Let C be a component of Gouipy (n, k).
Then by Lemma 5.1 (ii), there exist p — 1 distinct components of Gf,(n, k), say,
C1,Cq,...,Cp_1, each isomorphic to C. Similarly, it is the case when C is a compo-
nent of G, (n, k). Hence, G¢,(n, k) U Géu{p} (n, k) is symmetric of order p. O

The following theorem is a generalization of Theorem 6.4.

Theorem 6.13. Let n = p'ps?...pSr, where p;, i = 1,2,...,r are distinct odd
primes. Let k > 2 be an integer. The trees attached to all cycle vertices in G(n, k)
are isomorphic if and only if ged(p ' (p; — 1),k) = pi' ™!, fori =1,2,...,7.

Proof. Assume that ged(pf ' (p; — 1),k) = m # p¥~ ', for some i such that
1<i<r. Our aim is to show that indege (0) # indegp?:(l). We know that
indeg,e: (0) = pfii[e"/m and indegpfi(l) = m. If p; 1 m, then we are done. So
we consider the case when p; | m. By Lemma 3.8, G1(p;’, k) is always semiregular,
and indegpji (a) = 0 or m, for any vertex a in G1(p;’, k).

Suppose that indegpji (0) = indegp:,: (1), then m = gcd(pf"il(pi —1),k) =
pfii(si/m . This implies that k < e;. If Go(p§’, k) is semiregular, then by Lemma 3.10,
we get a contradiction. Now consider the case when G2 (p;*, k) is not semiregular. By
Lemma 3.9, we have e; > k+e;—[e;/k|+2. Note that e;—[e;/k]+2 < pf"’_rei/k] <k,
for any odd prime p. Then, e; > 2¢;+4—2[e;/k]|, which is again a contradiction. Thus
we can conclude that if ged(pS* ' (p; — 1), k) # p$* ', then indeg e (0) #£ indege: (1).

Let m; = pi'p5* ... p; {' vy - .. per. Then,
indeg i (0) indeg,,,, (1) # indeg,: (1) indeg,,, (1),

which by Lemma 3.17 implies that indeg, ((0,1)) # indeg, ((1,1)). Hence, the trees
attached to the cycle vertices (0,1) and (1,1) in G(n, k) are not isomorphic.
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We now prove the converse. Assume that ged(pS' ™' (p; — 1), k) = pi' ™", for i =
1,2,...,r. Then by Theorem 6.4, the trees attached to all cycle vertices in G(p{*, k),
for all i, are isomorphic. By similar arguments as in the proof of Theorem 6.4, we
see that the height of each component of G(p;*, k), for all ¢, is 1. Then it is clear
that the height of each non-cycle vertex of G(n, k) is 1.

Let a = (a1,as9,...,a,) and b = (by,ba,...,b,) be two cycle vertices in G(n, k)
G(pT', k) x G(p3?, k) x ... x G(ptr, k). Let ¢; be a digraph isomorphism from T'(a;
onto T'(b;) in G(p;', k), for i = 1,2,...,r. Consider the trees T(a) and T'(b) in
G(n,k). It is enough to show that T(a) = T'(b). Let v = (u1,uz,...,u,) be any
vertex in T'(a). Define a map F': T(a) — T'(D) as

T((ulau27 cee 7U'T)) = (SOI(Ul)aSOQ(UQ)a .. '5307"(“7“))'
If u = (ug,usa,...,u,) is a cycle vertex, then
F((uy,uz,...,uy)) = F((a1,az2,...,a.))
= (901(0’1)7902(02)7 .. -er(ar)) = (blaan cee abr)'

Suppose that the vertex u = (u1,ug,...,u,) is at height 1 in T'(a). Since ¢; is an

isomorphism, then

[F((’U,l, uz, . .. 7U'7“))]k = (301 (ul); @2(u2)5 (RS SOT(UT))k = (301 (U]f), @2(“’15)7 RS @T(uﬁ))
= (501(0‘1)7 902(042)7 RN Lpr(ar)) = (bla ba, ..., bT’)
Hence, F' is well-defined. Since ¢; are one-one and onto, it is clear that F' is

also one-one and onto. Finally, we show that F preserves the direction. Let u =
(u1,us,...,u-) be at height 1 in T'(a). Then

[F((U'la U2, .- - 7u7“))]k = (501 (ul)a 502(u2)a ) 307"(’(1'7“))1C = (501 (ulf)v 902(’“']5)7 R 507"(“];))
= (p1(a1),p2(az), ..., ¢r(ar)) = Fa).

O

Note. The arguments of the proof of the ‘=’ part of Theorem 6.13 will also work
to prove the ‘=’ part of Theorem 6.4.

