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RELATIONS BETWEEN CONSTANTS OF MOTION
AND CONSERVED FUNCTIONS

JOSEF JANYSKA

ABSTRACT. We study relations between functions on the cotangent bundle
of a spacetime which are constants of motion for geodesics and functions
on the odd-dimensional phase space conserved by the Reeb vector fields of
geometrical structures generated by the metric and an electromagnetic field.

INTRODUCTION

We assume a classical spacetime FE to be an oriented and time oriented 4-dimen-
sional Loretzian manifold. In literature as phase space is usually considered the
cotangent bundle T*FE and as infinitesimal symmetries are usually considered
infinitesimal symmetries of the kinetic energy function. It is very well known, [13],
that such infinitesimal symmetries are given as the Hamiltonian lifts of functions
on T* E which are constants of motion for geodesics. Constants of motion which are
polynomial on fibres of the cotangent bundle are given by Killing k-vector fields,
k > 1. For k = 1 the corresponding infinitesimal symmetries are the flow lifts of
Killing vector fields and so they are projectable on infinitesimal symmetries of the
spacetime. For k > 2 the corresponding infinitesimal symmetries are not projectable
and they are called hidden symmetries. Moreover, if we consider coupling with an
electromagnetic 2—form, constants of motion and the corresponding infinitesimal
symmetries are generated by Killing-Maxwell multi-vector fields.

On the other hand the phase space of general relativistic test particle can be
defined either as the observer space, [3], (a part of the unit pseudosphere bundle
given by time-like future oriented vectors) or as the I—jet space J1 E of motions,
[11]. The metric and the electromagnetic fields then define geometrical structures
given by a 1-form and a closed 2-form. As phase infinitesimal symmetries we define
infinitesimal symmetries of these forms. Phase infinitesimal symmetries which are
projectable on the spacetime were studied on the observer space by Iwai [3] and on
1-jet space of motions by Janyska and Vitolo [I1]. In both situations projectable
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symmetries are given by the flow lifts of Killing vector fields (eventually Killing
vector fields which are infinitesimal symmetries of the electromagnetic field).

In the paper [5] it was proved that nonprojectable (hidden) symmetries of
the contact structure of the phase space generated by the metric are given by
the Hamilton—Jacobi lifts of phase functions conserved by the Reeb vector field
of the contact structure. Moreover, it was proved that such conserved functions
are generated by Killing multi-vector fields. On the other hand if we assume the
almost-cosymplectic-contact structure of the phase space given by the metric and
the electromagnetic fields then in [7] it was proved that all infinitesimal symmetries
are projectable and there are no hidden symmetries. In this case Killing-Maxwell
multi-vector fields generate functions conserved by the Reeb vector field of the
structure, but not infinitesimal symmetries.

In the paper we discus relations between functions on 7% E which are constants
of motion and functions on J; E conserved by the the Reeb vector fields. We prove
that conserved phase functions are obtained as a pull-back of constants of motion
on T*E.

1. INFINITESIMAL SYMMETRIES OF THE KINETIC ENERGY FUNCTION

A classical spacetime is assumed to be an oriented and time oriented 4-dimensional
manifold E equipped with a Lorentzian metric g of signature (1,3). We denote
by (2*) local coordinates on E and by (z*, &) the induced fibred coordinates on
T*E. In what follows we shall use notation d* = dz*, d,\ =diy, O\ = % and
O* = -2~ The inverse metric will be denoted by §.

CEN

1.1. Canonical symplectic structure. Suppose the phase space to be the co-
tangent bundle T*E. Then we have the canonical symplectic 2-form w and the
canonical Poisson 2-vector A given by

w=d\Ad*, A=0N0y.
Let us assume the kinetic energy function
H=1igMi\i,.
A function K on T*E is said to be a constant of motion if
(1.1) 0={H,K}=Lx,K=-Lx,H=¢"i\0,K—-10°'Kd,gMiyi,.

Remark 1.1. A phase function K is a constant of motion means that its Hamil-
tonian lift X g is an infinitesimal symmetry of the kinetic energy function or that
K is constant on geodesic curves since the Hamiltonian lift

(12) XH:g’\”:'rpakf%GAg””;icpjcaé')‘.
is the tangent vector field of lifts of geodesics to T*E, [13]. O
Now, let us discuss functions satisfying the equation (1.1]). If K is the pull-back

k
of a spacetime function then K has to be a constant. Further suppose that K is
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homogeneous of order k£ on fibres of T* FE, i.e.
k k k
K=K gy iy, KM e O®(E).
k k k
Then K can be considered as a symmetric k-vector field K = K21+« Ox, ©---©0y,.

k

Then the equation (1.1)) is satisfied if and only if K satisfies the Killing equation
k

(1.3) [9. K] =0,

k
where [, ] is the Schouten bracket for symmetric multi-vector fields. So K, considered
as a k-vector field, is a Killing tensor field.

