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On computation of minimal free

resolutions over solvable polynomial algebras
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Abstract. Let A = Klai,...,an] be a (noncommutative) solvable polynomial
algebra over a field K in the sense of A. Kandri-Rody and V. Weispfenning [Non-
commutative Gréobner bases in algebras of solvable type, J. Symbolic Comput. 9
(1990), 1-26]. This paper presents a comprehensive study on the computation
of minimal free resolutions of modules over A in the following two cases: (1)
A= GBPEN Ap is an N-graded algebra with the degree-0 homogeneous part Ag =
K; (2) A is an N-filtered algebra with the filtration {FpA},en determined by
a positive-degree function on A.
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1. Introduction and preliminaries

1.1 Introduction. Since the late 1980s, the Grobner basis theory for commuta-
tive polynomial algebras and their modules (cf. [Bul], [Bu 2], [Sch], [BW], [AL2],
[Frob], [KR1], [KR2]) has been successfully generalized to (noncommutative) solv-
able polynomial algebras and their modules (cf. [AL1], [Gal], [K-RW], [Kr2], [LW],
[Lil], [Lev]). It is now well known that the class of solvable polynomial algebras
covers numerous significant algebras such as enveloping algebras of Lie algebras,
Weyl algebras (including algebras of partial differential operators with polynomial
coefficients over a field of characteristic 0), more generally a large number of opera-
tor algebras, iterated Ore extensions, and many quantum (quantized) algebras. In
particular, after [K-RW] successfully established a noncommutative version of the
Buchberger’s criterion and a noncommutative version of Buchberger algorithm for
computing (one-sided, two-sided) Grébuner bases of (one-sided, two-sided) ideals in
general solvable polynomial algebras (see the module versions presented as Theo-
rem 1.3.2 and Algorithm 1 in the current paper), the noncommutative version of
Buchberger algorithm has been implemented in some well-developed computer al-
gebra systems, such as MODULA-2 [KP] and SINGULAR [DGPS]. Based on such an
effective Gréobner basis theory and the fact that every solvable polynomial algebra
is a (left and right) Noetherian domain of finite global homological dimension (see
Theorem 1.2.3 and Theorem 2.3.3 in the current paper), in this paper we present
a comprehensive study on the computation of minimal graded free resolutions
and minimal filtered free resolutions over N-graded solvable polynomial algebras
and N-filtered solvable polynomial algebras respectively. More precisely, after this
preliminary Section 1, there are two sections devoted to the goal of this paper. In
Section 2, we show that the methods and algorithms, developed in [CDNR], [KR2]
for computing minimal homogeneous generating sets of graded submodules and
graded quotient modules of free modules over a commutative polynomial algebra,
can be adapted for computing minimal homogeneous generating sets of graded
submodules and graded quotient modules of free modules over a noncommutative
N-graded solvable polynomial K-algebra A with the degree-0 homogeneous part
Ap = K (where K is a field), and consequently algorithmic procedures for com-
puting minimal finite graded free resolutions of finitely generated modules over A
can be achieved. This work, in turn, makes a solid foundation for our next step
of computing minimal finite filtered free resolutions over N-filtered solvable poly-
nomial algebras. In Section 3, we first specify the N-filtered solvable polynomial
algebras that have an N-filtration determined by a positive-degree function d( ),
and over such filtered solvable polynomial algebras we introduce filtered free mod-
ules that enable us to establish the filtered-graded transfer principle of Grébner
bases for submodules of free modules, which had not been systematically done
before (e.g., comparing with the filtered-graded transfer of Grobner bases for left
ideals and applications presented in [Lil]). Secondly, over an N-filtered solvable
polynomial algebra A with respect to a positive-degree function d( ), we introduce
minimal filtered free resolutions for finitely generated A-modules by introducing
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minimal F-bases and minimal standard bases respectively for A-modules and their
submodules with respect to good filtration (note that good filtration always ex-
ists for finitely generated modules over a filtered ring, cf. [LVO]), where, as we
remarked in Subsection 3.3, the standard bases are just noncommutative ana-
logues of the classical Macaulay bases in the commutative case. We verify the
appropriateness of the definitions for minimal F-bases, minimal standard bases,
and minimal filtered free resolutions by showing that any two minimal F-bases,
respectively any two minimal standard bases, have the same number of elements
and the same number of elements of the same filtered degree, and that minimal
filtered free resolutions are unique up to strict filtered isomorphism of chain com-
plexes in the category of filtered A-modules. Comparing with classical minimal
graded free resolutions (e.g. [Eis, Chapter 19], [Krl, Chapter 3], [Li3]), this there-
fore means that the definition of minimal filtered free resolutions we introduced
for finitely generated modules over the N-filtered solvable polynomial algebra A
is a right definition of “minimal free resolutions”. Furthermore, combining the
results of Section 2, we show that minimal finite filtered free resolutions can be
algorithmically computed in case A has a graded monomial ordering <. At this
stage, it is worth noting that once a minimal finite filtered free resolution L, is
constructed for a finitely generated A-module M, then, as a by-product, Lo gives
rise to a minimal graded free resolution for the associated graded module G(M)

and the Rees module M , respectively (see Theorem 3.5.3).

Throughout this paper, K denotes a field, K* = K — {0}; N denotes the
additive monoid of all nonnegative integers, and Z denotes the additive group
of all integers; all algebras are associative K-algebras with the multiplicative
identity 1, and modules over an algebra are meant left unitary modules.

1.2 Solvable polynomial algebras. In this subsection we recall briefly some
basics on solvable polynomial algebras. The main references are [AL1], [Gal],
[K-RW], [Kr2|, [LW], [Lil], [Li2], [Li4].

Let K be a field and let A = Klas,...,a,] be a finitely generated K-algebra
with the minimal set of generators {ai,.. an} If, for some permutation 7 =
i1iz - -in of 1,2,...,n, the set B = {a® = a7’ ---a;" | a = (a,...,a,) € N"},
forms a K-basis of A, then £ is referred to as a PBW K -basis of A (where the
phrase “PBW K-basis” is abbreviated from the well-known Poincaré-Birkhoff-
Witt Theorem concerning the standard K-basis of the enveloping algebra of a Lie
algebra, e.g., see [Hu, p.92]). It is clear that if A has a PBW K-basis, then we can
always assume that i1 = 1,...,4%, = n. Thus, we make the following convention
once for all.

Convention. From now on in this paper, if we say that an algebra A has the
PBW K-basis 4, then it means that

B={a"=a]" --apy | a=(a1,...,a,) € N}
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Moreover, adopting the commonly used terminology in computational algebra,
elements of & are referred to as monomials of A.

Suppose that A has the PBW K-basis 4 as presented above and that < is a
total ordering on %. Then every nonzero element f € A has a unique expression

m
= Z)\ja”‘(j), where \; € K*, a®) = a3 almi e B, 1< j < m.
j=1

If ¢ < q*® < ... < 2™ in the above representation, then the leading
monomial of f is defined as LM(f) = a®("™) | the leading coefficient of f is defined
as LC(f) = A, and the leading term of f is defined as LT(f) = Apna®(™.

1.2.1 Definition. Suppose that the K-algebra A = KJas,...,a,] has the PBW
K-basis . Let < be a total ordering on Z that satisfies the following three
conditions:

(1) < is a well-ordering;

(2) for a7,a%,a’ a" € B, if a® < a® and LM(a"a%a"), LM(a"a’a") ¢ K,
then LM(a"a%a") < LM(a"a’a");

(3) for a,a%,a’,a" € B, if a® # a7, and a7 = LM(a%a’a"), then a® < a”
(thereby 1 < a” for all a7 # 1).

Then < is called a monomial ordering on % (or a monomial ordering on A).

If < is a monomial ordering on %, then we call (%, <) an admissible system
of A.

Remark. (i) Definition 1.2.1 is indeed borrowed from the theory of Grébner bases
for general finitely generated K-algebras, in which the algebras considered may
be noncommutative, may have divisors of zero, and the K-bases used may not be
a PBW basis, but with a (one-sided, two-sided) monomial ordering such algebras
may theoretically have a (one-sided, two-sided) Grébuner basis theory. For more
details on this topic, one may referrer to [Li2, Section 3.1 of Chapter 3 and Sec-
tion 8.3 of Chapter 8]. Also, to see the essential difference between Definition 1.2.1
and the classical definition of a monomial ordering in the commutative case, one
may refer to Definition 1.4.1 and the proof of Theorem 1.4.6 given in [AL2].

(ii) Note that the conditions (2) and (3) in Definition 1.2.1 mean that < is two-
sided compatible with the multiplication operation of the algebra A. Originally in
[K-RW], the use of a (two-sided) monomial ordering < on a solvable polynomial
algebra A first guarantees that A is a domain, and furthermore guarantees an
effective (left, right, two-sided) finite Grobner basis theory for A (Theorem 1.2.3
below).

Note that if a K-algebra A = K|aq,...,a,] has the PBW K-basis # = {a® =
af*---a% | a = (oq,...,a,) € N}, then for any given n-tuple (mq,...,my) €
N"™ a weighted degree function d( ) is well defined on nonzero elements of A,
namely, for each a® = af*---a2" € B, d(a®) = miaq + -+ + muay,, and for
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each nonzero f = 377 Na®®) € A with \; € K* and a®¥) € %, d(f) =
max{d(a®@) | 1 < i < s}. Ifd(a;) = my > 0 for 1 < i < n, then d( ) is
referred to as a positive-degree function on A.

Let d( ) be a positive-degree function on A. If < is a monomial ordering on %
such that for all a®,a? € 4,

(%) a® < a” implies d(a®) < d(a”),

then we call < a graded monomial ordering with respect to d( ), and unless
otherwise stated, from now on we always use <, to denote a graded monomial
ordering.

As one may see from the literature that in both the commutative and non-
commutative computational algebra, the most popularly used graded monomial
orderings on an algebra A = Klaq,...,a,] with the PBW K-basis % are those
graded (reverse) lexicographic orderings with respect to the degree function d( )
such that d(a;) =1,1<i<n.

Originally, a noncommutative solvable polynomial algebra (or an algebra of
solvable type) R’ was defined in [K-RW] by first fixing a monomial ordering <
on the standard K-basis Z = {X7"--- X2 | oz € N} of the commutative poly-
nomial algebra R = K[X;,...,X,] in n variables X1,..., X,, over a field K, and
then introducing a new multiplication * on R, such that certain axioms [K-RW,
Axioms 1.2] are satisfied. In [LW] the definition of a solvable polynomial algebra
was modified, in the formal language of associative K-algebras, as follows.

1.2.2 Definition. Suppose that the K-algebra A = K|[aq,...,a,] has the PBW
K-basis # and an admissible system (%, <). If for all a® = a{*---a%", a® =
af L...aP» € A, the following condition is satisfied:
a®aP = Aapa®tt + fo 5,
where A, € K*, a®tF = af* P qonthn and
fa,p € K-span £ with LM(fu 5) < qo+0 Whenever fap #0,

then A is said to be a solvable polynomial algebra.

Remark. Let A = KJaq,...,a,] be a finitely generated K-algebra and K(X) =
K(X;,...,X,) the free K-algebra on {X1,...,X,}. Then it follows from [Li4]
that A is a solvable polynomial algebra if and only if

(1) A= K(X)/(G) in which (G) is the two-sided ideal of K(X) generated
by a finite subset G = {g1, ..., gm} and, with respect to some monomial
ordering <, on K(X), G is a Grobner basis of (G) such that the set of
normal monomials (mod G) gives rise to a PBW K-basis & for A, and

(2) there is a monomial ordering < on 2 such that the condition on mono-
mials given in Definition 1.2.2 is satisfied.

Thus, solvable polynomial algebras are completely determinable and constructible
in a computational way.
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By Definition 1.2.2 it is straightforward that if A is a solvable polynomial
algebra and f,g € A with LM(f) = a®, LM(g) = a”, then

(P1) LM(fg) = LM(LM(f)LM(g)) = LM(a%a”) = a**”.

We shall freely use this property in the rest of this paper without additional
indication.

The results mentioned in the theorem below are summarized from [K-RW,
Sections 2-5].

1.2.3 Theorem. Let A = Klay,...,a,] be a solvable polynomial algebra with
admissible system (%, <). The following statements hold.

(i) A is a (left and right) Noetherian domain.

(ii) With respect to the given monomial ordering < on %, every nonzero left
ideal I of A has a finite left Grébner basis G = {gi1,...,9:} C I in the
sense that

e if f €l and f+#0, then there is a g; € G such that LM(g;)|LM(f),
ie., there is some a7 € 9 such that LM(f) = LM(a"LM(g;)),
or equivalently, with y(ij) = (Vir; s Via;s- -+ Vin;) € N, f has a left
Grébner representation:

f= Z Aija g,
]

where \;; € K*, o) € B, g; € G, satisfying LM(a"()g;) <
LM(f) for all (i, 7).

(iii) The Buchberger’s criterion and Buchberger algorithm [Bul], [Bu2], that is
for computing a finite Grobner basis of a finitely generated commutative
polynomial ideal, has a complete noncommutative version for computing
a finite left Grobner basis of a finitely generated left ideal I = 2111 Af;
of A (see Theorem 1.3.2 and Algorithm 1 given in the end of the next
subsection, which, of course, are versions for modules).

(iv) Similar results of (ii) and (iil) hold for right ideals and two-sided ideals
of A.

1.3 Grobner bases for submodules of free modules. In this subsection we
recall briefly some basics on left Grobner bases for submodules of free left modules
over solvable polynomial algebras. The main references are [AL2], [Eis], [KR1],
[KR2], [K-RW], and [Lev].

Let A = K|aq,...,a,] be a solvable polynomial algebra with admissible system
(#,<), and let L = @;_, Ae; be a free A-module with the A-basis {e1,...,es}.
Then L is a Noetherian module with the K-basis

Ble) ={a“e; | a* € B, 1 <i<s}.

We also call elements of %(e) monomials in L. If <, is a total ordering on %(e),
and if ¢ = Y70, \ja®Ue;; € L, where \; € K* and a(j) = (ay,,...,a;,) € N,
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such that a®Me;, <. a®@e;, < -+ <. a®™e; ., then by LM(€) we denote the
leading monomial a®(™e;  of &, by LC(£) we denote the leading coefficient \p,
of &, and by LT () we denote the leading term Apa®™e;  of f.

With respect to the given monomial ordering < on A, a total ordering <.
on Ae) is called a left monomial ordering if the following two conditions are
satisfied:

(1) a®e; <. aPe; implies LM(aYa%;) <. LM(a”a’e;) for all a®e;, a’e; €
PB(e), a¥ € B,
(2) a? < d® implies a®e; <. a’e; for all a®,a® € B and 1 <i < s.
From the definition it is straightforward to check that every left monomial or-
dering <. on HB(e) is a well-ordering. Moreover, if f € A with LM(f) = a”
and £ € L with LM(§) = a%e;, then, by referring to the property (P1) given in
Subsection 1.2, we have

(P2) LM(f¢) = LM(LM(f)LM(¢)) = LM(a"a%;) = a*%e;.

We shall also freely use this property in the rest of this paper without additional
indication.

Actually as in the commutative case (e.g. [AL2], [Eis], [KR1], [KR2]), any
monomial ordering < on % may induce two left monomial orderings on #(e):

(TOP ordering) a%e; < a’e; < a® < a”, or a® = a” and i < j;
(POT ordering) a%e; <. aPe; < i < j, or i =j and a® < a”.

Let <. be a left monomial ordering on the K-basis #(e) of L, and a%e;,
a’e; € B(e), where a = (a1,...,an), B = (B1,---,8.) € N*. We say that
a®e; divides aﬁej, denoted aaei|aﬁej, if i = j and aPe; = LM(a"a%¢;) for some
aY € B. Tt follows from the foregoing property (P2) that

aaei|aﬁej ifandonlyif i =7 and f; > a;, 1 <i<n.

This division of monomials can be extended to a division algorithm of dividing
an element ¢ by a finite subset of nonzero elements U = {&1,...,&,} in L. That
is, if there is some &;, € U such that LM(¢;, )|[LM(¢), i.e., there is a monomial

a() € 2 such that LM(¢) = LM(a*(");, ), then €' := € — g5icife— a6
otherwise, ¢’ := ¢ — LT(¢). Executing this procedure for £ and so on, it follows
from the well-ordering property of <. that after finitely many repetitions, £ has

an expression
£= Xija*We 4,
4,J
where A\;; € K, a®) ¢ B, eU,n=0orn=>, Aea?®ey with N\, € K,
a’ ey, € B(e), satisfying LM (a®(13)¢;) <. LM(E) for all \;; # 0, and if n # 0,
then a"®e;, <, LM(¢), LM(&) f a?’®ey, for all & € U and all A, # 0.
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The element n appeared in the above expression is called a remainder of £ on
division by U, and is usually denoted by ZU, ie., EU =n. If EU = 0, then we say
that £ is reduced to zero on division by U. A nonzero element £ € L is said to be

. —U
normal (mod U) if € =¢ .

Based on the division algorithm, the notion of a left Grébner basis for a sub-
module N of the free module L = @;_; Ae; comes into play. Since A is a
Noetherian domain, it follows that L is a Noetherian A-module and the following
proposition holds.