Corollary 6.14. Let n = p{'ps?...pS, where p;, i = 1,2,...,r are distinct odd
primes. Let k > 2 be an integer. The trees attached to all cycle vertices in G(n, k)
are isomorphic if and only if G(n,k) is semiregular.
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Proof. If the trees attached to all cycle vertices in G(n, k) are isomorphic, then
the height of each component of G(n,k) is 1. Let a = (a1,as2,...,a,) be a cycle

vertex in G(n, k). Then by Lemma 3.18, indeg,, (a) = [] indeg,, (a;), where ¢; = p;".

i=1
Thus it follows that G(n, k) is semiregular.

Conversely, assume that G(n,k) is semiregular. Our aim is to show that
ged(pd ™ pi — 1),k) = p¢i~!, for all 4 such that 1 < i < r. However, this fol-
lows by using similar arguments as in the proof of the ‘=’ part of Theorem 6.13. [

Corollary 6.15. Let n and k > 2 be two integers. The trees attached to all
cycle vertices in Ga(n, k) are isomorphic if and only if the trees attached to all cycle
vertices in G(n, k) are isomorphic.

The following theorem is a generalization of Theorem 7.1 in [5].

Theorem 6.16. Let n = nyng, where ged(ny,n2) = 1. Let J(n1,k) and L(ng, k)
be subdigraphs of G(nq,k) and G(nz, k), respectively. Suppose that J(ni, k) consists
of M isomorphic components, and L(na, k) consists of N isomorphic components.
Then J(n1, k) x L(ng, k) is a subdigraph of G(n, k) that is symmetric of order M N.

Proof. Let C;(n1,k), where i = 1,2,..., M, be M isomorphic components of
J(ni1,k), and let D;(ng, k), where j = 1,2,..., N, be N isomorphic components of
L(ng, k). Since all C;(n1, k) are isomorphic, each cycle in C;(n1, k) is a t1-cycle, for
some positive integer ¢1. Let the M t;-cycles in J(ny, k) be

(ar,a2,...,04,), (Gt 41,0042, ,026,), -, <a(A171)t1+1aa(M71)t1+27---7aMt1>-

Similarly, each cycle in Dj(ng, k), for j =1,2,..., N, is a to-cycle, for some positive
integer to. Let the N to-cycles of L(na, k) be

(b1,b2, ..., bey), (Beyy1sbegras -3 0265)s ooy (DN=1)tat1> O(N=1)ta42> - -+ ONEo)-

From Lemma 3.21, we see that

M
J(’I’Ll,k) X Dj(ng,k) = U Ci(nl,k) X Dj(ng,k),

i=1

for each j such that 1 < j < N. Thus, from Lemma 3.19, it follows that there are
M disjoint subgraphs in J(n1, k) x Dj(nse, k), for each j such that 1 < j < N, each
subgraph containing ged(t1, t2) components. We now show that these M subgraphs
are all isomorphic.
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For each 7, it suffices to show that
C’i(nl,k;) X Dj(’I’LQ, k) = Cl(’l’Ll, k) X Dj(ng, k),

for all positive integers ¢, [ such that 1 <1, < M.

By hypothesis, there exists a digraph isomorphism ¢; from C;(ni,k) onto
Ci(ny, k), for all 4, | such that 1 < 4, I < M. Then it is clear that for each j,
the map

Fili Ci(nl, k)) X Dj(ng, k)) — Cl(nl,k') X Dj(ng, k),

defined by Fji((u,v)) = (pu(u),v), for any vertex (u,v) € Cij(n1,k) x D;(ne, k), is
a digraph isomorphism, for all ¢, [ such that 1 < ¢, [ < M. Again, by hypothesis,
there exists a digraph isomorphism ;; from D;(ns, k) onto D;(ns, k), for all 4, j
such that 1 <4, j < N. Define a map

Fi’j: J(n1,k) x Di(na, k) — J(n1,k) x Dj(na, k)

as Fj;((u,v)) = (u,9i;(v)), for any vertex (u,v) € J(n1,k) x Di(n2, k). It is clear
that F}; is a digraph isomorphism from J(n1, k) x D;(nz, k) onto J(n1, k) x D;(na, k),
for all 7, j such that 1 <14, 7 < N.

Then, J(n1, k) x L(ne, k) consists of M N isomorphic subgraphs, each containing
ged(ty, t2) components. Hence, J(n1, k) x L(ng, k) consists of ged(ty,t2) subgraphs,
each containing M N isomorphic components. This implies that J(ny, k) x L(ne, k)
is symmetric of order M N. O

Theorem 6.17. Let n = ning, where ged(ny,ne) = 1. Suppose that G(ny, k)
is symmetric of order M and G(nz, k) is symmetric of order N. Then G(n,k) =
G(n1, k) x G(ng, k) is symmetric of order M N.

Proof. This follows from Lemma 3.21 and Theorem 6.16.

O
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