1
Remark 1.2. For k£ = 1 we obtain that a vector field K admits a symmetry of
the kinetic energy function if and only if it is a Killing vector field. Moreover, the

1
Hamiltonian lift of the corresponding constant of motion is the flow lift 7* K of

1
the vector field K to the cotangent bundle. O
So functions of the type

0 k 0 k
(1.4) K=K+Y KMy iy, K,KM*eC®E),

k>1

0 k
are constants of motion if and only if K is a constant and K, k > 1, are Killing
multi-vector fields.

1.2. (Souriau’s) coupling with an electromagnetic field. Let us consider a
Maxwell (electromagnetic) field F' = Fy, d* A d* satisfying the Maxwell equation
dF = 0. Then we consider the total (joined) 2-form, [2],

Ww=w+iF=dyAnd*+ iF,d na".
We obtain the corresponding total (joined) Poisson 2-vector
N =A+A=0"N0\+L1F\, 0" nO".
Assume a function K on T*E satisfying
(1.5) 0={H KV = Ly, K = g @, WK — (302977 dpiy — Fpr g i) K,

where {, }' is the total (joined) Poisson bracket.
According to [I3] functions of the type (1.4]) satisfy the equation (L.5) if and
only if

k
(1.6) 0="> (319, K17 + kF, KP?>") iy ...,
E>1

kot
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0o 1
Corollary 1.1. For a function K = K + K &y two identities have to be satisfied
0 1 1
0=¢"""0,K+ F,°* K*, 0=[g,K],

which implies that K is a Killing vector field and the identity dK + KJF =0 is
satisfied. Then K is an infinitesimal symmetry ofF i.e. L F = 0. Moreover,

<Xk::K*@A—(aﬂ(+ihkwip+l%AKwﬂy::K*aA—éhKTipék
1 1
which is the flow lift T*K of the vector field K. O

ko ok
Corollary 1.2. For a function function K = KM+ &y ... iy, k> 2, we get

k k
0=[gK], 0= E: kosonr,

k
i.e. K is a Killing-Mazwell k-vector field, [2]. Moreover, the corresponding vector
field XJ_ is not projectable on spacetime and the infinitesimal symmetry of H is

K
hidden. O

2. INFINITESIMAL SYMMETRIES OF THE GRAVITATIONAL CONTACT PHASE
STRUCTURE

In what follows we shall consider a phase space of a general relativistic test
particle considered as the 1-jet space of motions. Our theory is explicitly independent
of scales, so we introduce the spaces of scales in the sense of [10]. Any tensor field
carries explicit information on its scale dimension. We assume the following basic
spaces of scales: the space of time intervals T, the space of lengths L and the
space of mass M. We assume the speed of light ¢ € T* ® L and the Planck constant
he T* @ L2 ® M as the universal scales. We denote as u’ € T* a base.

2.1. Classical phase space. Now we assume the metric to be scaled, i.e. g: E —
L2® (T*E ® T*E) . A spacetime chart is defined to be a chart (z*) = (2°,2%) €
C>®(U, R x R*), U C E is open, of E, which fits the orientation of spacetime
and such that the vector field Jy is timelike and time oriented and the vector fields
01, 09,03 are spacelike. Greek indices A, p,... will span spacetime coordinates,
while Latin indices i, j, ... will span spacelike coordinates.

For a particle with mass m it is very convenient to use the re-scaled metric
G=%9gE—-T® (T*EGT*E), Ggu = hﬂo 9, and the associated contravariant
re-scaled metric G = L5: E — T* @ (TE ® TE), Gyt = o ghn,

We assume time to be a one-dimensional affine space T associated with the vector
space T = T ® R. A motion is defined to be a 1-dimensional timelike submanifold
s: T — FE. The Ist differential of the motion s is defined to be the tangent map
ds: TT=T xT —TE.