1.3.1 Theorem. With respect to the given <. on %(e), every nonzero sub-
module N of L has a finite left Grobner basis G = {g1,...,9m} C N in the sense
that
if £ € N and £ # 0, then LM(g;)|LM(§) for some g; € G, i.e., there is a
monomial a7 € A such that LM(§) = LM(a"LM(g;)), or equivalently,
¢ has a left Grobner representation & = Zi,j )\ijao‘(ij)gj, where \;; €
K*, a®%) ¢ B with a(ij) = (ai,,...,0,) € N, g; € G, satisfying
LM (a®(i7)g;) <. LM(€).
Moreover, starting with any finite generating set of N, such a left Grébner basis
G can be computed by running a noncommutative version of the Buchberger algo-

rithm for modules over solvable polynomial algebras (see Algorithm 1 presented
below). O

The noncommutative version of Buchberger algorithm is based on the noncom-
mutative version of Buchberger’s criterion that makes the strategy for computing
left Grobner bases of modules over solvable polynomial algebras. For the reader’s
convenience and the use in subsequent sections, we recall both of them as follows.

Let N = 3" A with U = {&,...,&n} C L. For &,& € U with 1 <
i < j < m, LM(&) = a®We,, LM(E;) = a®We,, where a(i) = (qi,,..., ),
a(j) = (a4, ..., a5,), put v = (y1,...,7) with v = max{a,,,a;,}. The left
S-polynomial of & and ¢; is defined as

Se6int) = { 7o o N TRl ve T LI ii p;q
0, it p#q.

1.3.2 Theorem (Noncommutative version of Buchberger’s criterion). With no-
tation as above, U is a left Grobner basis of the submodule N if and only if every

Se(&i,&;) is reduced to 0 on division by U, i.e., Sg(fz-,{j)U =0.

Algorithm 1 (Noncommutative version of Buchberger algorithm)

INPUT: U ={&1,....6m}
OUTPUT: G ={g1,...,9¢}, aleft Grobner basis for N = 3", A¢;,

INITIALIZATION : m/ :=m, G:={g1 =&1,. .., Gm' =Em}

o o 9i,9; € G, i < j, and for some ey,
S = {Sé(glag]) ’ LM(gz) — aaet’ LM(QJ) _ aget
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BEGIN
WHILE S # () DO
Choose any S¢(gi,g;) € S
§:=8 —g{Se(gmgj)}
Se(9i,95) =n
IF 5 # 0 with LM(n) = a”e, THEN
m'i=m/ +1, g =1
S:=8U{Se(9;,9m') | g5 € G, LM(g;) = a”ex}
g = g U {gm/};
END
END
END

One is referred to the up-to-date computer algebra systems SINGULAR [DGPS]
for the implementation of Algorithm 1. Also, nowadays there have been opti-
mized algorithms, such as the signature-based algorithm for computing Grébner
bases in solvable polynomial algebras [SWMZ], which is based on the celebrated
F5 algorithm [Fau], and may be used to speed-up the computation of left Grébner
bases for modules.

2. Computation of minimal graded free resolutions

The work of this section is completely a noncommutative analogue of the well-
known commutative case, that is, we show that the methods and algorithms, de-
veloped in [CDNR], [KR2] for computing minimal homogeneous generating sets
of graded submodules and graded quotient modules of free modules over commu-
tative polynomial algebras, can be adapted for computing minimal homogeneous
generating sets of graded submodules and graded quotient modules of free mod-
ules over a noncommutative N-graded solvable polynomial K-algebras A with the
degree-0 homogeneous part Ay = K. Consequently the algorithmic procedures
for computing minimal graded free resolutions of finitely generated modules over
A can be achieved.

In the literature, a finitely generated N-graded K-algebra A = @peN A, with
the degree-0 homogeneous part Ay = K is referred to as a connected N-graded
K -algebra. Concerning introductions to minimal resolutions of graded modules
over a (commutative or noncommutative) connected N-graded K-algebra (or more
generally an N-graded local K-algebra) and relevant results, one may refer to [Eis,
Chapter 19], [Krl, Chapter 3], and [Li3].

Noticing that commutative polynomial algebras are certainly the type of N-
graded solvable polynomial algebras we specified, and that the noncommutative
version of Buchberger’s criterion as well as Buchberger algorithm for modules over
solvable polynomial algebras (Theorem 1.3.2 and Algorithm 1 presented in the
end of Section 1) looks as if working in the same way as in the commutative case
by reducing the S-polynomials, one might think that the extension of methods
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and algorithms provided by [CDNR], [KR2] to modules over noncommutative N-
graded solvable polynomial algebras could be naturally holding true as a folklore.
However, from the literature (e.g. [AL2], [BW], [Eis], [Frob], [KR1], [KR2]) we
learnt that in developing the Grébner basis (including the n-truncated Grébner
basis) theory for a commutative polynomial K-algebra R = Klx1,...,z,], two
featured algebraic structures play the key role in both the theoretical proofs and
technical calculations, namely

e the multiplicative monoid %, where & is the PBW basis of R, which is
furthermore turned into an ordered multiplicative monoid with respect to
any monomial ordering <;

e monomial ideals, i.e., ideals generated by monomials from Z.

For instance, a version of Dickson’s lemma for monomial ideals holds true, thereby
a Grobner basis of an ideal I in R is usually defined (or characterized) in terms
of generators of the monomial ideal generated by leading monomials of /. In
the proof of Buchberger’s criterion, reduction of a monomial does not cause any
trouble (e.g. see [AL2, p.41, 1 -5]); especially, the already known Noetherianess
of R (or Dickson’s lemma for monomial ideals) guarantees the termination of
Buchberger algorithm (e.g. see [AL2, p.43]), and this algorithm, in turn, gives
rise to more relevant algorithms not only for ideals but also for submodules of
free R-modules (e.g. [KR2, Proposition 4.5.10, Theorem 4.6.3]). While due to
the noncommutativity of a solvable polynomial algebra A = Klaq,...,ay], the
PBW basis # of A is no longer a multiplicative monoid. Thereby, in developing
a (one-sided, two-sided) Grobner basis theory of A, all steps using reduction by
monomials from 4 cannot be simply replicated from the commutative case. More-
over, (one-sided, two-sided) ideals generated by monomials from % can no longer
play the role as in the commutative case, and the Noetherianess of A is not known
until the existence of finite Grébner bases for (one-sided) ideals is algorithmically
established (note that in general A is not necessarily an iterated Ore extension of
the base ring K or some Noetherian ring). Since Algorithm 2 and Algorithm 3
below in this section essentially depend on Algorithm 1 presented in the last
section, at this point, one is referred to [K-RW] for the nontrivial and detailed
argumentation on how the barrier of noncommutativity is broken down, in order
to reach the main results we recalled in Section 1 (Theorem 1.2.3, Theorem 1.3.1,
Theorem 1.3.2, Algorithm 1 though this is for modules). Moreover, so far in
the literature there had been no clear and systematical presentation showing that
the commutative n-truncated Grobner basis theory and the algorithmic principle
for N-graded modules presented in [CDNR], [KR2] can be adapted for N-graded
modules over general noncommutative N-graded solvable polynomial K-algebras
with the degree-0 homogeneous part equal to K. So, from a mathematical view-
point, we are naturally concerned about how to trust that this is a true story and
then, how to give a precise quotation source when the relevant results are applied
to noncommutative setting (for instance, in our Section 3). Following the rule
“to see is to believe”, which we understand as understanding more than merely
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observing, all what we pointed out above motivates us to provide a detailed ar-
gumentation and demonstration on the topic of this section, which one may also
compare with the corresponding argumentations given in [KR2, Chapter 4].

All notions, notations and conventions introduced before are maintained.

2.1 N-graded solvable polynomial algebras and graded free modules. In
this subsection we first specify, by means of positive-degree functions (as defined in
Subsection 1.2), the structure of N-graded solvable polynomial K-algebras with
the degree-0 homogeneous part equal to K, and then we demonstrate how to
construct graded free modules over such N-graded algebras.

Let A = Klay,...,a] be a solvable polynomial K-algebra with admissible
system (4, <), where Z = {a®* = af" - -a%" | a = (o1,...,an) € N"} is the
PBW K-basis of A and < is a monomial ordering on %. Suppose that A is
an N-graded algebra with the degree-0 homogeneous part equal to K, namely
A= @peN Ap, where the degree-p homogeneous part A, is a K-subspace of A,
Ap = K, and Ap A,, C Ay 4p, for all p,ps € N. Then, writing dg.(f) = p for
the gr-degree of a nonzero homogeneous element f € Ap, we have

dgr(a;) =m; >0, 1<i<n,

for, conventionally, any generator a; of A is not contained in the ground field K.
It turns out that if a® = a{* - a®" € B, then dg(a®) = Y ., a;m;. This shows
that A is a weighted N-graded algebra, and that dg () gives rise to positive-degree
function on A as defined in Subsection 1.2, such that

(1) A, = K-span{a® € # | dgr(a®) =p}, p € N;

(2) for 1 < i < j < n, all the relations aja; = Aj;a;a; + fj; with f;; =
S pra®® derived from Definition 1.2.2 satisfy dg(a®®) = dg(a;a;)
whenever pg # 0.

Conversely, given a positive-degree function d( ) on A (as defined in Subsec-
tion 1.2) such that d(a;) = m; >0, 1 < i <n, we know that A has an N-graded
K-module structure, i.e., A = @,y Ap with 4, = K-span{a® € # | d(a) = p},
in particular, Ag = K. It is straightforward to verify that if furthermore for
1 <14 < j < n, all the relations aja; = Ajia;a; + f;; with fj; = Zuka“(k)
derived from Definition 1.2.2 satisfy d(a®*)) = d(a;a;) whenever uy # 0, then
Ap,Ap, € Ay 4p, holds for all p1,p2 € N, ie., A is turned into an N-graded
solvable polynomial algebra with the degree-0 homogeneous part Ag = K.
Summing up, we have reached the following observation.

Observation. A solvable polynomial algebra A = K|as,...,a,] is an N-graded
algebra with the degree-0 homogeneous part Ag = K if and only if there is a
positive-degree function d( ) on A (as defined in Subsection 1.2) such that for
1 <17 < j <n, all the relations aja; = Aj;a;a; + fj; with f;; = Zuka“(k) derived
from Definition 1.2.2 satisty d(a®®)) = d(a;a;) whenever py # 0.
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To make the compatibility with the structure of N-filtered solvable polynomial
algebras specified in Section 3, it is necessary to emphasize the role played by a
positive-degree function in the structure of N-graded solvable polynomial algebras
we specified in this subsection, that is, from now on in the rest of this paper we
keep using the following convention.

Convention. An N-graded solvable polynomial K-algebra A = @peN A, with
Ag = K is always referred to as an N-graded solvable polynomial algebra with
respect to a positive-degree function d( ).

Remark. Let A = Klai, ..., an| = @,y Ap be an N-graded solvable polynomial
algebra with respect to a positive-degree function d( ).

(i) We emphasize that every a® € % is a homogeneous element of A and
d(a®) = dg(a®), where dg( ), as we defined above, is the gr-degree function on
nonzero homogeneous elements of A.

(ii) Since A is a domain (Theorem 1.2.3), the gr-degree function dg,( ) has the
property: for all nonzero homogeneous elements hq, ho € A,

(P3) dgr(h1h2) = dgr(h1) + dgr(ha).
From now on we shall freely use this property without additional indication.

In view of the above observation, if <4, is a graded monomial ordering on %
with respect to some given positive-degree function d( ) on A (see Subsection 1.2
for the definition), then it is easy to check whether A is an N-graded algebra with
respect to d( ) or not.

Typical N-graded solvable polynomial algebras with respect to given positive-
degree functions are those iterated skew polynomial K-algebras A = Klaq,...,ay]
subject to the relations

ajai:)\jiaiaj, )\jiEK*, 1<i<j<n,

where the positive-degree function on A can be defined by setting d(a;) = m;
for any fixed tuple (mq,...,m,) of positive integers. Such algebras include the
well-known coordinate rings of quantum affine n-spaces. Another well-known N-
graded solvable polynomial algebra is the coordinate ring M,(2) = Kla, b, ¢, d] of
the manifold of quantum 2 x 2 matrices (¢ %) introduced in [Man], which has the
defining relations

ab=q ba, db=0bd— (q—q ac,
cb = qbc, da = qad,
ca = ac, dc = qcd,

where each generator is assigned the degree 1. More generally, let A = ()\;;) be a
multiplicatively antisymmetric n X n matrix over K, and let A € K* with A # —1.
Considering the multiparameter coordinate ring of quantum n X n matrices over K
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(see [Good]), namely the K-algebra Oy a(M,(K)) generated by n? elements a;;
(1 <4i,7 < n) subject to the relations

)\Ei)\jnbaijaﬂm + ()\ - 1))\€iainba€j (ﬂ > ia m > ])
AemGij = § ANgiAjm@ijGem (€ >1i, m<j)
)\jmaijagm (6 = i, m > _])

Then Oy (M, (K)) is an N-graded solvable polynomial algebra, where each gen-
erator has degree 1.

Moreover, by [LW], [Lil], or the later Section 3, the associated graded algebra
and the Rees algebra of every N-filtered solvable polynomial algebra with a graded
monomial ordering <, (as defined in Subsection 1.2) are N-graded solvable poly-
nomial algebras of the type we specified in this subsection.

Let A = K|aq,...,a,] be an N-graded solvable polynomial algebra with respect
to a positive-degree function d( ), and let (%, <) be an admissible system of A.
We next turn to construct N-graded free A-modules.

If L =@P._, Ae; is a free left A-module with the A-basis {e1,...,e,}, then L
has the K-basis Z(e) = {a%¢; | a* € £, 1 < i <n}, and for an arbitrarily fixed
{b1,...,bs} C N, L can be turned into an N-graded free A-module in the sense

that L = P,y Lg in which

L, = {0} if ¢ < min{b1,...,bs}; otherwise L, = Z Apei, q€eN,
pit+bi=q

or alternatively, for ¢ > min{by,...,bs},
L, = K-span{a®e; € A(e) | d(a®) +b; =q}, ¢ €N,

such that A,L, C Apyq for all p,qg € N. For each ¢ € N, elements in L, are
called homogeneous elements of degree g, and accordingly L, is called the degree-
g homogeneous part of L. If £ € L,, then we write dg(£) for the gr-degree of
& as a homogeneous element of L, i.e., der(§) = ¢. In particular, dg(e;) = b;,
1 < i < s. As with the gr-degree of homogeneous elements in A, noticing that
dgr(ae;) = d(a®) + b; for all a®e; € %(e) and that A is a domain, from now
on we shall freely use the following property without additional indication: for
all nonzero homogeneous elements h € A and all nonzero homogeneous elements
€ E L)

(P4) dgr(hg) = dg,r(h) + dgr(g)

Remark. Although we have remarked that d(a®) = dg (a®) for all a® € A, d(a®)
is used in constructing L, just for highlighting the role of d( ).
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Convention. Unless otherwise stated, from now on throughout the subsequent
sections if we say that L is a graded free module over an N-graded solvable poly-
nomial algebra A with respect to a positive-degree function d( ), then it always
means that L has an N-gradation as constructed above.

Let L =6p 4eN Ly be a graded free A-module. If a submodule N is generated
by homogeneous elements, then N is called a graded submodule of L. A graded
submodule N has the N-graded structure N = @qu Ny with Ny = NN Lg, such
that A,Ny C Npiq for all p,q € N. Note that monomials in % are homogeneous
elements of A, thereby left S-polynomials of homogeneous elements are homo-
geneous elements, and remainders of homogeneous elements on division by ho-
mogeneous remain homogeneous elements. It follows that if a graded submodule
N =" A& of L is generated by the set of homogeneous elements {1, ..., &},
then, running the noncommutative version of Buchberger’s algorithm for modules
over solvable polynomial algebras (Algorithm 1 in Subsection 1.3) with respect
to a fixed monomial ordering <. on %(e), it produces a finite homogeneous left
Grébner basis G for N, that is, G consists of homogeneous elements.

2.2 Computation of minimal homogeneous generating sets. In this sub-
section, A = K|ay, ..., a,] denotes an N-graded solvable polynomial algebra with
respect to a positive-degree function d( ), (%4, <) denotes a fixed admissible sys-
tem of A, L = @]_, Ae; denotes a graded free A-module such that dg,(e;) = b;,
1 <4 < s, and <, denotes a fixed left monomial ordering on the K-basis %(e)
of L. Moreover, as in Section 1 we write S¢(&;, &;) for the left S-polynomial of two
elements &;, ; € L.

Remark. To reach our goal of this subsection, let us first point out that although
monomials from the PBW K-basis & of A can no longer behave as well as mono-
mials in a commutative polynomial algebra (namely the product of two monomials
is not necessarily a monomial), every monomial from 2 is a homogeneous element
in the N-graded structure of A (as we remarked before), thereby the product of
two monomials gives rise to a homogeneous element. Bearing in mind this fact,
the rule of division, and the properties (P1)—(P3) mentioned in Section 1 and the
foregoing (P4), the argument below will go through without trouble.

We start by a discussion on computing n-truncated left Grobner bases for
graded submodules of L, which is similar to the commutative case (see [KR2,
Section 4.5]).

2.2.1 Definition. Let G = {g1,...,9:} be a subset of homogeneous elements
of L, N = Zle Ag; the graded submodule generated by G, and let n € N,
G<n ={9; € G| dg(gj) < n}. If, for each nonzero homogeneous element £ € N
with dgr(€) < n, there is some g; € G<, such that LM(g;)|LM(§) with respect
to <, then we call G<,, an n-truncated left Grébner basis of N with respect to

(#(e), <)

Verification of the lemma below is straightforward.
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2.2.2 Lemma. Let G = {g1,...,9:} be a homogeneous left Grébner basis for
the graded submodule N = Zle Ag; of L with respect to (#(e), <.). For each
n €N, put G<,, = {g; € G | du(g;) < n}, Ny = U;_o Ny where each N is
the degree-q homogeneous part of N, and let N(n) = de N-, A€ be the graded
submodule generated by N<,. The following statements hold.