We assume as phase space the open subspace 1 E C J1(E,1) consisting of
all 1-jets of motions. So elements of J1,F are classes of non-parametrized curves
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which have in a point z € E the same tangent line lying inside the light cone,
[8]. 7§: J1E — E is a fibred manifold but NOT an affine bundle! The velocity of
a motion s is defined to be its 1-jet jis: T — J1(E,1). For each 1-dimensional
submanifold s : T'<— E and for each « € T', we have jys(z) € J1 F if and only if
ds(z)(u) € Ty(y) E is timelike, where u € T.

Any spacetime chart (z°,2%) is related to each motion s which means that s
can be locally expressed by (2°, 2" = s%(2°)). Then we obtain the induced fibred
coordinate chart (2%, 2%, {) on J1 E such that 2 o s = 9ps'. Moreover, there exists
a time unit function T' — T such that the 1st differential of s, considered as the
map ds: T — T* ® TE, is normalized by g(ds, ds) = —c?, for details see [§].

We shall always refer to the above fibred charts.

We define the contact map to be the unique fibred morphism 1: §; E — T*@TE
over E, such that o jis = ds, for each motion s. We have g (1, 1) = —c?. The
coordinate expression of I is

(2.1) m=ca® (9 +x}0;), where ao:zl/\/|goo+2gojx6+gijx6x%|.

We define the time form to be the fibred morphism 7 = —c% @ (n): I E —
T®T*E, considered as the scaled horizontal 1-form of g1 E. We have the coordinate
expression

0 .
(2.2) T=7ad) = =% (gor + ginzp) .

Note 2.1. In what follows it is very convenient to use the following notation
. . . N N 0

8 =65 —x§ 8 ‘ixnd o = of + 55:106’. Then 1 = ca®d} 8, and 7 = —%go)\d’\7
where Jox = gux 04 - O

Let V31 E C TJ1 E be the vertical tangent subbundle over E. The vertical pro-
longation of the contact map yields the mutually inverse linear fibred isomorphisms

v WE -TQV*E®VHE and v 2§ E—->V'HEQT ®V,E,

where V. E = ker 7 C TE, with coordinate expressions
1 . . v
ve=—503d"®0), vi'=ca’dj® (0 —ca’r 8 05).
ca

2.2. Infinitesimal symmetries of the gravitational contact phase struc-

ture. For a particle with mass m we can unscale the time 1-form and obtain

ch cozo

a contact 1-form 7 = T = T\d*, where 7 = — 2% gox. So the metric g
defines on the phase space J1 E the gravitational contact structure (—7,Q8), where
29 = —d7. Then we have the dual Jacobi pair (=79, A?) given by the Reeb vector
field —49 and the 2-vector field A®, [§].

We define an infinitesimal symmetry of the gravitational contact phase structure
to be a phase vector field X on J; E which is a symmetry of 7, i.e. Lx7T = 0. By
naturality we have Lx Q9% =0, Lx7® = [X,7%] = 0 and LxA® = [X, A%] = 0. Accor-
ding to [5] any infinitesimal symmetry of the pair (—7,9) is the Hamilton-Jacobi
lift

(2.3) X =d(7(X))* +7(X)7°
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of the phase function 7(X), where X = Tn}(X): §.E — TE is a generalized vector
field in the sense of [12] such that 7% - (7(X)) = 0. So, a generalized vector field X
has to satisfy the following conditions:

1. (Projectability condition) The Hamilton-Jacobi lift (2.3) of the phase function
7(X) projects on X.

2. (Conservation condition) The phase function 7(X) is conserved, i.e.
7 (7(X)) =0.
The following results were proved in [5].

Theorem 2.1. Let X = X*0y: E — TE, X* € C>*(31E), be a generalized
vector field, then the following assertions are equivalent:

1. The Hamilton-Jacobi lift (2.3|) projects on X.

2. The vertical prolongation
VX VI.E—-VITE=TE®TE

has values in the kernel of T.

3. In coordinates
(2.4) Gop 09 X7 =0. m
Lemma 2.2. For generalized vector fields X and Y satisfying the projectability
condition we have
(2.5) {7(X), 7))} +7(X) 7 - (7)) —7(X)7* - (F(X)) =7((X,Y]). O

Remark 2.1. Let us remark that on the left hand side of ([2.5]) there is the Jacobi
bracket of functions 7(X) and 7(Y). O

Theorem 2.3. Let X be a generalized vector field satisfying the projectability
condition. Then the following assertions are equivalent:

1. The Hamilton-Jacobi lift is an infinitesimal symmetry of the gravitational
contact phase structure.

2. The phase function 7(X) is conserved, i.e. 49 -7(X) = 0.

3. The vector field [7%, X] is in ker 7.

4. In coordinates

(2.6) 0= 3865 (gpw 0o X% + 1 X° 0,9,0) - D

Corollary 2.4. For generalized vector fields X and Y satisfying the projectability
and the conservation conditions we have

(2.7) {7(X), 7))} = 7([X, Y]).