(i) G<n is an n-truncated left Grébner basis of N. Thus, if £ € L is a

homogeneous element with dg, (§) < n, then§ € N if and only if EQS" =0,
ie., £ is reduced to zero on division by G<,,.

(i) N(n) = Zgjeg<n Agj, and G<, is an n-truncated left Grobner basis of
N(n). -

In light of Algorithm 1 (presented in Subsection 1.3), an n-truncated left
Grobner basis is characterized as follows.

2.2.3 Proposition. Let N = Zj:o Ag; be the graded submodule of L generated
by a set of homogeneous elements G = {g1,...,gm}. For eachn € N, put G<,, =
{g9; € G | dgx(gj) < n}. The following statements are equivalent with respect to
the given (%B(e), <e)-

(i) G<y, Is an n-truncated left Grébner basis of N.

(ii) Every nonzero left S-polynomial S¢(gi, g;) of dgr(Se(9s, 9;)) < n is reduced

to zero on division by G<y, i.e, S¢(gi,g;) — = 0.
PRrROOF: Recall that if g;,g9; € G, LT(g9;) = Mae; with @ = (oq,...,an),

LT (g,) = )\jaﬁet with 8= (B1,...,0n), and v = (71, ... yn) with v; = max{«;, §;},
1 <i < n, then

1 1

- - gyag = B,
LC(a g YT LC(@Pgy " ¥

Se(9i,95)
is a homogeneous element in N with dg,(S¢(gi,g;)) = d(a”) + by by the foregoing
property (P4). If dg:(Se(gi, 95)) < n, then it follows from (i) that (ii) holds.

Conversely, suppose that (ii) holds. To see that G<, is an n-truncated left
Grobuer basis of N, let us run Algorithm 1 (presented in Subsection 1.3) with
the initial input data G. Without optimizing Algorithm 1 we may certainly
assume that G C G, thereby G<, C G<,, where G is the new input set returned
by each pass through the WHILE loop. On the other hand, by the construction of
Se(gs, gj) and the foregoing property (P4) we know that if dgr (Se(gi, g5)) < n, then
dgr(9i) < n, dgr(gj) < n. Hence, the assumption (ii) implies that Algorithm 1
does not append any new element of degree not greater than n to G. Therefore,
G<np = G<pn. By Lemma 2.2.2 we conclude that G<, is an n-truncated left
Grobner basis of N. O

2.2.4 Corollary. Let N = 221 Ag; be the graded submodule of L generated
by a set of homogeneous elements G = {gu, ..., gm}. Suppose that G<, = {g; €
G | de(gj) < n} is an n-truncated left Grébner basis of N with respect to
(#(e), <e)-
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(i) If ¢ € L is a nonzero homogeneous element of dg(§) = n such that
LM(g;) f LM(§) for all g; € G<y, then G' = G<,, U{&} is an n-truncated
left Grobmer basis for both the graded submodules N' = N + A¢ and
N = Zg]‘Eng Ag; + AE of L.

(ii) If n < ny and £ € L is a nonzero homogeneous element of dgr(g) =
ny such that LM(g;) f LM(E) for all g; € G<y, then G = G<,, U {¢}
is an mi-truncated left Grébner basis for the graded submodule N' =

Sy ca., A+ A€ of L.

ProoF: If £ € L is a nonzero homogeneous element of dg(§) = n1 > n and
LM(&) f LM(E) for all & € G<p, then noticing the property (P2) mentioned
in Section 1 and the foregoing (P4), we see that every nonzero left S-polynomial
Se(€, &) with & € G has dg(Se(€,&;)) > n. Hence both (i) and (ii) hold by
Proposition 2.2.3. O

2.2.5 Proposition (Compare with [KR2, Proposition 4.5.10]). Given a finite
set of nonzero homogeneous elements U = {&1,...,&n} C L with dg (&) <
dgr(&2) < -+ < dg(&n), and a positive integer ng > dg (1), the following al-
gorithm computes an ng-truncated left Grobner basis G = {g1,...,g:} for the
graded submodule N = Y_7" | A&, such that dg(91) < dgr(g2) < -+ < dgr(g1)-

Algorithm 2

INPUT: U = {517 s ;Em} with dgr(gl) < dgr(§2) << dgr(gm),
no, where ng > dg:(&1)
OUTPUT: G ={g1,...,9:} an np-truncated left Grébner basis of N
INITIALIZATION : S<,, =0, W:=U, G:=0, t' :=0
LOOP
n = min{dgr (), der(Se(gi,97)) | & € W, Su(gi,5) € S<ng}
Sn 1= {50(9i, 9j) € S<ng | dgx(Se(95,95)) = n}t, Wa:i={& € W | dg(§5) = n}
Sgng = SS”O — Sn, W:.=W -W,
WHILE S, # 0 DO
Choose any S¢(gi,gj) € Sn
Sn = Sng_ {Sf(giagj)}
Se(gi,95) =mn
IF n # 0 with LM(n) = a’e, THEN
t':=t+1, gp :=1n

Sgn() = Sgn() U {Sl(gia gt/)

G:=GU{gr}
END
END

g €G,1<i<t,LM(g;) = aeg,
dgr(Se(9i,9¢)) < no
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WHILE W, # 0 DO
Choose any &; € W,
Wy =Wy, — {fj}
—G
§ =n
IF 5 # 0 with LM(n) = a”e;, THEN
t':=t+1, gp :=1n

SSnO = SSnO Y {SZ (g“ gt,) dgr(SZ (gia gt’)) S no

9; € ga 1 < 1< t/aLM(g'L) = a’Teka }

G:=GU{gr}
END
END
UNTIL Scp, = 0
END

PRrROOF: First note that both the WHILE loops append new elements to G by
taking the nonzero normal remainders on division by G. Thus, with a fixed n,
by the definition of a left S-polynomial and the normality of g# (mod G), it
is straightforward to check that in both the WHILE loops every new appended
Se(gs, gr) has dgr (Se(gi, gr)) > n. To proceed, let us write N (n) for the submodule
generated by G which is obtained after W,, is exhausted in the second WHILE
loop. If ny is the first number after n such that S,,, # (), and for some S¢(g;, g;) €

Snyy = Sg(gi,gj)g # 0 in a certain pass through the first WHILE loop, then
we note that this # is still contained in N(n). Hence, after S,, is exhausted in
the first WHILE loop, the obtained G generates N(n) and G is an ni-truncated
left Grobner basis of N(n). Noticing that the algorithm starts with S<,, = 0
and G = (), inductively it follows from Proposition 2.2.3 and Corollary 2.2.4 that
after W,,, is exhausted in the second WHILE loop, the obtained G is an ni-
truncated left Grobner basis of N(nq). Since ng is finite and all the generators of
N with dg, (€;) < ng are processed through the second WHILE loop, the algorithm
terminates and the eventually obtained G is an ng-truncated left Grobner basis
of N. Finally, the fact that the degrees of elements in G are non-decreasingly
ordered follows from the choice of the next n in the algorithm. ([

Let the data (A, &, <) and (L, #(e), <.) be fixed as before. Combining the
foregoing results, we now proceed to show that the algorithm given in [KR2,
Theorem 4.6.3] can be adapted for computing minimal homogeneous generating
sets of graded submodules in free modules over A.

Let N be a graded submodule of the N-graded free A-module L fixed above. We
say that a homogeneous generating set U of N is a minimal homogeneous generat-
ing set if any proper subset of U cannot be a generating set of N. As preparatory
result, we first show that a noncommutative analogue of [KR2, Proposition 4.6.1,
Corollary 4.6.2] holds true for N.

2.2.6 Proposition. Let N = Y " | A&; be the graded submodule of L generated
by a set of homogeneous elements U = {&1,...,&n}, where dg (1) < dgr(&2) <
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+ < dg(&m). Put Ny = {0}, N; = Y\2] Ag, 2 < i < m. The following
statements hold.

(i) U is a minimal homogeneous generating set of N if and only if & ¢ Nj,
1< < m.

(ii) The set U = {& | & € U, & ¢ Ny} is a minimal homogeneous generating
set of N.

PRrOOF: (i) If U is a minimal homogeneous generating set of N, then clearly
& ¢ Ny, 1<i<m.

Conversely, suppose & ¢ N;, 1 < i < m. If U is not a minimal homoge-
neous generating set of N, then, there is some i such that N is generated by
{&,. & -1,&+1,---,&m ], thereby & = Z#i h;&; for some nonzero homoge-
neous elements h; € A such that de,(&;) = dgr(hjg;) = dgr(hj)+der(€5), where the
second equality follows from the foregoing property (P4). Thus dg(&;) < dgr (&)
for all j # i. If dg(§5) < dge(&;) for all j # 4, then & € Z;;ll A&;, which con-
tradicts the assumption. If dg (&) = dgr(€;) for some j # 4, then since h; # 0
we have h; € Ay — {0} = K*. Putting ¢/ = max{s, j | f; € K*}, we then
have & € Z;:ll AE;, which again contradicts the assumption. Hence, under the
assumption we conclude that U is a minimal homogeneous generating set of N.

(ii) In view of (i), it is sufficient to show that U is a homogeneous generating
set of N. Indeed, if & € U — U, then &; € Z;;ll AE;. By checking &;_; and so on,
it follows that & € 3, 77 A&k, as desired. O

2.2.7 Corollary. Let U = {&1,...,&m} be a minimal homogeneous generating
set of a graded submodule N of L, where dg:(§1) < dgr(§2) < -+ < dgr(&m), and
let £ € L— N be a homogeneous element with dgy(€,,) < dgr(§). Then U = UU{¢}

is a minimal homogeneous generating set of the graded submodule N = N + A£.
O

2.2.8 Theorem (Compare with [KR2, Theorem 4.6.3]). Let U = {&1,...,&n}
C L be a finite set of nonzero homogeneous elements of L with dg;(§1) < dgr(§2) <
-+ < dg(&m). Then the following algorithm returns a minimal homogeneous ge-
nerating set Umin = {&j,,-..,&j,} C U for the graded submodule N = """ | A&;
and meanwhile it returns a homogeneous left Grobner basis G = {¢1,...,g:} for
N such that dg(g1) < dgr(g2) < -+ < dgr(91)-

Algorithm 3

INPUT : U ={&,...,&n} with dg(&1) < dg (&) < -+ < dg(Em)
OUTPUT : Unin = {£j15---,&;,.} C U a minimal homogeneous generating
set of N,
G={aq,...,9:} a homogeneous left Grobner basis of N
INITIALIZATION: S:=0, W:=U, G:=0, t' :=0, Upipn :=0
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LOOP
1= min{dge (&), der(Se(01,9,)) | & € W, Su(gir5) € S}
Sn = {50(9i,9;) € S | dgx(Se(9i,95)) = n}, Wi :={§ € W | dge(§5) = n}
S=8§-6, W=W-W,
WHILE S,, # 0 DO
Choose any S¢(gi,gj) € Sn
Sn = Sng* {Sé(giagj)}
Se(gi,95) =n
IF n # 0 with LM(n) = a’e;, THEN
t:=t'+1, gv:=1n
S:=8U{Su(gi,9¢) | 9i € G, 1 <i<t, LM(g;) = a"ex}
G:=GU{gvr}
END
END
WHILE W,, # 0 DO
Choose any &; € W),
Wy =W, — {§J}
—G
& =n
IF n # 0 with LM(n) = a’e;, THEN
Umin = Umin U {gj}
=t +1, gv:=n
S:=8U{Su(gi,9¢) | 9i € G, 1 <i<t, LM(g;) = a"ex}
G:=GU{gr}
END
END
UNTIL S =10
END

PROOF: Since this algorithm is clearly a variant of Algorithm 1 and Algo-
rithm 2 with a minimization procedure which works with the finite set U, it
terminates after a certain integer n is executed, and the eventually obtained G
is a homogeneous left Grobner basis for NV in which the degrees of elements are
ordered non-decreasingly. It remains to prove that the eventually obtained Uiy
is a minimal homogeneous generating set of V.

As in the proof of Proposition 2.2.5, let us first bear in mind that for each n,
in both the WHILE loops every new appended Se¢(gi, g1) has dg:(Se(gi, 9t/)) >
n. Moreover, for convenience, let us write G(n) for the G obtained after S, is
exhausted in the first WHILE loop, and write Umpin[n], G[n] respectively for the
Umnin, G obtained after W,, is exhausted in the second WHILE loop. Since the
algorithm starts with @ = @) and G = (), if, for a fixed n, we check carefully how
the elements of Uy, are chosen during executing the second WHILE loop, and
how the new elements are appended to G after each pass through the first or the
second WHILE loop, then it follows from Proposition 2.2.3 and Corollary 2.2.4
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that after W, is exhausted, the obtained Upnin[n] and G[n]| generate the same
module, denoted N(n), such that G[n] is an n-truncated left Grobner basis of
N(n). We now use induction to show that the eventually obtained Uiy is a
minimal homogeneous generating set for N. If Uy, = 0, then it is a minimal
generating set of the zero module. To proceed, we assume that Upin[n] is a
minimal homogeneous generating set for N (n) after W), is exhausted in the second
WHILE loop. Suppose that n; is the first number after n such that S,, # 0.
We complete the induction proof below by showing that Upin[n1] is a minimal
homogeneous generating set of N(ny).

If in a certain pass through the first WHILE loop, Sg(gi,gj)g =n # 0 for
some S¢(gi, gj) € Sn,, then we note that n € N(n). It follows that after S, is
exhausted in the first WHILE loop, G(n;) generates N(n) and G(nq) is an ni-
truncated left Grobner basis of N(n). Next, assume that W,,, = {&;,,...,&.} #0
and that the elements of W,,, are processed in the given order during executing
the second WHILE loop. Since G(n1) is an nj-truncated left Grobner basis of

N(n), if &, € W, is such that ETIQ(M) =m # 0, then &;,,;1 € L — N(n). By
Corollary 2.2.4, we conclude that G(n1)U{m } is an ny-truncated Grébner basis for
the module N (n)+ Amn; and by Corollary 2.2.7, we conclude that Unin[n]U{&;, } is

a minimal homogeneous generating set of N (n)+ An;. Repeating this procedure, if

&, € Wy, is such that Eg(nl)u{m} =19 #0, then &;,,m2 € L—(N(n)+Am). By

Corollary 2.2.4, we conclude that G(n1)U{n1,n2} is an ni-truncated left Grobner
basis for the module N(n)+ An 4+ Ang; and by Corollary 2.2.7, we conclude that
Unmin[n]U{&;,, &5, } is a minimal homogeneous generating set of N (n)+ Any + Ana.
Continuing this procedure until W, is exhausted, we assert that the returned
G[ni1] = G and Upin[n1] = Umin generate the same module N(n1) and G[n4] is an
ni-truncated left Grobner basis of N(n1) and Upin[n1] is @ minimal homogeneous
generating set of N(ny), as desired. As all elements of U are eventually processed
by the second WHILE loop, we conclude that the finally obtained G and Upjy,
have the properties: G generates the module N, G is an ng-truncated left Grébner
basis of NV, and Uy, is a minimal homogeneous generating set of N. O

Remark. If we are only interested in getting a minimal homogeneous generating
set for the submodule N, then Algorithm 3 can indeed be sped up. More
precisely, with

dgr(gl) S dgr(€2) S te S dgr(gnb) = nyo,

it follows from the proof above that if we stop executing the algorithm after .S,
and W,,, are exhausted, then the resulted Upin[no] is already the desired minimal
homogeneous generating set for N, while G[ng] is an ngp-truncated left Grébner
basis of N.

2.2.9 Corollary. Let U = {&,...,&n} C L be a finite set of nonzero homoge-
neous elements of L with dg,(§1) = dgr(&2) = -+ = dgr (&m) = 0.
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(i) If U satisfies LM(§;) # LM(E;) for all i # j, then U is a minimal
homogeneous generating set of the graded submodule N = Y" | A&, of
L, and meanwhile U is an ng-truncated left Grébner basis for N.
(ii) If U is a minimal left Grébner basis of the graded submodule N =
" A& (e, U is a left Grobner basis of N satisfying LM(&;) # LM(&;)
for all i # j), then U is a minimal homogeneous generating set of N.

PRrROOF: By the assumption, it follows from the second WHILE loop of Algo-
rithm 3 that Uy, = U. O

Now, let us write Ly = @;_, Ae; for the graded free A-module such that
der(e;) = b, 1 < i < s, 1e., Ly = @QGN Loy with Ly, = K-span{a®e; €
Be) | d(a™)+b; = q}. Consider a graded submodule N of Ly and the graded quo-
tient module M = Ly/N. Our next goal is to compute a minimal homogeneous
generating set for M.

Since A is Noetherian, N is a finitely generated graded submodule of Lg. Let
N = Z;”:l AE; be generated by the set of nonzero homogeneous elements U =
{&,...,&n}, where & = Y"1 fueer with fre € A, 1 < £ < m. Then, every
nonzero fre is a homogeneous element of A such that dg (&) = der(freer) =
dgr (fre) + br, where by, = dg,(er), 1 <k <s, 1< <m.