Moreover, the phase function 7([X,Y]) is conserved. O

Theorem 2.5. The Lie algebra of infinitesimal symmetries of the gravitational
contact phase structure is formed by the Hamilton-Jacobi lifts of phase functions
T(X), where generalized vector fields X satisfy the projectability and the conserva-

tion conditions (2.4)) and (2.6]).
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Moreover, if X factorises through a spacetime vector field, then the corresponding
infinitesimal symmetry is projectable and it is the jet flow lift ;1 X. If X is a
generalized vector field which is not factorisable through a spacetime vector field,
then the corresponding infinitesimal symmetry is hidden. O

2.3. Infinitesimal symmetries of the gravitational contact phase struc-
ture generated by Killing multi-vector fields. In [5] it was proved that a

k
symmetric k-vector field K, k > 1, admits generalized vector field satisfying the
projectability condition. Such generalized vector fields are given by

k k k
2.8)  X|K]=k7s....7.K — (k- 1)K(7,...,?)i: hE —TE,

(k—1)—times
where I = Thcgﬂ. Then we obtain the induced phase function

ok ko ko R e R
T(X[K]) = K@) =K(T,...,7) = KM%, ... T\, .

k
Theorem 2.6. The phase function K(T) is conserved with respect to the gravita-
k

k
tional Reeb vector field, i.e. 3% - K(T) = 0, if and only if K is a Killing k-vector
field. O

0 0 0
Remark 2.2. Let K be a spacetime function. Then 79.K = 0 if and only if K is
a constant. O

Theorem 2.7. The Hamilton-Jacobi lift of a phase function
0 k
(2.9) K=K+)Y K(7),
E>1
is an infinitesimal symmetry of the gravitational contact phase structure (—7,Q9)

0 k
if and only if K is a constant and K, k > 1, are Killing k-vector fields. O

1 1
Remark 2.3. For a Killing vector field K the Hamilton-Jacobi lift of 7(K)

1
coincides with the jet flow lift J; K and the corresponding infinitesimal symmetry
is projectable on spacetime. For k > 2 the corresponding infinitesimal symmetry is
hidden. 0

0 k
Remark 2.4. For a constant K and Killing k-vector fields K, k > 1, the conserved
phase function of the type (2.9) admits the infinitesimal symmetry

0 k
X[K]=K7+» X[K]
k>1
which projects on the generalized vector field
0 k 1 k
XK =(K=) (k=1)K@)A+K+> ki 17K
k>2 k22 (k—1)—times



304 J. JANYSKA

satisfying the projectability and the conservation conditions. a

2.4. Comparison with infinitesimal symmetries of the kinetic energy
function. Suppose the morphism
-7:1F—TE.

over E. In coordinates we have

. -~ Ou
o =ah, iy = =T = TS oy

Remark 2.5. Let us note that the image of the mapping —7 is the subset of T*E
given by elements satisfying the condition

AN s e
GMiyx, =—1,

o] 2 — . .
where G = m@ — g is the unscaled metric. O

Lemma 2.8. Let K be a constant of motion on T*E, i.e. Xy - K =0, then its
pull-back —7*(K) is a conserved function, i.e. 7% - 7*(K) =0.
Proof. First, it is easy to see that we have

—T.7(7%) = Xu(7(e)),

where e € J1 FE and X is the vector field (|L.2]).
Now,

397 (K) = ig,d7 (K)
= i;g?*(dK) =dK(T7(?%)) = —dK(Xy)=—-Xg-K.O
Now, let us assume a function (|1.4) on T*E. The above function is a constant
0 k
of motion if and only if K(z) is a constant and K (z), k > 1, are Killing k-vector
fields. The pull-back of the function (|1.4]) is the phase function (2.9 which is a
function conserved by the gravitational Reeb vector field. Let us note that in [5]
the conserved functions of the type (2.9 were obtained in a different way by using

generalized vector fields ([2.8)).
By Lemma [2.8| we get the following diagram

Hamiltoni
(T*E,w) constants of motion K, {H,K} =0 amronian > ISs of H

lift
/

Killing multi-vectors -7

N

(1E,—7,9%)  conserved functions, 48 - (—=7*(K)) =0

Hamiltc?n—Jacobi ISs of (_?’ Q9)
lift

For Killing vector fields we obtain in both cases projectable infinitesimal sym-
metries which are obtained by the flow lifts. For Killing k-vector fields, k > 2, the
corresponding infinitesimal symmetries are hidden.