2.2.10 Lemma. With every & = Y ;_, fice; fixed as above, 1 < ¢ < m, if the
i-th coefficient f;; of some ; is a nonzero constant, say f;; = 1 without loss of
generality, then for each ¢ =1,...,5—1,5+1,...,m, the element §, = § — fie;
does not involve e;. Putting U = {&1,...,&_1,&541,---,&,}, there is a graded
A-module isomorphism M’ = Ly /N’ = Lo/N = M, where Ly = B,_; Aey, and

N' =Yg e A

PROOF: Since f;; = 1 by the assumption, we see that every &, = Zk#(fkg -
fiefrj)er does not involve e;. Let U = {&1,...,&_ 1,8 1,..., &, and N' =
ZELGU/ Ag). Then N' C Ly = Py, Aex. Again since fi; = 1, we have dg:(§;) =
dgr(e;) = b;. It follows from the property (P4) formulated in Subsection 2.1 that

der (fiefrjer) = dg(fie) + dge(frjer)
- gr le) +dgr(§j)
i )eri

Noticing that dgy(fiel;) = dgr(fie) + der(&;), this shows that in the representation
of & every nonzero term (fre — fiefrj)er is a homogeneous element of degree
der(&e) = dge(fie;), thereby M’ = Li/N’ is a graded A-module. Note that
N = N’ + A¢; and that & = e; + Zk# frjer. Without making confusion, if
we use the same notation €, to denote the coset represented by e, in M’ and
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M respectively, it is now clear that the desired graded A-module isomorphism
M’ <5 M is naturally defined by p(&x) =@, k=1,...,i—1,i4+1,...,s. O

Let M = Lo/N be fixed as above with N generated by the set of nonzero
homogeneous elements U = {&1,...,&,}. Then since A is N-graded with Ay = K,
it is well known that the homogeneous generating set £ = {€,...,€,} of M is
a minimal homogeneous generating set if and only if & = 22:1 freer implies
dgr(fre) > 0 whenever fre #0,1 < £ <m.

2.2.11 Proposition (Compare with [KR2, Proposition 4.7.24]). With notation
fixed as above, the algorithm presented below returns a subset {e;,, ... ,eis,} C
{e1,...,es} and a subset V. = {v1,...,v} C NN L{ such that M = Lj/N' as
graded A-modules, where L{ = 692;1 Ae;, with ' < s and N’ = 22:1 Avg, and
such that {€;,,...,€;} is a minimal homogeneous generating set of M.

Algorithm 4

INPUT: E={e1,...,es}; U={&,...,&mn}
where & = Y7 _, freer with homogeneous fr, € A, 1 <4 <m

OUTPUT : E' ={eiy,...,ei,}; V={v1,...,v} C Nn Ly,
such that v; = ZZ/:I hqjei, € Ly = @;;1 Ae;, with hq; ¢ K*
whenever hg; #0, 1 <5<t

INITIALIZATION: t:=m; V:=U,; s :=s; E' := F;

BEGIN

WHILE there is a v; = Z;/:l frjer € V satisfying

frj ¢ K* for k < i and f;; € K* DO
forT={1,...,5—1,j+1,...,t} compute
vgzvg—f%_jfigvj, teT, r=#{{|teT, vy=0}

ti=t—r—1
Vi={v=v, | LeT, v, # 0}
={v1,...,v:} (after reordered)
si=5 -1
E' :=F —{e;} ={e1,...,es} (after reordered)
END
END

PROOF: It is clear that the algorithm is finite. The correctness of the algo-
rithm follows immediately from Lemma 2.2.10 and the remark we made before
the proposition. O

2.3 Computation of minimal finite graded free resolutions. Let A =
Klay,...,a,] be an N-graded solvable polynomial algebra with respect to a posi-
tive-degree function d( ), and (%, <) a fixed admissible system of A. Then since A
is Noetherian and Ay = K, it is theoretically well known that up to a graded iso-
morphism of chain complexes in the category of graded A-modules, every finitely
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generated graded A-module M has a unique minimal graded free resolution (cf.
[Eis, Chapter 19], [Kr1, Chapter 3], [Li3]). Combining the results of Subsection 2.1
and Subsection 2.2, in this section we work out the algorithmic procedures for con-
structing such a minimal graded free resolution over A. All notions, notations and
conventions introduced before are maintained.

In what follows, L = @;_, Ae; denotes a graded free left A-module such
that dge(e;) = b, 1 < i < s, ie, L = @qu L, with L, = K-span{a®e; €
Be) | d(a®) + b; = ¢}, and <. denotes a left monomial ordering on the K-basis
HB(e) of L. Moreover, as before we write S;(&;, ;) for the left S-polynomial of two
elements &;, ; € L.

Let N = Y"" | A¢; be a graded submodule of L generated by the set of nonzero
homogeneous elements U = {&1,...,&,}. We first demonstrate how to calculate
a generating set of the syzygy module Syz(U) by means of a left Grébner basis of
N. To this end, let G = {g1,...,9:} be a left Grobner basis of N with respect to
~e, then every nonzero left S-polynomial S(g;, g;) has a left Grébner represen-
tation S¢(gi, g;) = 2221 figi with LM(f;9;) <e LM(S¢(gi,g;)) whenever f; # 0
(note that such a representation is obtained by using the division by G during
executing the WHILE loop in Algorithm 1 of Subsection 1.3 or Algorithm 3
of Theorem 2.2.8). Counsider the syzygy module Szy(G) of G in the free A-module
L= @le Ae;, and put s;; equal to

aY—d) aY—(d)

fient+- -+ (fi - m) €i+"'+<fj + m) g5t -+ feer,

S ={si; | 1 <i<j<t}. Then it can be shown, actually as in the commutative
case (cf. [AL, Theorem 3.7.3]), that S generates Szy(G). However, by employing
an analogue of the Schreyer ordering <,-. on the K-basis #(¢) = {a%; | a® €
%, 1 <i<m} of L1 induced by G with respect to <., which is defined subject
to the rule: for a;,a’s; € B(e),

LM(aO‘gi) <e LM(aﬂgj),
a%e; <g-e aﬂej < < or
LM(a%g;) = LM(a?g;) and i < j,

there is indeed a much stronger result, namely the noncommutative analogue
of Schreyer’s Theorem [Sch] (cf. Theorem 3.7.13 in [AL] for free modules over
commutative polynomial algebras; Theorem 4.8 in [Lev] for free modules over
solvable polynomial algebras).

2.3.1 Theorem. With respect to the left monomial ordering <s-. on $B(e) as
defined above, the following statements hold.
(i) Let s;; be determined by S¢(gi, g;), where i < j, LM(g;) = a®@e, with
a(i) = (@i, ..., ), and LM(g;) = a®We, with a(j) = (aj,,...,q;, ).
Then LM(s;;) = a"~*Ue;, where v = (y1,...,7,) with each v, =
max{a;, , o, }-
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(ii) S is a left Grébner basis of Syz(G), thereby S generates Syz(G).

To go further, again let G = {g1,..., ¢} be the left Grobner basis of N pro-
duced by running Algorithm 1 presented in Subsection 1.3 (or Algorithm 3
of Theorem 2.2.8) with the initial input data U = {&1,...,&,,}. Using the usual
matrix notation for convenience, we have

&1 g1 g1 &

mxt ) = Vixm )

Em gt gt &m

where the m x t matrix Uy, x; (with entries in A) is obtained by the division by G,
and the ¢ X m matrix Vix,, (with entries in A) is obtained by keeping track of the
reductions during executing the WHILE loop of Algorithm 1. By Theorem 2.3.1,
we may write Syz(G) = Y.._; AS; with S,...,8, € Ly = @E:l Ag;; and if
S = 22:1 fije;, then we write S; as a 1 x ¢ row matrix, i.e., S; = (fi, ... fit),
whenever matrix notation is convenient in the according discussion. At this point,
we note also that all the S; may be written down one by one during executing
the WHILE loop of Algorithm 1 (or the first WHILE loop in Algorithm 3)
successively. Furthermore, we write D y),..., D) for the rows of the matrix
Dixm = UnxtVixm — Emxm where Epxm, is the m X m identity matrix. The
following proposition is a noncommutative analogue of [AL, Theorem 3.7.6].

2.3.2 Proposition. With notation fixed as above, the syzygy module Syz(U)
of U= {617 s a§7n}’ is generated by

{81WXma s ;STV;EXmaD(l); e 7D(m)}a

m

where each 1 xm row matrix represents an element of the free A-module P,

=1 Awi.

PROOF: Since

g 9 &
0 :Sl = (fi1 flt) = (fi1 fit)v;fxnb ;
gt gt Em
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we have S;Vixm € Syz(U), 1 <i < r. Moreover, since

& &
Dpyxm = (Umxt‘/txm - mem)
&m &m
&1 &
= UmxtVixm -
Em &m
9 & & &
Unnxt - = - =0,
gt gm gm fm

we have D(yy,..., D,y € Syz(U).
On the other hand, if H = (hy ... hy,,) represents the element Y .| hw; €
&1 g1
@." | Aw; such that H ( : ) =0, then 0 = HU,, «; < :
€m g¢
Syz(G). Hence, HUpyxt = y.;_, fiSi with f; € A, and it follows that HU,,x¢Vixm
=3, fiSVixm. Therefore,

) . Thismeans HU,,,«: €

H H + HUthV;fxm - HUthV;EXnL

H(ET)'L - UT)’LXt‘/t.XTTL) + 2121 fiSiV;anL
= *HDme“i’Z;:l fz(S'LV;SXm)

This shows that every element of Syz(U) is generated by {S1Vixm,- -, SrVikm,
D1y, .-, Dimy}, as desired. O

Next, we recall the noncommutative version of Hilbert’s syzygy theorem for
solvable polynomial algebras. For a constructive proof of Hilbert’s syzygy the-
orem by means of Grébner bases respectively in the commutative case and the
noncommutative case, we refer to Corollary 15.11 in [Eis] and Section 4.4 in [Lev].

2.3.3 Theorem. Let A = Klay,...,ay] be a solvable polynomial algebra with
admissible system (%, ~<). Then every finitely generated left A-module M has a
free resolution

0 —L;—Lg 4 —-+ — Lyg— M —0
where each L; is a free A-module of finite rank and s < n. It follows that M has

projective dimension p.dimaM < s, and that A has global homological dimension
gl.dimA <n. (]
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Now, we are able to give the main result of this subsection. Let M = 25:1 Av;
be a finitely generated N-graded left A-module with the set of homogeneous gen-
erators {vi,...,vs} such that dg(v;) = b; for 1 <i < s, ie., M = @, Mp with
each M, the degree-b homogeneous part. Then M is isomorphic to a quotient
module of the N-graded free A-module Ly = @;_, Ae; which is equipped with
the N-gradation Lo = @qu Log such that dg(e;) = b;, 1 <1 <'s, and Log = K-
span{a“e; € HABle) | d(a*) + b; = ¢}, where d( ) is the given positive-degree
function on A. Thus we may write M = Lo/N, where N is a graded submodule
of Lo.

Recall that a minimal graded free resolution of M is an exact sequence by free
A-modules and A-module homomorphisms

Pit1 i 2 1 0
L. e L 2 L S Ly S M — 0

in which each L; is an N-graded free A-module with a finite homogeneous A-basis
E;={ey,..., €i, }, and each ¢; is a graded A-module homomorphism of degree 0
(i.e., ; sends the degree-¢ homogeneous part of L; into the degree-g homogeneous
part of L;_1), such that
(1) po(Ep) is a minimal homogeneous generating set of M, Ker gy = N, and
(2) for i > 1, ¢;(F;) is a minimal homogeneous generating set of Ker ¢;_1.

2.3.4 Theorem. With notation fixed as above, suppose that N = 221 A&
with the set of nonzero homogeneous generators U = {&1,...,&n}. Then the
graded A-module M = Ly/N has a minimal graded free resolution of length
d<n:
Lo 0—Lg2% 0 220 2500 2% M —0
which can be constructed by implementing the following procedures:
Procedure 1. Run Algorithm 4 of Proposition 2.2.11 with the initial in-

put data E = {e1,...,es} and U = {&,...,&n} to compute a subset E/ =
{eiy,...,ei,} C{er,...,es} and a subset V = {v1,...,v,} C N N Lj such that
M = Lj/N' as graded A-modules, where Lj = @Zzl Ae;, with s < s and
N' = 22:1 Awy, and such that {e;,, ... ,Eis,} is a minimal homogeneous generat-

ing set of M.

For convenience, after accomplishing Procedure 1 we may assume that £ = E’,
U=V and N = N’'. Accordingly we have the short exact sequence

0—N—Ly 25 M—0

such that ¢o(E) = {€1,...,€s} is a minimal homogeneous generating set of M.

Procedure 2. Choose a left monomial ordering <. on the K-basis
P(e) of Ly and run Algorithm 3 of Theorem 2.2.8 with the initial input data
U = {&,...,&n} to compute a minimal homogeneous generating set Upin =
{&1s--- v &Gy } and a left Grobner basis G for N; at the same time, by keeping track
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of the reductions during executing the first WHILE loop and the second WHILE
loop respectively, return the matrices § and V' required by Proposition 2.3.2.

Procedure 3. By using the division by the left Grobner basis G obtained
in Procedure 2, compute the matrix U required by Proposition 2.3.2. Use the
matrices S, V obtained in Procedure 2, the matrix U and Proposition 2.3.2 to
compute a homogeneous generating set of N1 = Syz(Upip) in the N-graded free A-
module L; = @:;1 Ae;, where the gradation of L, is defined by setting dg,(ex) =
dgr(é-jk)5 1<k <s.

Procedure 4. Construct the exact sequence
0— N, — L1 25 Ly 25 M —0

where @1 () =&, 1 <k <s1. If Ny # 0, then repeat Procedure 2-Procedure 4
for N1 and so on.

Note that A is Noetherian (Theorem 1.2.3), A is N-graded with the degree-0
homogeneous part Ay = K, and that every finitely generated A-module M has
finite projective dimension p.dims M < n by the Hilbert’s syzygy theorem for
solvable polynomial algebras (Theorem 2.3.3), thereby A is an N-graded local
ring of finite global homological dimension. It follows from the literature ([Eis,
Chapter 19], [Krl, Chapter 3], [Li3]) that

p.dim 4 M = the length of a minimal graded free resolution of M.

Hence, the desired minimal finite graded free resolution £, for M is then obtained
after finite times of processing the above procedures.

3. Computation of minimal filtered free resolutions

Let A = Klas,...,a,] be an N-filtered solvable polynomial K-algebra with
the filtration {F,A}pen determined by a positive-degree function d( ) on A (see
Subsection 3.1 below). In this section we introduce minimal filtered free res-
olutions for finitely generated modules over A by introducing minimal F-bases
and minimal standard bases for A-modules and their submodules with respect
to good filtration. We show that any two minimal F-bases, respectively any two
minimal standard bases, have the same number of elements and the same num-
ber of elements of the same filtered degree, minimal filtered free resolutions are
unique up to strict filtered isomorphism of chain complexes in the category of fil-
tered A-modules, and that minimal filtered free resolutions can be algorithmically
computed in case A has a graded monomial ordering <.

3.1 N-filtered solvable polynomial algebras and filtered free modules.
Recall that the N-filtered solvable polynomial algebras with N-filtration deter-
mined by the natural length of elements from the PBW K-basis (especially the
quadric solvable polynomial algebras) were studied in [LW], [Lil]. In this subsec-
tion, we formulate more generally the structure of N-filtered solvable polynomial
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algebras by means of positive-degree functions, and we construct filtered free mod-
ules over such algebras. Since the standard bases we are going to introduce in
terms of good filtration are generalization of classical Macaulay bases (see a re-
mark given in Subsection 3.3), while a classical Macaulay basis V' is characterized
in terms of both the leading homogeneous elements (degree forms) of V' and the
homogenized elements of V' (cf. [KR2, p. 38, p.55]), accordingly both the asso-
ciated graded algebra (module) and the Rees algebra (module) of an N-filtered
solvable polynomial algebra (of a filtered module) are necessarily introduced in
our text. All notions, notations and conventions used before are maintained.

Let A = K]lay,...a,] be a solvable polynomial algebra with admissible system
(%, <), where B = {a® =af" - -a | a = (a1,...,a,) € N"} is the PBW K-
basis of A and < is a monomial ordering on %, and let d( ) be a positive-degree
function on A such that d(a;) =m; > 0,1 <i <n (see Subsection 1.2). Put

F,A = K-span{a® € # | d(a®) <p}, péeN,

then it is clear that F,A C Fpi 1 Aforallpe N, A=, yFpd,and 1l € [HA =K.

peEN

3.1.1 Definition. With notation as above, if F,AF;A C F,1,A holds for all
p,q € N, then we call A an N-filtered solvable polynomial algebra with respect to
the positive-degree function d( ), and accordingly we call FA = {F,A}pen the
N-filtration of A determined by d( ).

Note that the N-filtration F'A constructed above is clearly separated in the
sense that if f is a nonzero element of A, then f € F,A — F,_1 A for some p.
Thus, if f € F,A — F,_1A, then we say that f has filtered degree p and we use
da1(f) to denote this degree, i.e.,

(P5) dﬁ](f) =p < f S FpA — Fp_lA.

Bearing in mind (P5), the following featured property of F'A will very much help
us to deal with the associated graded structures of A and filtered A-modules.

3.1.2 Lemma. If f =3, \;a®® with \; € K* and a®") € %, then dm(f) = p
if and only if d(a®®)) = p for some i’ if and only if d(f) = p = da(f). O

Observation. Given a solvable polynomial algebra A = Klaq,...,a,] and a
positive-degree function d( ) on A, it follows from Definition 1.2.2, Definition 3.1.1
and Lemma 3.1.2 that
A is an N-filtered solvable polynomial algebra with respect to d( ) if and
only if for 1 < ¢ < j < n, all the relations aja; = Aja;a; + f;; with
fii = 3 ura®® derived from Definition 1.2.2 satisfy d(a®®)) < d(a;a;)
whenever pg # 0.

With the observation given above, the following examples may be better un-
derstood.
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Example. (1) If A = Klay,...,a,] is an N-graded solvable polynomial algebra
with respect to a positive-degree function d( ), i.e., A = @peN A, with the degree-
p homogeneous part A, = K-span{a® € & | d(a*) = p} (see Subsection 2.1), then,
with respect to the same positive-degree function d( ) on A, A is turned into an N-
filtered solvable polynomial algebra with the N-filtration FA = {F,A},cn where
each FA =@, Aq-

Example. (2) Let A = KJas,...ay] be a solvable polynomial algebra with the
admissible system (%, <), where <, is a graded monomial ordering on % with
respect to a given positive-degree function d( ) on A (see the definition of <,
given in Subsection 1.2). Then by referring to Definition 1.2.2 and the above
observation, one easily sees that A is an N-filtered solvable polynomial algebra
with respect to the same d( ). In the case where <, respects d(a;) = 1 for
1 <i < n, Definition 1.2.2 entails that the generators of A satisfy

aja; = Njiaia;+ 3 Nyarae + 3N ar + i,
where 1 <7 <j <n, Ajs € K™, N, ', i € K.

In [Lil] such N-filtered solvable polynomial algebras are referred to as quadric
solvable polynomial algebras which include numerous significant algebras such as
Weyl algebras and enveloping algebras of Lie algebras. One is referred to [Lil] for
some detailed study on quadric solvable polynomial algebras.

The next example (quoted from [Li4]) provides N-filtered solvable polynomial
algebras in which some generators may have degree > 2.

Example. (3) Considering the N-graded structure of the free K-algebra K(X) =
K (X1, X2, X3) by assigning X; the degree 2, X5 the degree 1 and X3 the degree
4, let I be the ideal of K(X) generated by the elements

g1 = X1 Xo — X0 X,
gg = X3X1 — )\Xng — ,LLX3X22 — f(XQ),
g3 = X3Xo — X2 X3,

where A € K*, p € K, and f(X3) € K-span{l, Xo, X3,..., X5} If we use
the graded lexicographic ordering Xo <griex X1 <griez X3 on K(X), then it is
straightforward to verify that G = {g1, g2, g3} forms a Grébuer basis for I, and
that B = {a® = a{"a$?a3® | @ = (a1,a2,a3) € N3} is a PBW basis for the
K-algebra A, where A = Klaq,a2,a3] = K(X)/I with a1, as and az denoting
the cosets X1 + I, Xo + I and X3 + I in K(X)/I respectively. Since asa; =
Aaiaz+pazaz + f(az), where f(az) € K-span{l,as,a3,...,aS}, we see that A has
the monomial ordering <., on % such that a3 <je; a2 <jer a1 and LM(uagag +
f(a2)) <iex aras. Thereby A is turned into an N-filtered solvable polynomial
algebra with respect to <, and the degree function d( ) such that d(a;) = 2,
d(az) =1, and d(a3) = 4. Moreover, one may also check that with respect to the
same degree function d( ), the graded lexicographic ordering as <griex a2 <griez @1
is another choice to make A into an N-filtered solvable polynomial algebra.
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Let A be an N-filtered solvable polynomial algebra with respect to a given
positive-degree function d( ), and let FA = {F,A}pen be the N-filtration of A
determined by d( ). Then A has the associated N-graded K-algebra G(A4) =
@pGN G(A), with G(A)g = FyA = K and G(A), = F,A/F,_1 A for p > 1, where
for f = f+ F,_1A € G(A)p, § = g + F;—1A, the multiplication is given by
fG=fg+ Fpig-14 € G(A)piy. Another N-graded K-algebra determined by F'A
is the Rees algebra A of A, which is defined as A= @peN Zp with Ep = F A,

where the multiplication of A is induced by FpAF,A C Fy14A, p,g € N. For
convenience, we fix the following notations once for all.

o If h € G(A), and h # 0, then we write dg(h) for the degree of h as a
homogeneous element of G(A), i.e., dg(h) = p.

o If H € Zp and H # 0, then we write dg(H) for the degree of H as a
homogeneous element of A, ie., de(H) = p.

Concerning the N-graded structure of G(A), if f € A with da(f) = p, then
by Lemma 3.1.2, the coset f + F,_1A represented by f in G(A), is a nonzero
homogeneous element of degree p. If we denote this homogeneous element by o (f)
(in the literature it is referred to as the principal symbol of f), then dg(f) = p =
dgr(0(f)). However, considering the Rees algebra A of A, we note that a nonzero
f € FyA represents a homogeneous element of degree ¢ in /~1q on one hand, and
on the other hand it represents a homogeneous element of degree ¢; in gql, where
¢ = da(f) < q. So, for a nonzero f € F,A, we denote the corresponding
homogeneous element of degree p in Ep by hy(f), while we use f to denote the
homogeneous element represented by f in gpl with p1 = da(f) < p. Thus,
dee (f) = dsi(f), and we see that hy,(f) = f if and only if da(f) = p.

Furthermore, if we write Z for the homogeneous element of degree 1 in A
represented by the multiplicative identity element 1, then Z is a central regular
element of A: i.e., Z is not a divisor of zero and is contained in the center of A.
Bringing this homogeneous element Z into play, the homogeneous elements of A
are featured as follows.

If f € A with di(f) = p1 then for all p > p1, hy(f) = Zp*plf. In other words,
if H € Ep is any nonzero homogeneous element of degree p, then there is some
f € FpA such that H = Zr=dOf = f4 (zp=dF) — 1)]?

It follows that by sending H to f + F,_1A and sending H to f respectively,
G(A) = A/(Z) as N-graded K-algebras and A = A/(1 — Z) as K-algebras
(cf. [LVO]).

Since a solvable polynomial algebra A is necessarily a domain (Theorem 1.2.3),
we summarize two useful properties concerning the multiplication of G(A) and A
respectively into the following lemma. Notations are as given before.
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3.1.3 Lemma. Let f, g be nonzero elements of A with dg\(f) = p1, da(g) = pe.
Then

(i) a(f)alg) = a(fg); N
(ii) fg= fg. If p1+p2 <p, then hy(fg) = ZP"P17P2 fg. O

With the preparation made above, the results given in the next theorem, which
are analogues of those concerning quadric solvable polynomial algebras in [LW,
Section 3], [Lil, Chapter IV], may be derived in a similar way as in loc. cit. Hence
the detailed proofs are omitted.

3.1.4 Theorem. Let A = K]lay,...,ay] be a solvable polynomial algebra with
the admissible system (%, ~<g4r), where <, is a graded monomial ordering on
2% with respect to a given positive-degree function d( ) on A, thereby A is an N-
filtered solvable polynomial algebra with respect to the same d( ) by the foregoing
Example (2), and let FA = {F,A},en be the corresponding N-filtration of A.
Considering the associated graded algebra G(A) as well as the Rees algebra A
of A, the following statements hold.

(i) G(A) = K[o(a1),...,0(an)], G(A) has the PBW K-basis
0(B) ={c(a)* =0(a1)* - 0(a,)®" | = (a1,...,an) € N},

and, by referring to Definition 1.2.2, for o(a)®, o(a)® € (%) such that
a®a’ = \o,3a®*P + fo 5, where Ao 5 € K*, if fo 3 =0 then

o(a)*0(a)” = Aa,po(a)* 7,

where
a(a)O‘Jrﬁ — U(al)alJrﬁl . ,U(an)anJrﬂn_

In the case where fo,5=3_; M?’ﬁaa(j) # 0 with ,u;“’ﬁ €K,

o(a)o(a)’ = Xapo(@* P+ S piPo(a)*®).
d(a*(k))=d(a>*P)

Moreover, the ordering < defined on (%) subject to the rule:

G(A)

o(a)® < o(a)’ <= a® <, a’, a*,d"’ € B,

G(A)

is a graded monomial ordering with respect to the positive-degree function
d( ) on G(A) such that d(o(a;)) = d(a;) for 1 < i < n, that turns G(A)
into an N-graded solvable polynomial algebra.

(i) A= Klay,...,an, Z] where Z is the central regular element of degree 1
in 2{1 represented by 1, A has the PBW K-basis

B={aZ" =3 @ 2" | a = (oq,...,an) € N*,m € N},
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and, by referring to Definition 1.2.2, for a®Z°, -a®Z! € % such that
a®a’® = \o 3a®*P + fo 5, where Ao g € K*, if fo,5 = 0 then

@07 AP 2 = Ny pa®tPZott | where aotP =gt Gonthn,
and in the case where fo,5 =3, M?’ﬁaa(j) # 0 with ,u;“’ﬁ eK,

e A )\a,ﬁgawzwt + Zj u?ﬂga(j)zq—m;‘7 ‘
where q = d(a®*P) +s+t, m; = d(a®).

Moreover, the ordering < defined on B subject to the rule:
a®Z® < (AR <gr a®, or a®=d" and s<t, a% d’ e B,

is a monomial ordering on B (which is not necessarily a graded monomial
ordering), that turns A into an N-graded solvable polynomial algebra with

respect to the positive-degree function d( ) on A such that d(Z) = 1 and

By referring to Lemma 3.1.2 and Lemma 3.1.3, the corollary presented below is
straightforward and will be very often used in discussing left Grobner bases and
standard bases for submodules of filtered free A-modules and their associated
graded free G(A)-modules as well the graded free A-modules (Subsection 3.2,
Subsection 3.3).

3.1.5 Corollary. With the assumption and notations as in Theorem 3.1.4, if
f= 2" + 3, p;a®) with d(f) = p and LM(f) = a®, then p = du(f) =

dgr(0(f)) = dg:(f), and

o(f) =Ao(a)* + Zd(aa‘(jk)):p 11, 0/(a) %)
LM(o(f)) = 0(a)* = o(LM(f));
f=xa"+32; 11;600) Zp=d(a*@),
LM(f) = @ = LM(),
where LM(f), LM(o(f)) and LM(f) are taken with respect to <y, < ,, and
<, respectively.

Let A be an N-filtered solvable polynomial algebra with the filtration FA =
{FpA}pen determined by a positive-degree function d( ) on A, and let (%, <) be a
fixed admissible system of A. Consider a free A-module L = @;_, Ae; with the A-
basis {e1,...,es}. Then L has the K-basis #(e) = {a%¢; |a®* € B, 1 <i < s}. If
{b1,...,bs} is an arbitrarily fixed subset of N, then, with F'L = {F,L},en defined
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by putting

F,L={0} if q<min{by,...,b}; otherwise F,L=> | Y F,Al|e,

i=1 \pi+bi<q
or alternatively, for ¢ > min{by,...,bs},
F,L = K-span{a®e; € %(e) | d(a®) +b; < ¢},

L forms an N-filtered free A-module with respect to the N-filtered structure of A,
that is, every Fy L is a K-subspaceof L, F;,L C F,Lforall¢g e N, L = quN F,L,
F,AF,L C F,,1 4L for all p,q € N, and for eachi =1,...,s,

e; € FoL if b; =0; otherwise e; € Fy, L — Fp,_1 L.

Convention. Let A be an N-filtered solvable polynomial algebra with respect
to a positive-degree function d( ). Unless otherwise stated, from now on in the
subsequent sections if we say that L = @;_, Ae; is a filtered free A-module with
the filtration FL = {F,;L}4en, then FL is always meant the type as constructed
above.

Let L = @;_, Ae; be a filtered free A-module with the filtration FL =
{FyL}4en, which is constructed with respect to a given subset {b1,...,bs} C N.
Then FL is separated in the sense that if £ is a nonzero element of L, then
¢ € FyL — Fy_1 L for some ¢g. Thus, to make the discussion on F'L compatible
with FA, if £ € FyL — Fy;_1L, then we say that £ has filtered degree ¢ and we use
dg1(€) to denote this degree, i.e.,

(P6) da(§) =q<= (€ Fy)L—-F, L.

For instance, we have dg(e;) = b;, 1 < i < s. Comparing with Lemma 3.1.2 we
first note the following;:

3.1.6 Lemma. Let £ € L. Then dg(§) = q if and only if £ = Z” )\ijao‘(if)ej,
where \;; € K* and a®(%) € 2 with a(i;) = (qi,, ..., ®;,,) € N, in which some
monomial a®()e; satisfies d(a®()) +b; = q.

Let L = @], Ae; be a filtered free A-module with the filtration FL =
{FyL}4en such that dai(e;) = b;, 1 < ¢ < s. Considering the associated N-
graded algebra G(A) of A, the filtered free A module L has the associated N-
graded G(A)-module G(L) = @,cy G(L)q with G(L)q = FyL/Fy—1L, where for
f=f+F,_1A€GA),, £ =&+ F,.1L € G(L),, the module action is given
by f-€ = fé+ Fpig-1L € G(L)pt4. As with homogeneous elements in G(A),
if h € G(L)y and h # 0, then we write dg (h) for the degree of h as a homo-
geneous element of G(L), i.e., dg(h) = ¢q. If £ € L with dri(§) = ¢, then the
coset £ + Fy,_1L represented by ¢ in G(L), is a nonzero homogeneous element of
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degree ¢, and if we denote this homogeneous element by ¢(£) (in the literature it
is referred to as the principal symbol of &) then dg(0(§)) = ¢ = dai(§).

Furthermore, considering the Rees algebra A of A, the filtration F'L = {F, L}qu
of L also defines the Rees module L of L, which is the N-graded A-module L =
D en Lq, where Lq = F;, L and the module action is induced by F,,AF,L C Fp L.
As with homogeneous elements in A, if H e Zq and H # 0, then we write dg,(H)
for the degree of H as a homogeneous element of Z, ie., dgr(H) = q. Note that
any nonzero £ € FyL represents a homogeneous element of degree ¢ in Eq on one
hand, and on the other hand it represents a homogeneous element of degree ¢; in
qu, where ¢1 = dg1(€) < ¢. So, for a nonzero £ € F,L we denote the correspond-
ing homogeneous element of degree ¢ in Eq by hq(€), while we use E to denote
the homogeneous element represented by £ in qu with ¢1 = dm(§) < ¢. Thus,
dge (€) = dgr(€), and we see that hy(€) = € if and only if dg(€) = .

We also note that if Z denotes the homogeneous element of degree 1 in A
represented by the multiplicative identity element 1, then, similar to the discussion

given before Theorem 3.1.4, there are A-module isomorphism L = L/(1 — Z)L
and graded G(A)-module isomorphism G(L) = L/ZL.

3.1.7 Lemma. With notation as above, the following statements hold.

(i) da(f&) = d(f) + dm(§) holds for all nonzero f € A and nonzero € € L.
(ii) o(f)o(€) = o(f€) holds for all nonzero f € A and nonzero § € L.
(iii) If € € L with dg(§) = q < ¢, then hy(§) = Zlqu. Furthermore, let f € A
with da(f) = p, € € L with dga(€) = q. Then f€ = f& if p+q < £, then
he(f€) = Z P f€.

PROOF: Since A is a solvable polynomial algebra, G(A) and A are N-graded solv-
able polynomial algebras by Theorem 3.1.4, thereby they are necessarily domains
(Theorem 1.2.3). By the foregoing (P5), (P6) and Lemma 3.1.6, the verification
of (i)—(iii) are then straightforward. O

3.1.8 Proposition. With notation fixed as before, let L = @;_, Ae; be a fil-
tered free A-module with the filtration FL = {FyL}4en such that dgi(e;) = by,
1 <1 < s. The following two statements hold.

(i) G(L) is an N-graded free G(A)-module with the homogeneous G(A)-basis
{o(e1),...,0(es)}, that is, G(L) = @i, G(A)a(ei) = B ey G(L)q with

Z G(A)p,0(e;) q€N.

pi+bi=q

Moreover, o(#(e)) = {o(a%e;) = o(a)¥o(e;) | a%e; € HB(e)} forms a
K -basis for G(L).
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(i) L is an N-graded free A-module with the homogeneous
A-basis {€1,..., &}, that is, L = @;_, A&; = @ ey L, with

Ly= Y A&, gqeN

pi+bi=q

Moreover, %’( = {a“zm¢; | a®Z™ € B, 1 < i < s} forms a K-basis
for L, where % is the PBW K -basis of A determined in Theorem 4.4(i).

PROOF: Since dui(e;) = b, 1 < i < s, if &€ = Y7 | fie; € F,L =
D i1 b <q FpiA)ei, then dai(€) < g. By Lemma 3.1.7,

O’(f): Z ez EZG q— baez)
d(fi)+bi=q

S

hol€) = 3 21000 F e S A,y

=1 i=1

This shows that {o(e1),...,0(es)} and {ei,...,€s} generate the G(A)-module
G(L) and the A-module E, respectively. Next, since each o(e;) is a homogeneous
element of degree b;, if a degree-¢ homogeneous element Y °_, o(f;)o(e;) = 0,
where f; € A, da(fi) +b; = ¢, 1 < i <'s, then Y], fie, € F;_1L and
hence each f; € Fy;_1-3,A by Lemma 3.1.6, a contradiction. It follows that
{o(e1),...,0(es)} is linearly independent over G(A). Concerning the linear inde-
pendence of {é1,...,€s} over /T, since each e; is a homogeneous element of degree
b;, if a degree-¢ homogeneous element Y .._, hy, (f;)é; = 0, where f; € F),, A and
pi+b=q, 1 <1i<s, then 25:1 fies = 0 in F,L and consequently all f; = 0,
thereby hp,(fi) = 0 as desired. Finally, if £ € F,L with dri(§) = g, then by
Lemma 3.1.6, ¢ = Zi,j )\ija“(if)ej with )‘lJ € K* and d(aa(“)) + bj = Eij <q It
follows from Lemma 3.1.7 that
Z )‘zkg a(zk ( )

Lik=q

£- S s,

Therefore, a further application of Lemma 3.1.6 and Lemma 3.1.7 shows that
o(#(e)) and B(e) are K-bases for G(L) and L respectively. O

3.2 Filtered-graded transfer of Grobner bases for modules. Throughout
this subsection, we let A = Klay, ..., a,] be a solvable polynomial algebra with the
admissible system (%, <g4r), Where B ={a*=af"a? | a=(o1,...,an) €
N"} is the PBW K-basis of A and <, is a graded monomial ordering with re-
spect to some given positive-degree function d( ) on A (see Section 1). Thereby
A is turned into an N-filtered solvable polynomial algebra with the filtration
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FA = {F,A},en constructed with respect to the same d( ) (see Example (2)
of Subsection 3.1). In order to compute minimal standard bases by employing
both inhomogeneous and homogenous left Grobner bases in later Subsection 3.4,
our aim of the current subsection is to establish the relations between left Grobner
bases in a filtered free (left) A-module L and homogeneous left Grobner bases in
G(L) as well as homogeneous left Grobner bases in E, which are just module
theory analogues of the results on filtered-graded transfer of Grobner bases for
left ideals given in [LW], [Lil]. All notions, notations and conventions introduced
in previous sections are maintained.