CONSTANTS OF MOTION AND CONSERVED FUNCTIONS 305

3. INFINITESIMAL SYMMETRIES OF THE TOTAL
ALMOST-COSYMPLECTIC-CONTACT PHASE STRUCTURE

We assume the total (joined) almost-cosymplectic-contact structure (—7,€V) on
the phase space given naturally by the metric and an electromagnetic field.

3.1. Total almost-cosymplectic-contact phase structure. We assume an
electromagnetic field to be a closed scaled 2-form on E

2
F:E— (L'"?oM'/?) e \T"E.

Given a particle with charge ¢ € T~! @ L3/2 @ M'/2 the rescaled electromagnetic
field F' = { F can be incorporated into the geometrical structure of the phase
space, i.e. the gravitational form. Namely, we define the total (joined) phase 2-form

2
(3.1) W=+ Q=08+ 1F: ), E—~ \T"0,E.

The pair (—7, ) is almost-cosymplectic-contact, i.e. it is regular and and the
2-form €V is closed, [9]. Then the dual almost-coPoisson-Jacobi pair is (=7, AJ).
Here 7/ = -1y (48 + 4¢), where

m c2
v hE—-T"QVHE

with the coordinate expression

(3.2) Ve = —GR O Fau® @8,
Cur%)‘ = 5; G’OL/\. Further, AJ = A9 + A®, where
(33) AAe == méé)\ éé” ﬁk,u, 8? A 6]0 .

3.2. Infinitesimal symmetries of the total almost-cosymplectic-contact
phase structure. We define a phase infinitesimal symmetry of the total almost-co-
symplectic-contact phase structure to be a vector field X on J; E such that: (1)
Lx?z 0; (2) Lij =0.

Remark 3.1. The conditions (1) and (2) are equivalent to [X,7] = 0 and
[X,N] =0. O
Lemma 3.1. A phase vector field X is an infinitesimal symmetry of ¥ if and
only if it is of the form

(3.4) X =df¥ +h7,

where f is a conserved phase function, i.e. ' - f =0, and h = 7(X), X = Tn}(X).

Proof. We have the splitting TJ1E = ker7 & (3'), i.e. X = X + h%', where

7(X) = 0 and h is a phase function. Then from 7(3') = 1 we have h = 7(X).
Further the phase 2-form (¥ is closed, then from z?j Y = 0 we obtain 0 =

Lx§V = dngj, which implies locally that i)?Qj = df for a phase function f, i.e.

= s S N P

X =df¥. Moreover, 7 - f = zwdf = zvjzXQJ = zXszQ’ =0. O
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Theorem 3.2. A phase vector field (3.4), where where f is a conserved phase
function, i.e. 5 - f =0, and h = 7(X), X = Tn}(X), is an infinitesimal symmetry
of T if and only if f is of the form

(3.5) f=7X)+f
for a generalized vector field X and a spacetime function f € C™(E) such that
(3.6) df =X JF.

Proof. By Lemma infinitesimal symmetries of (—7,§Y) are of the form (3.4)),
where y.f =39 - f +7°.f =0, and h = 7(X). If X is an infinitesimal symmetry of
7 then by [4]

(3.7) —idfang —hi’v\ng +dh=0.
But

~

ijy\ng = —,ﬁ_lF

and

igper Q8 = df + L5 GR 0 fF, d* = df + (G* o) (dy f) 5 F .

co a0

which follows from
(T AP (df) =df = (3 /)T =df + (- /)7,
(o A*)(df) = —(F° - )7 + =5 G5 00 f Py, d”
Then reads as
(3.8) d(h—f) = —h R F + (Gt ov,)(dy f) o F.
Now, if we put 7(X) = 7(X) = h, then we can rewrite as
(3.9) df = d(F(X)) + F(X) R F = (G*ov,)(dy f) 5 F
= d(F(X)) — ((°)2G0p X &) + L GH O f) Fyu

2

co af

which implies that

(3.10) O f = 0'F(X) = —coa®(GY, X + Gf), 0V X") ,

where é?p =G, + (a%)% goi égp, and we can rewrite (3.9)), by using the identity
G{ G?p = 62‘ + (a%)2 gop 0, as

(3.11) df = d(F(X)) + (X* + G{ GY, 00 XP) Fy, d .

If we consider the condition that the vector field (3.4)), where df is given by (3.11]),
projects on X which is equivalent with (2.4) we get

(3.12) df = dF(X)) + X Py, d* = d(7(X))+ X L F.

So we get (3.5), where f € C°°(E) such that (3.6) is satisfied. O
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Theorem 3.3. All phase infinitesimal symmetries of the total phase structure are
vector fields of the type

(3.13) X =dFX) + HY +7(X)7

where X is a generalized vector field and f € C>°(E) satisfying the following
conditions: N

1) df=X_JF.

2) (Projectability condition) The vector field projects on X.

3) (Conservation condition) The phase function 7(X) + f is conserved, i.e.

- FX)+ f) =0.
Proof. It follows from Lemma [3.1] and Theorem [3.2 O

Remark 3.2. Let us note that to find a pair (X, f ) satisfying the projectability
condition 2) of the above Theorem it is sufficient to find a generalized vector
field satisfying the projectability condition of Theorem It follows from
the fact that d fﬂj is a vertical vector field.

Further, if the condition 1) and 2) are satisfied, then the conservation condition
- (F(X) + f) = 0 is equivalent with the conservation condition given by (2-6) in
Theorem [2.3 . which follows from 79 - f = -3¢ - 7(X). O

Lemma 3.4. Let (X, f) and (Y, h) be pairs of generalized vector fields and spa-
cetime functions such that the projectability condition of Theorem[3.3 is satisfied.
Let X and 'Y are phase vector fields given by (3.13). Then

(3.14) (X, Y]) =7(X,Y]) = coa® GO\ (XP,Y* —Y"0,X7).
Proof. For a pair (X, f ) satisfying the projectability condition ([2.4]) we obtain

“ 1 y
(3.15) X = X203 = G [= — 50,
v o 1 ~
o 0 0 o o 0
+ X7 0,0, + Gip 0, X7 + 5 X Fpp) 82

The same expression we have for a pair (Y, fz) which implies Lemma O

Remark 3.3. Let us note that if, moreover, the condition (3.6|) is satisfied, then
the vector field (3.15)) is reduced to

(3.16) X =X"0\n—GY [X° 9,60, +GY, 9,X7] 9. 0

Lemma 3.5. Let (X, f) and (Y, h) be pairs of generalized vector fields and space-
time functions satisfying the projectability condition of Theorem|[3.3. Then

(3.17)  {F(X), 7)Y =7([X,Y]) - F(X)7° - 7(¥) + F(¥)F* - 7(X)
+1IFXY) - 1F(X) F(IY) + 17(Y) F(4, X),

(3.18) (FX),hY =X -h—7(X) A

(3.19) {f,hY =

1/\
57’
-h,

S
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Proof. We have for any phase functions f, h
(.1 = i (G (9, O — 00F 0, h)
+ GG (0,G5, — 8,60, + 5 Fpy) OPn OS],

and, for generalized vector fields X, Y and spacetime functions f and h satisfying
the projectability condition (2.4)), we obtain

{F(X), 7)Y = coa® [Gh, (Y 0,X* — X 0,17

+ (a%)? égu Y* (gox 6 9,X* + 1 X 9\goo)

— (a®)2 GO\ X (Jou 08 0,Y" + £ Y 0,Gioo)
X yr - afo 3% (Gox ﬁ — Jop ﬁp)\)XA Y*#]
(X, Y]) - F(X)7° - A(Y) + T(Y) 7% - 7(X)
LP(X,Y) - L7(X) F(R,Y) + §7(Y) F(&, X) ,

{(F(X),hY = X? 0,h + (a°)? Gos X7 0 O,h

{f.ny =0,
where gog = 53‘ 55 g, Which follows from Lemma and
7(Y) (3% 7(X)) = eo (a®)* GF, Y (Jox 0 8,X™ + 5 X 9,5ioo) - O

Theorem 3.6. All infinitesimal symmetries of the total almost-cosymplectic-contact
phase structure (—7,§V) are projectable.