Let L = @;_, Ae; be a filtered free A-module with the filtration FL =
{FyL}4en such that dai(e;) = b;, 1 < i < s. Bearing in mind Lemma 3.1.6,
we say that a left monomial ordering on %(e) is a graded left monomial ordering,
denoted by <y, if for a%e;,a’e; € B(e),

a%e; <e-gr aﬁej implies dg1(a“e;) = d(a®) +b; < d(aﬁ) +b; = dﬁ](aﬁej).

For instance, with respect to the given graded monomial ordering < . on %
and the N-filtration FA of A, if {f1,...,fs} C A is a finite subset such that
d(f;) = b = dm(e;), 1 < i < s, then, by mimicking the Schreyer ordering
in the commutative case (see [Sch], or [AL2, p.166]), one may directly check
that the ordering <, g, on #(e) induced by {fi,..., fs} subject to the rule: for
a%e;,ale; € Ble),

LM(a®f;) <4 LM(d? f;),
a%e; <s-gr aﬁej <= ( or
LM(a®f;) = LM(a’f;) and i < j,

is a graded left monomial ordering on #(e).

More generally, let {&1,...,&n} C L be a finite subset, where dg1(&) = g,
1 <i<m,andlet L; = @Zl Ae; be the filtered free A-module with the
filtration F'Ly = {FyL1}qen such that dai(e;) = ¢;, 1 < i < m. Then, given any
graded left monomial ordering <-4 on #(e), the Schreyer ordering <-4, defined
on the K-basis #(c) = {a%¢; | a® € B, 1 <i < m} of Ly subject to the rule: for
a%e;, ale; € Ble),

LM(a%&;) <e-gr LM(a”¢;),
a%e; <g-gr aﬂsj <= (or
LM(a%¢;) = LM(a’¢;) and i < j,

is a graded left monomial ordering on %(¢).

Comparing with Lemma 3.1.2 and Lemma 3.1.6, the lemma given below reveals
the intrinsic property of a graded left monomial ordering employed by a filtered
free A-module.
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3.2.1 Lemma. Let L = @;_, Ae; be a filtered free A-module with the filtration
FL = {F,L}qen such that dgi(e;) = b;, 1 <i <'s, and let <. be a graded left
monomial ordering on %(e). Then <-4, Is compatible with the filtration FL of L
in the sense that £ € FuL — F,_1L, ie. da(§) = g, if and only if LM(§) = a%e;
with dgi(a®e;) = d(a®) + b; = q.

PROOF: Let & = ), A\ija®e; € FyL — F; 1 L. Then by Lemma 3.1.6, there
is some a®(#)e, such that d(aa(i’-’)) + by =q. TLM(E) = a®(te, with respect
t0 <e-gr, then a®(ir) ey <e-gr a®e, for all a®(e, with k #£t. If £ =t, then
d(aa(i‘)) + by = ¢; otherwise, since <-4 is a graded left monomial ordering, we
have d(a®())+by < d(a®())+b,, in particular, ¢ = d(a®*))+b, < d(a®))4-b; <
q. Hence dgi(a®@ey) = d(a®)) 4 b, = ¢, as desired.

Conversely, for & = Z” )\ijao‘(if)ej € L, if, with respect to <e-gr, LM(§) =
a®e; with dgi(a®e;) = d(a®)) 4+ by = q, then a®(*)e, <e-gr a®(it)e, for
all k # t. Since <¢-gr is a graded left monomial ordering, we have d(ao‘(”)) +
b < d(a®C)) + b, = q. Tt follows from Lemma 3.1.6 that dg () = ¢, ie.,
Ee F,L—-F, L. O

Let L = @;_, Ae; be a filtered free A-module with the filtration FL =
{FyL}4en such that dai(e;) = b;, 1 <4 < s. Then, by Proposition 3.1.8 we know
that the associated graded G(A)-module G(L) of L is an N-graded free module,
ie., G(L)=@;_, G(A)o(e;) with the homogeneous G(A)-basis {o(e1), ..., 0(es)},
and that G(L) has the K-basis o(#(e)) = {o(a%e;) = o(a)*c(e;) | a%e; € Be)}.
Furthermore, let <. be a graded left monomial ordering on %(e) as defined
in the beginning of this section. Then we may define an ordering <,(g)-g» On
o(%B(e)) subject to the rule:

0(a)*0(ei) =o(e)-gr 0(a)’a(e;) &= a®¢; <e-gr a’ej, a%e;,ale; € Be).

3.2.2 Lemma. With the ordering <
ments hold.

o(e)-gr defined above, the following state-

(i) <o(e)-gr is a graded left monomial ordering on o(%(e)).

(ii) (Compare with Corollary 3.1.5.) LM(c(§)) = o(LM(&)) holds for all
nonzero £ € L, where the monomial orderings used for LM(o(§)) and

LM(§) are <,(e)-gr and <e-g, respectively.

PrROOF: (i) Noticing that the given monomial ordering <, on A is a graded
monomial ordering with respect to a positive-degree function d( ) on A, it follows
from Theorem 3.1.4(i) that G(A) is turned into an N-graded solvable polynomial
algebra by using the graded monomial ordering <, ,  defined on o(%) subject to
the rule: o(a)® <., o(a)? < a® <, a®, where the positive-degree function
on G(A) is given by d(o(a;)) = d(a;), 1 < i < n. Moreover, since o(e;) is
a homogeneous element of degree b; in G(L), 1 < i < s, by Lemma 3.1.7, it is
then straightforward to verify that < is a graded left monomial ordering on

a(Be)).

o(e)-gr
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(i) Let & = >, ; Nija®Uide; where \;; € K* and a®(4) € # with a(i;) =
(Qijysooha;,) € NV If dgi () = g, ie., & € FyL — Fy_1 L, then by Lemma 3.2.1,
LM(¢) = a®Ut)e, for some t such that dg (a®e;) = d(a®)) 4+ b, = q. Since
= e-gr is a left graded monomial ordering on #(e), by Lemma 3.1.7 we have o (§) =
)\ita(a)a(”)a(et)+Zd(aa(¢k>)+bk:q N\iro(a)®@) g (ey). Tt follows from the definition
of < that LM(0(€)) = o(a)*o(er) = o(LM(E)), as desired. O

o(e)-gr

3.2.3 Theorem. Let N be a submodule of the filtered free A-module L =
@;_, Ae;, where L is equipped with the filtration FL = {F;L}4en such that
dai(e;) = b;, 1 <i <s, and let <-4 be a graded left monomial ordering on %(e).
For a subset G = {g1,...,gm} of N, the following two statements are equivalent.

(i) G is a left Grobner basis of N with respect to <e-gr.

(ii) Putting 0(G) = {o(g1),...,0(gm)} and considering the filtration FN =
{FyN = F;,L N N}4en of N induced by FL, 0(G) is a left Grobner basis
for the associated graded G(A)-module G(N) of N with respect to the
graded left monomial ordering <,(e)-gr defined above.

PROOF: (i) = (ii) Note that any nonzero homogeneous element of G(N) is of
the form o(§) with £ € N. If G is a left Grobner basis of N, then there exists
some g; € G such that LM(g;)|LM(&), i.e., there is a monomial a® € Z such that
LM(&) = LM(a*LM(g;)). Since the given left monomial ordering <.-g, on %(e)
is a graded left monomial ordering, it follows from Lemma 3.1.7 and Lemma 3.2.2
that

LM(0(¢)) = o(LM())
( M(a”LM(g:)))

M(o(a”LM(g:)))
= LM(o(a)"o(LM(g:)))

M(o(a)*LM(0(g:)))-
This shows that LM(a(gi))|LM(a(§)), and hence o(G) is a left Grobner basis
for G(N).

(ii) = (i) Suppose that o(G) is a left Grébner basis of G(N) with respect to
<o(e)-gr- If £ € N and £ # 0, then o(£) # 0, and there exists a 0(g;) € o(G)
such that LM (o (g;))|[LM(o(€)), i.e., there is a monomial o(a)® € o(%) such that
LM(o(§)) = LM(o(a)*LM(0(g;))). Again as <e-g4- is a left graded monomial
ordering on #(e), by Lemma 3.1.7 and Lemma 3.2.2 we have

S(LM(g) = LM(o
= LM(c
(
(

[
=
=

This shows that dg(LM(E)) = da(LM(a*LM(g;))). Since both LM(£) and
LM(a*LM(g;)) are monomials in %(e), it follows from the construction of F'L
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and Lemma 3.2.1 that LM(¢) = LM(a®LM(g;)), i.e., LM(g;)|[LM(§). This
shows that G is a left Grobner basis for N. O

Similarly, in light of Proposition 3.1.8 we may define an ordering <z on the
K-basis B(e) = {Z™a"e; | Z™a™ € B, 1 <i < s} of the N-graded free A-module
L =@, A¢; subject to the rule: for Z°a*¢;, Z'a"¢; € B(e),

s~y t~0B~ @ «a _
Z%a%e; <z Z aﬁej < a%e; <e-gr aﬁej, or a%e; = aﬁej and s < t.

3.2.4 Lemma. With the ordering <z defined above, the following statements
hold.

(i) <z is a left monomial ordering on %(e).

~ e~

(ii) (Compare with Corollary 3.1.5.) LM(¢) = (&) holds for all nonzero

¢ € L, where the monomial orderings used for LM(§) and LM () are <z
and <-g, respectively.

PrROOF: (i) Noticing that the given monomial ordering <, for A is a graded
monomial ordering with respect to a positive-degree function d( ) on A, it follows
from Theorem 3.1.4(ii) that A is turned into an N z-graded solvable polynomial
algebra by using the monomial ordering <. defined on B subject to the rule:
a®Z° < @PZt = a® <, P or a® = a” and s < t, a% aP € B, where the
positive-degree function on A is given by d(@;) = d(a;) for 1 <i < n, and d(Z) =
1. Moreover, since e; is a homogeneous element of degree b; in /T, 1 <i< s,
by Lemma 3.1.7, it is then straightforward to verify that <z is a left monomial
ordering on E(e/).

(ii) Let £ = >, ; Nija®i)e; where \;; € K* and a®%) € # with a(ij) =
(ijy sy 0u;,) € NI dg(§) = q, ie., £ € FyL — Fy_1 L, then by Lemma 3.2.1,
LM(¢) = a®Ut)e; for some t such that dg(a®e;) = d(a®)) 4 b; = q. Since
<e-gr 18 a left graded monomial ordering on %(e), by Lemma 3.1.7 we have E:
)\i{da(i‘)gt + Zj;ét )\iqu_g"jE“(if)'éj, where gij = dﬁl(a“(if)ej) = d(aa(h)) + dj. It

—_~—

follows from the definition of <z that LM(g) =qlig, = (&), as desired. O

3.2.5 Theorem. Let N be a submodule of the filtered free A-module L =

@;_, Ae;, where L is equipped with the filtration FL = {F;L}4en such that

dai(e;) = b;, 1 <14 < s, and let <.-g be a graded left monomial ordering on %(e).

For a subset G = {¢1,...,9m} of N, the following two statements are equivalent.
(i) G is a left Grobner basis of N with respect to <e-gy.

(ii) Putting 7(G) = {q1,. .., gm} and considering the filtration FN = {F;N =
F,LNN}gen of N induced by FL, 7(G) is a left Grobner basis for the Rees
module N of N with respect to the left monomial ordering <z defined
above.

PROOF: (i) = (ii) Note that any nonzero homogeneous element of N is of the
form hy(§) for some £ € FyN with dmi(§) = ¢1 < ¢. By Lemma 3.1.7, hy(§) =

485



486

Li H.

Zq*‘hg. If G is a left Grobner basis of N, then there exists some g; € G such

that LM(g;)|LM(¢), i.e.,

there is a monomial a®

€ % such that LM(§) =

LM(a*LM(g;)). It follows from Lemma 3.1.7 and Lemma 3.2.4 that

LM(E) =

LM(¢)
(LM(a”LM(g;)))"
LM((a"LM(g;))")

LM(a*LM(y;

)
)
)
= LM(a"LM(g;))-
Hence, noticing the definition of <z we have
LM(Z1 %)
Z- N LM(€)

— 79 LMELM()
= LM(z92a*LM(g;)).

LM(h,(€))

This shows that LM(g;)|LM(hy(€)), thereby 7(G) is a left Grobner basis of N.
(i) = (i) If€ € N and € # 0, then & # 0 and LM(£) = LM(¢) by Lemma 3.2.4.
Suppose that 7(G) is a left Grobner basis of N with respect to <z. Then there ex-
ists some g; € 7(G) such that LM(§1-)|LM(£~)7 i.e., there is a monomial Z™a@Y €
such that LM(€) = LM(Z™aLM(g;)). Since the given left monomial ordering

<e-gr 00 B(e) is a graded left monomial ordering, it follows from Lemma 3.1.7,
the definition of <z and Lemma 3.2.2 that

a%e; = LM(£) = LM({) LM(Z™a"LM(g;))
Z™(LM((a"LM(g:))))

—  Z"(LM(a"LM(g,)))"

Noticing the discussion on L and the role played by Z given before Lemma 3.1.7,
we must have m = 0, thereby LM(£) = LM(a"LM(g;)). This shows that G is a
left Grobner basis for N. O

Remark. It is known that Groébner bases for ungraded ideals in both a com-
mutative polynomial algebra and a noncommutative free algebra can be obtained
via computing homogeneous Grobner bases for graded ideals in the corresponding
homogenized (graded) algebras (cf. [Fréb], [LS], [Li2]). Similarly for an N-filtered
solvable polynomial algebra A with respect to a positive-degree function d( ), by
using a (de)homogenlzatlon-hke trick with respect to the central regular element
Z in A the discussion on A and L presented in Subsection 3.1 indeed enables us
to obtain left Grobner bases of submodules (left ideals) in L (in A) via computing
homogeneous left Grobner bases of graded submodules (graded left ideals) in L
(in Z) Since such a topic is beyond the scope of this paper, we omit the detailed
discussion here.
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3.3 F-bases and standard bases with respect to good filtration. Let
A = Klaq,...,a,] be an N-filtered solvable polynomial algebra with admissible
system (%, <) and the N-filtration FA = {F,A},en constructed with respect to
a given positive-degree function d( ) on A (see Subsection 3.1). In this section, we
introduce F-bases and standard bases respectively for N-filtered left A-modules
and their submodules with respect to good filtration, and we show that any two
minimal F-bases, respectively any two minimal standard bases have the same
number of elements and the same number of elements of the same filtered degree.
Moreover, we show that a standard basis for a submodule IV of a filtered free A-
module L can be obtained via computing a left Grobner basis of N with respect
to a graded left monomial ordering. All notions, notations and conventions used
before are maintained.

Let M be an A-module. Recall that M is said to be an N-filtered A-module
if M has a filtration FM = {F,M }4cn, where each F,M is a K-subspace of M,
such that M = {J, . FgM, FuM C Fyy 1 M for all g € N, and F,AF,M C F, M
for all p,q € N.

geN

Convention. Unless otherwise stated, from now on in the subsequent sections a
filtered A-module M is always meant an N-filtered module with a filtration of the
type FM = {F;M }4en as described above.

Let G(A) be the associated graded algebra of A, A the Rees algebra of A, and
Z the homogeneous element of degree 1 in A represented by the multiplicative
identity 1 of A (see Subsection 3.1). If M is a filtered A-module with the filtration
FM = {F;M}4en, then M has the associated graded G(A)-module G(M) =
D,y G(M)g with G(M)o = FoM and G(M)q = FyM/F;—1M for ¢ > 1, and the
Rees module of M is defined as the graded A-module M = D en Mq with each
Mq = F,M. As with a filtered free A-module in Subsection 3.1, we have M/ZM =
G(M) as graded G(A)-modules, and M/(l - Z)M >~ M as A-modules. Moreover,
we may also define the filtered degree of a nonzero & € M, that is, ds () = ¢
if and only if £ € FyM — Fy_1M. So, actually as in Subsection 3.1, for { € M
with dg1(§) = ¢, if we write o(&) for the nonzero homogeneous element of degree g
represented by £ in G(M),, E for the degree-g homogeneous element represented
by & in Mq, and hg (€) for the degree-¢’ homogeneous element represented by &

in M, with ¢ < ¢/, then dgi(€) = ¢ = dge((€)) = dge(€), and dge(hy (€)) = ¢
With notation fixed as above, the lemma presented below is a version of [LVO,
Chapter I, Lemma 5.4, Theorem 5.7] for N-filtered modules.