Proof. Let us consider two infinitesimal symmetries of the almost-cosymplectic-con-
tact phase structure (—7, ')

X =dFX)+ P +7(X0)7, YV =dFY) + )P +7(¥)7,

where the pairs (X, f) and (Y, k) satisfy the conditions 1), 2) and 3) of Theorem
Then the Lie bracket [X,Y] is also an infinitesimal symmetry of (-7, ). By
[5] (Lemma 2.5) we have

X, Y] = d{7(X) + £.7(Y) + P + ({F(X) + £, 7)Y
—{7Y) + L, 7)Y + QdF(X) + /)P, dF(Y) + h)P)) 7
But [X,Y] is an infinitesimal symmetry of (—7, Q) if and only if the difference
FX) + £, 7)) + Y - ({FX) + £,7()Y — {F(Y) + h7(X)Y
+QU(d(F(X) + /)P, dF(Y) + h)P))
is a spacetime function. The above difference is

(3.20) —{7(X), 7)Y — Q2 (AF(X) + )P, dF(Y) + h)P).
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But Q¢ = O — Q°. Then from the duality and

~

Try(dF(X) + f)P) = X - 7(X) &
we get
hP) = —{F(X) + [,7(X) + B},
0)P) = $F(X - 7(X) &Y - 7(Y) &)
which implies
QO (d(F(X) + /)Y, dF(Y) + h)Y)
=~ {70+ [,7) + hY - 3F(X,Y) + 37(X) F(R,Y)
+37(Y) F(X, B).
Then is
(FX), hY +{f,7W)Y + 3F(X,Y) - $7(X) F(&,Y) - $7(Y) F(X, 7
and, from , it can be rewritten as

Finally, from andY JX ,F = 1ﬁ (X,Y), we get that the difference is equal

to ffF(X Y) Wthh is a spacetime function if and only if X and Y are spacetime
vector fields. So all infinitesimal symmetries of the almost-cosymplectic-contact
structure (—7, V) are projectable and there are no nonprojectable (hidden) sym-
metries. [

Remark 3.4. Let us note that projectable infinitesimal symmetries of of the
almost-cosymplectic-contact phase structures were classified in [I1]. It was proved
that all projectable infinitesimal symmetries are vector fields of the type (3.13))
where X is a spacetime Killing vector field and f is a spacetime function such that

the condition (3.6)) is satisfied. In this case the vector field (3.13) reduces to (3.16)).
But if X is a Killing vector field, then LxG = 0 which in coordinates reads as

X7 0,G3, + G, 0, X7 + G, 0,X7 =0,
i.e.
X7 0,GY, + GY, 0,X7 = =GO, 08 0,X°
which implies that the vector field can be rewritten as
(3.21) X =X 05+ G GO, 08 0,X° 00 = X 0\ + 0, 05 0,X 0
= X0\ + (80X + af 0, X" — 2} 00 X° — x 2} 9, X°) O
which is the 1-jet flow lift of X to J, F. O
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3.3. Conserved functions and Killing-Maxwell multi-vector fields. Now,
let us consider a phase function given by a spacetime function f = IO( and
symmetric multi-vector fields Ik( , k > 1. If we consider the phase vector field
X=dK9+)" K77
E>1
then this vector field coincides with the vector field for the generalized vector
field

. k .
X[K] =Try(dKY + > K(7)7)
k>1

(3.22) :[1(—2(/6 +Zk’7’J. JTJK

k>2 k22 (k—1)—times

k
Really, we have T(X[K]) = > ;- K(7). Such generalized vector field satisﬁes the
projectability condition and we have to find conditions for the function ) to be
conserved by the joined Reeb vector field, i.e. . K = 0.
Lemma 3.7. We have
0

5K =0,
PRI h? Ao Ak_1 DA
’yE.K(T)Z—kaC KPA A=t ARy e, k>1,
S
where F*% , = g7 F .
Proof. We have
0
e~ QR A
$Tp = 05 Fop
me
hich implies, with @5 §g = — B gow
which implies, with 6§ = ——5— ¢7“ 7,,,
~e k k A1\ ~e ~ ~
e K(T) = kKPP (AT ) Ty o Ty
R kK -~
At Ag Ak = ~
:fkaCngl R e g7 Ty - Ty 0

Lemma 3.8. Let us suppose a phase function B = BM= 7\ .7, k > 1,
BM-Ar € C(E). Then B = 0 if and only if B* - =0 for all Ay, ..., \g.

Proof. B = 0 if and only if BM=* gy ... gxp 05 ... 08" = 0 which is a
polynomial function on fibres of J; E. Then B+ Gripr - Grppe = 0 for all
indices p1, ..., pr and from regularity of the metric we get Lemma O
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Theorem 3.9. A phase function (2.9) is conserved by the joined Reeb vector field,
ie.y - K =0, if and only if

0 1
(3.23) ¢ 9,K +KPF*, =0,
(324) V()\llk()\g...AkJrl) + (k I 1) k[‘glp(ky--)‘k ﬁAkJrl)p — 07
fork=1,2,....

Proof. From Lemma [3.7 we have
2

. 0 1
VK =R K = g [ 0K K P,

k k+1 ~
+ Z (309, KMt (k4 1) K PAeete F)\Hlp) Par - g -

From

V(Alllz')\z.../\qul) — %[g7[]%])\1...>\k+1
and Lemma (3.8)) we obtain Theorem O
Corollary 3.10. The vector field X[K] = dK%¥ + h#%, where the phase func-

0
tion K is given by (2.9) and h = K — K, is an infinitesimal symmetry of the
almost—cosymplectic—contact pair (—7, V) if and only if the conditions (3.23) and

0 ~
(13-24) are satisfied and dK = X[K] J F. O

0 1
Remark 3.5. Let us assume a (special) phase function K = K + K (7). Then the
conditions (3.23) and (3.24) are reduced to

0 1 < 1
0,K —K°F,,=0, VMK =9

1 0 1

and we obtain the result of [I1], i.e. K is a Killing vector field and K and K
0 1 . 1

are related by the formula dK = K 4 F which implies that K is an infinitesimal

symmetry of F'. Moreover, the correspondinﬁnitesimal symmetry is the flow

1 1
lift J; K which projects on K, see Remark [3.4] Let us note that in this case the
condition (3.6) coincides with the condition (3.23)). O

k
Remark 3.6. Let us assume a phase function K = K(7), k > 2. Then the

conditions (|3.23]) and ([3.24]) are reduced to
k k ~
(3.25) VO RAz- ) = geOeAen pA) =

k
and we obtain that K is a Killing-Maxwell k-vector field, [2]. The condition (3.6)
has the form X[K],F = 0 which from (3.22)) is equivalent with

(3.26) O:Z((k—l)f((?)f[Jﬁ—k(?J...J?JIk()Jﬁ).

k>2 (k—1)—times
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Now, from I = G'7 and Lemma we obtain the coordinate expression of (3.26))
in the form

k ~ k N
(3.27) KO fhn), —0,  Keheda Bo— g,

For a nonvanishing k-multi vector field the equations are satisfied only for
F = 0 but in this case the geometrical phase structure is contact. For a nonvanishing
electromagnetic field the equations are satisfied only for vanishing k-multi
vector field and we have no induced infinitesimal hidden symmetry. O

Remark 3.7. As an example let us assume the canonical Killing-Maxwell 2-vector

2 ~
field KA = G for the unscaled metric, [I3]. Then the above conditions (3.27)
are in the form L R R
GPAE,, =0, GXMpr) =0,
which implies F' =0. O

3.4. Comparison with infinitesimal symmetries of the kinetic energy
function.

Lemma 3.11. Let K be a function on T*E constant of motion, i.e. Xl - K =0,
then its pull-back —7*(K) is a conserved function, i.e. 3 -7*(K) = 0.

Proof. The proof is the same as the proof of Lemma [2.8] by observing that
—Te?(;y\e) :F\p,\?p(e) 8->\, 6631E,

and by using equation . O

If we consider the electromagnetic field, then in both approaches we get the same
results for projectable infinitesimal symmetries, see Corollary [I.1] and Remark [3.5]
On the other hand, Killing-Maxwell multi-vector fields of rank > 2 admits hidden
infinitesimal symmetries of H on T*FE. On J1 E Killing-Maxwell multi-vector fields
admit functions conserved by the Reeb vector field of the joined structure but to
obtain infinitesimal symmetries of the joined almost-cosymplectic-contact structure
we need a further strong condition which implies either F' = 0 and the
structure is reduced to the gravitational one or there are no hidden infinitesimal
symmetries.

We can summarize the results in the following diagram

(T*E, o)) constants of motion K, {H, K}) =0 ——— ISs of H
Killing—Maxwell multi-v.f.s —7* projectable ISs of (—:r\, Qj)
\ k= 1/’
(LE,-7,) conserved functions, 7'.(=7*K) =0

o2

no hidden ISs of (—7, )
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