3.3.1 Lemma. Let M be a filtered A-module with the filtration FM =
{FyM}4en, and V = {v1,..., v} a finite subset of nonzero elements in M. The
following statements are equivalent:
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(i) there is a subset S = {n1,...,nm} C N such that

m

FM=>| > FA|v, qel

=1 \pitni<q

(i) GOM) = X7, G(A)o(v);

(iil) M =31, Av;.
3.3.2 Definition. Let M be a filtered A-module with the filtration FM =
{FyM}4en, and let V = {v1,..., v} C M be a finite subset of nonzero elements.

If V satisfies one of the equivalent conditions of Lemma 3.3.1, then we call V' an
F-basis of M with respect to F'M.

Let M be a filtered A-module with the filtration FM = {F,M }4en. If V is an
F-basis of M with respect to F'M, then it is necessary to note that
(1) since M = quN FyM, it is clear that V is certainly a generating set of
the A-module M, ie., M =" Av;
(2) due to Lemma 3.3.1(i), the filtration F'M is usually referred to as a
good filtration of M in the literature concerning filtered module theory
(cf. [LVO]).

Indeed, if an A-module M = Zle Au,; is finitely generated by the subset
U = {ui,...,ut}, and if S = {nq,...,n.} is an arbitrarily chosen subset of N,
then U is an F-basis of M with respect to the good filtration FM = {F;M }4en
defined by setting

F,M = {0} if ¢ < min{ni,...,nm};

t . q e N.
FoM=3%"_, (Zp,;+n,;§q Fy, A) u,; otherwise.
In particular, if L = @]_, Ae; is a filtered free A-module with the filtration
FL = {F,L}en as constructed in Subsection 3.1 such that dri(e;) =b;, 1 <14 <,
then {e,...,es} is an F-basis of L with respect to the good filtration F'L.

3.3.3 Definition. Let M be a filtered A-module with the filtration FFM =
{FyM}4en, and suppose that M has an F-basis V' = {v1,. .., v, } with respect to
FM. If any proper subset of V' cannot be an F-basis of M with respect to FM,
then we say that V' is a minimal F-basis of M with respect to F'M.

Note that A is an N-filtered K-algebra such that G(A4) = @,y G(A4), with
G(A)y = K, A= @peN Ep with Ay = K, where K is a field. By Lemma 3.3.1
and the well-known result on graded modules over an N-graded algebra with the
degree-0 homogeneous part being a field (cf. [Eis, Chapter 19], [Krl, Chapter 3],
[Li3]), we have immediately the following

3.3.4 Proposition. Let M be a filtered A-module with the filtration FM =
{F¢M}4en, and V = {v1,...,v,} C M a subset of nonzero elements. Then V
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is a minimal F-basis of M with respect to FM if and only if o(V)={c(v1),...,
o(vm)} is a minimal homogeneous generating set of G(M) if and only if
7(V)={v1,...,0m} is a minimal homogeneous generating set of M. Hence, any
two minimal F-bases of M with respect to F'M have the same number of elements
and the same number of elements of the same filtered degree.

Let M be an N-filtered A-module with the filtration FM = {F, M }4en, and let
N be a submodule of M with the filtration FN = {F,N = NNF;M },en induced
by FM. Then, as with a filtered free A-module in Subsection 3.1, the associated
graded G(A)-module G(N) = @,y G(N)g of N with G(N)g = FyN/Fy_1N is

a graded submodule of G(M), and the Rees module N = @, Ny of N with
ﬁq = F, N is a graded submodule of M.

qeN

3.3.5 Definition. Let M be a filtered A-module with the filtration FFM =
{FyM}4en, and let N be a submodule of M. Consider the filtration FN =
{F4N = NN F;M}4en of N induced by FM. If W = {&,...,&} C N is an
F-basis with respect to F'N in the sense of Definition 3.3.2, then we call W a
standard basis of N.

Remark. By referring to Lemma 3.3.1, one may check that our Definition 3.3.5
of a standard basis coincides with the classical Macaulay basis provided A =
Klx1,...,2,] is the commutative polynomial K-algebra (cf. [KR2, Defini-
tion 4.2.13, Theorem 4.3.19]), for, taking the N-filtration F'A with respect to
an arbitrarily chosen positive-degree function d( ) on A, there are graded algebra
isomorphisms G(A) = A and A = Klzg, 21, ..., ,], where d(zo) = 1 and g
plays the role that the central regular element Z of degree 1 does in A. Moreover,
if two-sided ideals of an N-filtered solvable polynomial algebra A are considered,
then one may see that our Definition 3.3.5 of a standard basis coincides with the
standard basis defined in [Gol].

3.3.6 Definition. Let M be a filtered A-module with the filtration FFM =
{FyM}4en, and N a submodule of M with the filtration FN = {F;N = NN
Fy M} 4en induced by F'M. Suppose that N has a standard basis W = {&1,...,&m}
with respect to F'IN. If any proper subset of W cannot be a standard basis for N
with respect to F'N, then we call W a minimal standard basis of N with respect
to F'N.

If NV is a submodule of some filtered A-module M with filtration F'M, then since
a standard basis of NV is defined as an F-basis of NV with respect to the filtration
F'N induced by F'M, the next proposition follows from Proposition 3.3.4.

3.3.7 Proposition. Let M be a filtered A-module with the filtration FM =
{FyM}4en, and N a submodule of M with the induced filtration FN = {F;N =
NN FyM}sen. A finite subset of nonzero elements W = {&,...,§s} C N is
a minimal standard basis of N with respect to FN if and only if o(W) =
{o(&),...,0(&mn)} is a minimal homogeneous generating set of G(N) if and only
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it T(W) = {El, e ,Em} is a minimal homogeneous generating set of N. Hence,
any two minimal standard bases of N have the same number of elements and the
same number of elements of the same filtered degree. O

Since A, G(A) and A are all Noetherian domains (Theorems 1.2.3 and 3.1.4),
if a filtered A-module M has an F-basis V with respect to a given filtration
FM, then the existence of a standard basis for a submodule N of M follows
immediately from Lemma 3.3.1. Our next theorem shows that a standard basis
for a submodule N of a filtered free A-module L can be obtained via computing
a left Grobner basis of N with respect to a graded left monomial ordering.

3.3.8 Theorem. Let L = @;_; Ae; be a filtered free A-module with the filtra-
tion FL = {F;L}en such that dgi(e;) = b;, 1 <i <, and let <-4 be a graded
left monomial ordering on (e) (see Subsection 3.2). If G = {g1,...,9m} C L is
a left Grobner basis for the submodule N = Y"1 | Ag; of L with respect to <e-gr,
then G is a standard basis for N in the sense of Definition 3.3.5.

ProorF: If £ € FyN = F,LN N and § # 0, then dgi(§) < g and £ has a left
Grobner representation by G, that is, £ = Z” )\ija“(if)gj, where \;; € K*,
a®) € B with a(ij;) = (au,,...,0,,) € N, satisfying LM(a®()g;) <y,
LM(&). Suppose dai(g;) = nj, 1 < j < m. Since <4 is a graded left monomial
ordering on %(e), by Lemma 3.2.1 we may assume that LM(g;) = a®We,, with
B() = (Bj,,---.Bj,) € N* and 1 < t; < s, such that d(a®?) + b, = n;, where
d( ) is the given positive-degree function on A. Furthermore, by the property (P2)
presented in Section 1, we have

LM (a®0)g;) = LM(a“(if)aﬁ(j)etj) = aa(ij)+ﬁ(j)etj7

and it follows from Lemma 3.1.2, Lemma 3.1.7 and Lemma 3.2.1 that
d(aa(ij)) +nj = d(aa(“)) 4 d(aﬁ(j)) + by, = d(aa(z‘j)+6(j)) + by, < q. Hence ¢ €

Z;nzl(zpj-i-nqu F,;A)g;. This shows that F;N = Z;nzl (ijJrnqu ijA) 95,
i.e., G is a standard basis for N. O

3.4 Computation of minimal F-bases and minimal standard bases. Let
A = Klay,...,a,] be an N-filtered solvable polynomial algebra with admissible
system (%, <) and the N-filtration FA = {F,A},en constructed with respect
to a positive-degree function d( ) on A (see Subsection 3.1). In this subsection
we show how to algorithmically compute minimal F-bases for quotient modules
of a filtered free left A-module L, and how to algorithmically compute minimal
standard bases for submodules of L in the case where a graded left monomial
ordering <e-4- on L is employed. All notions, notations and conventions used
before are maintained.

We start by a little more preparation. Let M and M’ be filtered A-modules with
the filtration FM = {F,M}q4en and FM' = {F,M'},en respectively. Recall that
an A-module homomorphism ¢: M — M’ is said to be a filtered homomorphism
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if p(FqM) C FyM' for all ¢ € N. Let G(A) be the associated N-graded algebra
of A and A the Rees algebra of A. Then naturally, a filtered homomorphism

M -5 M’ induces a graded G(A)-module homomorphism G(M) —— G, G(M"),
where if £ € F,M and E=E4F, u—1M is the coset represented by ¢ in G(M), =
F,M/F,_1 M, then G(p)(¢) = («f) + FpaM' e GM')y = F,M'/F, 1 M’, and
¢ induces a graded A-module homomorphism M £ M !, where if £ € FyM and

hqe(§) is the * homogeneous element of degree q in M = FyM, then ¢(he(§)) =

he(p(§)) € M' E,M’. Moreover, if M —* M’ L M"isa sequence of filtered

homomorphisms, then G(1)) o G(p) = G(¢ o ) and Yo = w o p.

Furthermore, recall that a filtered homomorphism M — M’ is called a strict
filtered homomorphism if o(FgM) = (M) N F,M' for all ¢ € N. Note that if
N is a submodule of M and M = M/N, then, considering the induced filtration
FN ={FyN = NN F;M}qen of N and the induced filtration F(M)={F,M =
(Fy;M+N)/N}4en of M, the inclusion map N — M and the canonical map M —
M are strict filtered homomorphisms. Concerning strict filtered homomorphisms

and their associated graded homomorphisms, the next proposition is quoted from
[LVO, Chapter I, Section 4].

3.4.1 Proposition. Given a sequence of filtered homomorphisms
(*) N %M,

such that v o ¢ = 0, the following statements are equivalent.

(i) The sequence (x) is eGX(ac)t and o, ), are strict filtered homomorphisms.
(ii) The sequence G(N ) =¥ G(M) — G(M') is exact.
(i) The sequence N —= M — M’ is exact.

Let L = @, Ae; be a filtered free A-module with the filtration FL =
{FyL}4en such that dgi(e;) = b;, 1 < i < m. Then as we have noted in Sub-
section 3.3, {e1, ..., en} is an F-basis of L with respect to the good filtration F'L.
Let N be a submodule of L, and let the quotient module M = L/N be equipped
with the filtration FM = {F,M = (F,L + N)/N}4en induced by FL. Without
loss of generality, we assume that €; # 0 for 1 < i < m, where each €; is the coset
represented by e; in M. Then we see that {€1,...,€,} is an F-basis of M with
respect to F'M.

3.4.2 Lemma. Let M = L/N be fixed as above, and let N = ijl A& be

generated by the set of nonzero elements U = {&,...,&}, where & = > 7 freex
with fre € A and da1(&) = qv, 1 < € < s. The following statements hold.

(i) If for some j, &; has a nonzero term f;je; such that dgi(fije;) = dm (&) =
q; and the coefficient f;; is a nonzero constant, say f;; = 1 without loss of
generality, then foreach ¢ =1,...,j—1,j+1,...,s, the element £, = { —
fie§j does not involve e;. Putting U' = {&},...,& 1,8 ,...,&}, N' =
Zg;eU' A&}, and considering the filtered free A-module L' = P,_,; Aey,



492

Li H.

with the filtration F L' = {F,L'}4en in which each ey, has the same filtered
degree as it is in L, i.e., dg(ex) = by, if the quotient module M’ = L' /N’
is equipped with the filtration FM' = {F,M’' = (F,L' + N')/N'}4en
induced by FL', then there is a strict filtered isomorphism @: M' = M,
ie., ¢ is an A-module isomorphism such that ¢(F,M') = F,M for all
qgeN.

(ii) With the assumptions and notations as in (i), if U = {&1,...,&} is a
standard basis of N with respect to the filtration F'N induced by F L, then
U ={&, 81,8 41,---,&} is a standard basis of N' with respect to
the filtration FN' induced by FL'.

PROOF: (i) Since f;; = 1 by the assumption, we see that every &, = & — fic;
does not involve e;. Let U' = {&},...,&;_1,&jq,..., &} and N' = Z&éeU/ A
Then N' C L' = P,; Aer, C L and N = N’ + AE;. Since & = e; + >y, fujek,
the naturally defined A-module homomorphism M’ = L//N'*~L/N = M with
o) = ek, k=1,...;i— 1,94+ 1,...,m, is an isomorphism, where, without
confusion, €, denotes the coset represented by e, in M’ and M respectively. It
remains to see that ¢ is a strict filtered isomorphism. Note that {e1,...,e;} is
an F-basis of L with respect to F'L such that dgi(e;) = b;, 1 <i<m, ie.,

m

FL=Y | Y F,Ale, qe€N,

=1 \pi+bi<q

that {e1,...,€i—1,€i4+1,...,em} is an F-basis of L’ with respect to F L’ such that
dsi(ex) = by, where k # 1, i.e.,

F L' =Y > F,Aler qe€N,

k#i \pi+br<q

and that §; = e;+> ;. ; frjex with ¢; = di(§;) = dni(e;) = b; such that dei(fi;)+
by, < gj for all fi; # 0. It follows that Zk# frjer € Fy; M’ and @(Zk# frier) =
€; € Iy, M, thereby o(FyM') = F;M for all ¢ € N, as desired.

(ii) Note that & = & — fi&;. By the assumption on §;, if fiy # 0 and
dai(fieei) = da(&) = qe, then since dgi(&;) = dai(e;) we have dai(fie€;) =
dai(&) = qe. It follows that if we equip N with the filtration FN = {F,N =
N N F;L}qen induced by FL and consider the associated graded module G(IN)
of N, then dgr(o—(gl)) = dgr(o—(fiégj)) = dgr(o'(fié)o—(gj)) in G(N), ie., (&) —
o(fie)o(&) € G(N)g,- So, if 0(&) — o(fie)o(&;) # 0 then dai(§)) = g and thus

(1) o(&) = (& — fi&y) = o(&) — o(fie)o (&)

If fie # 0 and dai(fice:) < da(&e) = qe, then o(&e) = 34, ) 1bpmq, (fre)o(€r
does not involve o(e;). Also since dai(§;) = dai(e;), we have dai(fir&;) < dm(&e) =
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ge. Hence dgi(€)) = dai(&¢) = ¢¢ and thus

(2) o(&) = (& — fu&s) = o(&).

If fir = 0, then the equality (1) is the same as equality (2). Now, if U =
{&1,...,&} is a standard basis of N with respect to the induced filtration F'N,
then G(N) = Y_,_, G(A)o(&) by Lemma 3.3.1. But since we have also G(N) =
Zg;eU/ G(A)o(&)) + G(A)o (&) where the (§)) are those nonzero homogeneous
elements obtained according to the above equalities (1) and (2), it follows from
Lemma 3.3.1 that U’ U {¢;} is a standard basis of N with respect to the induced
filtration F'N.

We next prove that U’ is a standard basis of N/ = Zg;eU’ Ag; with re-
spect to the filtration FN' = {F;N' = N’ N F;L'}4en induced by FL'. Since
{e1,...,€i—1,€i41,...,em} is an F-basis of L’ with respect to the filtration FL’
such that each ey, has the same filtered degree as it is in L, i.e., dg(ex) = b. It
is clear that F,L' = L' F,L, q € N, i.e., the filtration F'L’ is the one induced by
FL. Considering the filtration F'N’ of N’ induced by F'L’, it turns out that

(3) F,N'=N'nF,l' =N'nF,LCNNF,L=F,N, geN.

If £ € F,N’, then since U’ U {¢{;} is a standard basis of N with respect to the
induced filtration FN, the formula (3) entails that

(4) =Y fe&o+ 38 with fo, f; € A, d(fo) +dn(&) < ¢, d(f;)+dm(&5) < q.

g,ev’

Note that every &, does not involve e; and consequently ¢ does not involve e;.
Hence f; =0 in (4) by the assumption on &;, and thus

ge ( > FpiA)gg.

el pita<q

Therefore we conclude that U’ is a standard basis for N’ with respect to the
induced filtration FN’, as desired. O

Combining Proposition 3.3.4, we now show that for quotient modules of filtered
free A-modules, a result similar to Proposition 2.2.11 holds true.

3.4.3 Proposition. Let L = @], Ae;, M = L/N be as in Lemma 3.4.2, and
suppose that U = {&1,...,&} is now a standard basis of N with respect to the
filtration FN induced by F'L. The algorithm presented below computes a subset
{eir,...,ei ,} C{e1,...,em} and a subset V. = {v1,...,v:} C NN L', where

m' <m and L' = @Zil Ae;, such that
(i) there is a strict filtered isomorphism L'/N’ = M’ = M, where N’ =
S0_, Avg, and M’ has the filtration FM' = {F,M’ = (F,L'+N')/N"}4en
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induced by the good filtration FL' determined by the F-basis
{eiy,....ei,, } of L';

(i) V = {v1,...,v} is a standard basis of N’ = Y'_, Av, with respect to
the filtration FN' induced by FL’, such that each v, = ZZ; hieei, has
the property that hye € K* implies dgi(e;,, ) = bi, < da1(ve);

(iii) {@,,...,€,,} is a minimal F-basis of M with respect to
the filtration F'M.

Algorithm 5

INPUT: E={e1,...,em}; U={&,...,&},
where & = Z;’;l freer with frp € A,
and d(fre) + bk < qe = dm (&), 1 <L <s
OUTPUT : E = {eil,...,eim,}; V= {1)1,...,1)15} C NﬂL’,
where L' = @;n:,l Ae;,
INITIALIZATION: t:=s; V:=U; m' :==m; E' .= E;
BEGIN
WHILE there is a v; = ZZ;/I frjer € V and 7 is the least index
such that f;; € K* with d(fi;) + b; = dri(v;) DO
set T={1,...,7—1,j+1,...,t} and compute
vy =g — f%fievj, teT,
r=#{{|0eT, vp=0}

ti=t—r—1
Vi={vu=v, | LeT, v, #0}
={v1,...,v:} (after reordered)

m =m' -1
E' :=F —{e;} ={e1,...,em } (after reordered)
END
END

PROOF: First note that for each & € U, dai(&) is determined by Lemma 3.1.6.
Since the algorithm is clearly finite, the conclusions (i) and (ii) follow from
Lemma 3.4.2.

To prove the conclusion (iii), by the strict filtered isomorphism M’ = L'/N’ =
M (or the proof of Lemma 3.4.2(i)) it is sufficient to show that {e;,,...,& ,}
is a minimal F-basis of M’ with respect to the filtration FM’. By the conclu-
sion (i), V = {v1,..., v} is a standard basis of the submodule N' = Y)_, Av,
of L’ with respect to the filtration F'N’ induced by FL’ such that each v, =
ZZ;/I hieei, has the property that hg, € K* implies dgj(e;, ) = b, < dai(ve). It
follows from Lemma 3.3.1 that G(N) = 5 _, G(A)o(vx) in which each o(vg) =
Zd(hw)erik —ds(vn) O (hie)o (€, ) and all the coefficients o (hye) satisfy dg(o(hre))

> 0 (see Subsection 3.1). Since G(A)y = K, G(L') = @Zil G(A)o(ei,) (Proposi-
tion 3.1.8) and G(N’) is the graded syzygy module of the graded quotient module
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G(L')/G(N'), by the well-known result on finitely generated graded modules over
N-graded algebras with the degree-0 homogeneous part being a field (cf. [Eis,
Chapter 19], [Kr1, Chapter 3], [Li3]), we conclude that {o(e;,),...,0(e;, ,)} is a
minimal homogeneous generating set of G(L')/G(N’). On the other hand, con-
sidering the naturally formed exact sequence of strict filtered homomorphisms

0—N —L —M=L/N —0,
by Proposition 3.4.1 we have the N-graded G(A)-module isomorphism
G(L")/G(N') = G(L'/N') = G(M')

with o(e;, ) — o(€;,), 1 < k < m’. Now, applying Proposition 3.3.4, we conclude
that {€;,,...,€;_,} is a minimal F-basis of M’ with respect to the filtration FM’,
as desired. ([

Finally, let L = @;_, Ae; be a filtered free A-module with the filtration FL =
{FyL}qen such that dai(e;) = b;, 1 < i < s, and let <.4 be a graded left
monomial ordering on the K-basis #(e) = {a%¢; | a®* € B, 1 <i < s} of L (see
Subsection 3.2). Combining Theorem 3.2.3 and Theorem 2.2.8, the next theorem
shows how to algorithmically compute a minimal standard basis.

3.4.4 Theorem. Let N = Y, Af; be a submodule of L generated by the
subset of nonzero elements © = {61, ...,6.}, and let FN = {F;N = F,LN N }4en
be the filtration of N induced by F'L. Then a minimal standard basis of N with
respect to FFIN can be obtained by implementing the following procedures:

Procedure 1. Run Algorithm 1 presented in Subsection 1.3 with the initial
input data © = {6y,...,0.} to compute a left Grébner basis U = {&1,...,&y, } for
N with respect to <-4 on %B(e).

Procedure 2. Let G(N) be the associated graded G(A)-module of N deter-
mined by the induced filtration FN. Then G(N) is a graded submodule of the
associated grade free G(A)-module G(L), and it follows from Theorem 3.2.3 that
o(U) = {o(&),...,0(&n)} is a homogeneous left Grébner basis of G(N) with
respect t0 <g(e)-gr 0N 0(#(e)). Run Algorithm 3 presented in Theorem 2.2.8
with the initial input data o(U) to compute a minimal homogeneous generating
set {0+, 0(3,)} € o(U) for G(N).

Procedure 3. Write down W = {¢;,,...,&;,}. Then W is a minimal standard
basis for N by Proposition 3.3.7. O

Remark. By Theorem 3.2.5 and Proposition 3.3.7 it is clear that we can also
obtain a minimal standard basis of the submodule N via computing a minimal
homogeneous generating set for the Rees module N of N, which is a graded
submodule of the Rees module L of L. However, noticing the structure of A
and L (see Theorem 3.1.4, Proposition 3.1.8) it is equally clear that the cost of
working on A will be much higher than working on G(N).
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3.5 Minimal filtered free resolutions and their uniqueness. Let A =
Klay,...,a,] be an N-filtered solvable polynomial algebra with admissible sys-
tem (%, <) and the N-filtration FA = {F,A},en constructed with respect to
a positive-degree function d( ) on A (see Subsection 3.1). In this subsection, by
using minimal F-bases and minimal standard bases in the sense of Definition 3.3.3
and Definition 3.3.6, we define minimal filtered free resolutions for finitely gen-
erated left A-modules, and we show that such minimal resolutions are unique
up to strict filtered isomorphism of chain complexes in the category of filtered
A-modules. All notions, notations and conventions used before are maintained.
Let M =", A& be an arbitrary finitely generated A-module. Then, as we
have noted in Subsection 3.4, M may be endowed with a good filtration FM =
{FyM}4en with respect to an arbitrarily chosen subset {ni,...,n,} C N, where

F,M = {0} if ¢ < min{n1,...,nm};

F,M =Y (zpi miza o A) ¢ otherwise
If we consider the filtered free A-module Ly = ;" ; Ae; with the good filtration
FLy = {F;Lo}qen such that dgi(e;) = n;, 1 < ¢ < m, then it follows from the

construction of F'Lj (see Subsection 3.1) and Proposition 3.4.1 that the following
proposition holds.

g € N).

3.5.1 Proposition. (i) There is an exact sequence of strict filtered homo-
morphisms
0— N - Lo 2% M—0,
in which @o(e;) =&, 1 <i <m, N = Keryy with the induced filtration
FN = {F;N = NN F;Ly}qen, and ¢ is the inclusion map. Equipping
Lo = Lo/N with the induced filtration

Ffo = {FQEO - (FQLOJFN)/N}qGNv

it turns out that the induced A-module isomorphism Ly 0 Misa
strict filtered isomorphism, that is, §, satisfies py(F,Lo) = F,M for all
qgeN.

(ii) The induced sequence

G(v)
—

0 — G(N) G(Lo) E¥ an) — o

is an exact sequence of graded G(A)-module homomorphisms, thereby

G(Lo)/G(N) 2 G(M) =2 G(Lo/N) as graded G(A)-modules.
(iii) The induced sequence

is an exact sequence of graded A-module homomorphisms, thereby
Lo/N = M = Ly/N as graded A-modules.
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Proposition 3.5.1(i) enables us to make the following

Convention. In what follows we shall always assume that a finitely generated
A-module M is of the form as presented in Proposition 3.5.1(i), i.e., M = Lo/N,
and M has the good filtration FM = {F,M = (FyLo+ N)/N }qen.

Comparing with the classical minimal graded free resolutions defined for finitely
generated graded modules over N-graded algebras with the degree-0 homogeneous
part being a field (cf. [Eis, Chapter 19], [Krl, Chapter 3], [Li3]), the results ob-
tained in previous sections and the preliminary we made above naturally motivate
the following

3.5.2 Definition. Let Ly = @."; Ae; be a filtered free A-module with the
filtration FLy = {FyLo}qen such that dgi(e;) = b;, 1 < i < m, let N be a
submodule of Ly, and let the A-module M = Ly/N be equipped with the filtration
FM = {F,M = (F;Lo + N)/N}.en. A minimal filtered free resolution of M is
an exact sequence of filtered A-module homomorphisms

Lo RN AR IR P AN N . N AN N/ N
satisfying
(1) o is the canonical epimorphism, i.e., pg(e;) =€; fore; € o ={e1,...,em}

(where each €; denotes the coset represented by e; in M), such that ¢q(&p)
is a minimal F-basis of M with respect to FM (in the sense of Defini-
tion 3.3.3);

(2) for i > 1, each L; is a filtered free A-module with finite A-basis &;, and
each ; is a strict filtered homomorphism, such that ¢;(&;) is a minimal
standard basis of Ker ;1 with respect to the filtration induced by FL;_1
(in the sense of Definition 3.3.6).

To see that the minimal filtered free resolution introduced above is an appro-
priate definition of “minimal free resolution” for finitely generated modules over
the N-filtered solvable polynomial algebras with filtration determined by positive-
degree functions, we now show that such a resolution is unique up to a strict
filtered isomorphism of chain complexes in the category of filtered A-modules.

3.5.3 Theorem. Let £, be a minimal filtered free resolution of M as presented
in Definition 3.5.2. The following statements hold.

(i) The associated sequence of graded G(A)-modules and graded G(A)-mo-
dule homomorphisms

G(pit1) G(pi) G(e1) G(¢o)

G(L.) G(L;) G(Lo) GM) — 0

is a minimal graded free resolution of the finitely generated graded G(A)-
module G(M).
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(ii) The associated sequence of graded A-modules and graded A-module ho-
momorphisms

~ Pit1 Pi $2 T P1.F  Po. 77
Lo - 25 L2 02025 L2 M -0

is a minimal graded free resolution of the finitely generated graded A-
module M.
(iii) Lo is uniquely determined by M in the sense that if M has another
minimal filtered free resolution
YA N AR AN PNy V|
then for each i > 1, there is a strict filtered A-module isomorphism x;:
L; — L) such that the diagram

Pi
Ly — L

Xi| Xill/z
’
Pi

/ /
Lz’ Lz’fl

IR

is commutative, thereby {x; | i > 1} gives rise to a strict filtered isomor-
phism of chain complexes of filtered modules: Lo = L.

Proor: (i) and (ii) follow from Proposition 3.3.4, Proposition 3.3.7, and Propo-
sition 3.5.1.

To prove (iii), let the sequence L, be as presented above. By (ii), G(L,) is
another minimal graded free resolution of G(M). It follows from the well-known
result on minimal graded free resolutions ([Eis, Chapter 19], [Krl, Chapter 3],
[Li3]) that there is a graded isomorphism of chain complexes G(Lo) = G(L,)
in the category of graded G(A)-modules, i.e., for each i > 1, there is a graded
G(A)-modules isomorphism ¢;: G(L;) — G(L}) such that the diagram

G(Li) e, G(Li-1)

¢i[’¥ 1117:1[’2

ary S Gy

is commutative. Our aim below is to construct the desired strict filtered isomor-
phisms y; by using the graded isomorphisms 1; carefully. So, starting with L, we
assume that we have constructed the strict filtered isomorphisms L; X, L;-, such
that G(x;) = ¢; and xj-1¢; = ¥jx;, 1 <j <i—1. Let L; = )L, Ae;;. Since
each 1; is a graded isomorphism, we have ¢;(c(e;;)) = o(£}) for some &} € L]
satisfying dn1(§}) = dgr(0(&})) = dg(o(es;)) = dri(ei;). It follows that if we con-
struct the filtered A-module homomorphism L; — L/ by setting Ti(ei;) = &,
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1 <j <s;, then G(7;) = ¢;. Hence, 7; is a strict filtered isomorphism by Propo-
sition 3.4.1. Since ;1 = G(xi-1), ¥; = G(7;), and thus

Vi 1G (i) = G(xi-1)G (@) = G(xi—194)
G(p))vi = Gp;)G(Ti) = G(¥imi),

for each ¢ € N, by the strictness of the ¢;, gog, x; and 7;, we have

G(Xi—19))(G(Li)q) = ((Xi—1:)(FyLi) + Fy—1Li_y)/ Fy—1Li_4

Xi—1(p Z(Lz)ﬁFLz I)JFFQ le 1)/Fq le 1
(Xi—19) (L =) N xi—1(FyLi—1) + Fy-1Li_y)/Fy1Li_4
= (( )

Xi—1¥4 Li)ﬁFL'L 1+FQ 1L'L 1)/FQ 1L'L 15

N

~ o~ o~ o~

G(imi)(G(Li)g) = ((0im) (FyLi) + Fo1Li 1)/ FyaLi s

¢;(FLI)+F¢1 1L )/Fq 1Lz 1
@;(LI)QFLI 1+Fq71L )/Fq 1Lz 1
= ((‘P; i)(Li)ququ"'F 1Lz )/ Fg—1Li_y.

(
= (
= (

Note that by the exactness of L, and L), as well as the commutativity x;_2¢;_1 =
i_1xi—1, we have (xi—19i)(Li) C @i(L}) = (¢im)(L;). Considering the fil-
tration of the submodules (x;—1¢:)(L;) and (¢;7;)(L;) induced by the filtration
FL,_; of L_;, the commutativity ¥;_1G(p;) = G(¢}); and the formulas de-
rived above show that both submodules have the same associated graded module,
ie., G((xi—1p:)(Li)) = G((@}1i)(Li)). It follows from a similar proof of [LVO,
Theorem 5.7 on p. 49| that

(1) (Xi—19:)(Li) = (i) (Ls).
Clearly, the equality (1) does not necessarily mean the commutativity of the
diagram

Pi
L; — Lj

Til/ Xill/:

L; RN L;il.
To remedy this problem, we need to further modify the filtered isomorphism 7;.
Since G(xi—19i)(o(es;)) = G(piTi)(o(es;)), 1 < j < s, if dri(ei;) = bj, then by
the equality (1) and the strictness of 7; and ¢; we have

IR

(Xi—1i)(ei;) — (wimi)(ei;) € (@imi)(Li) N Fy, 1L}y
@i(L7) N Fy, 1Ly

@i (Fv, —1L7)

= (pimi)(Fy;—1Li),

(2)
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and furthermore from (2) we have a §; € I, 1L; such that dgi(e;; —&;) = b; and

(3) (Xi—19i)(ei;) = (@imi)(ei; = &), 1< 5 < s

Now, if we construct the filtered homomorphism L; =% L; by setting x;(e;;) =
Ti(ei; — &), 1 < j < s;, then since 7;(§;) € Fy,—1Lj, it turns out that

Gxi)(o(e;)) = Gri)(o(ei; — &) = G(mi)(ales,)) = bila(es;)), 1 <j <si,

thereby G(x;) = ;. Hence, x; is a strict filtered isomorphism by Proposi-
tion 3.4.1, and moreover, it follows from (3) that we have reached the following
diagram

Pit1 Pi Pi—1
— Li — Liy —
Xil/’: Xill/’:
(P/ CP/ (P/
- / -
AN L, = ., == ...

in which y;—10; = ¢,x;. Repeating the same process to getting the desired x;41
and so on, the proof is thus finished. (Il

3.6 Computation of minimal finite filtered free resolutions. Let A =
Klai,...,a,] be a solvable polynomial algebra with the admissible system
(A, <gr) in which <, is a graded monomial ordering with respect to some given
positive-degree function d( ) on A (see Subsection 1.2). Thereby A is turned
into an N-filtered solvable polynomial algebra with the filtration FA = {F,A},en
constructed with respect to the same d( ) (see Example (2) of Subsection 3.1).
Note that Theorem 2.3.1, Proposition 2.3.2, and Theorem 2.3.3 hold true for any
solvable polynomial algebra. Combining the results of Section 2 and previous sub-
sections, we are now able to work out the algorithmic procedures for computing
minimal finite filtered free resolutions over A (in the sense of Definition 3.5.2) with
respect to any graded left monomial ordering on free left modules. All notions,
notations and conventions used before are maintained.

3.6.1 Theorem. Let Ly = @:11 Ae; be a filtered free A-module with the fil-
tration FLy = {F;Lo}qen such that dai(e;) = b, 1 <i<m. If N =37, A
is a finitely generated submodule of Ly and the quotient module M = Lo/N is
equipped with the filtration FM = {F,M = (F;Lo + N)/N}4en, then M has a
minimal filtered free resolution of length d < n:

Lo 00— Lg2% 00 220 2% Lo 2% M—0

which can be constructed by implementing the following procedures:

Procedure 1. Fix a graded left monomial ordering <-4 on the K-basis %(e)
of Ly (see Subsection 3.2), and run Algorithm 1 (presented in Subsection 1.3)
with the initial input data U = {&,...,&} to compute a left Grobner basis
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G ={91,...,9:} for N, so that N has the standard basis G with respect to the
induced filtration FN = {Fy;N = N N F,Lo}4en (Theorem 3.3.8).

Procedure 2. Run Algorithm 5 of Proposition 3.4.3 with the initial in-
put data E = {e1,...,en}t and G = {g1,...,9.} to compute a subset & =
{eir,...,ei,,} C &0 = {e1,...,em} and a subset V = {v1,...,0;} C NN L
such that there is a strict filtered isomorphism L{/N’ = M’ = M, where L{, =
@Tzl Ae;, with m’ <m and N’ = 22:1 Avy, and such that {&;,,...,& ,}isa
minimal F-basis of M with respect to the filtration F M.

For convenience, after accomplishing Procedure 2 we may assume that &, = &,
U=V and N = N’'. Accordingly we have the short exact sequence

O—)N—>L0ﬂ>M—>O

such that ¢g(&p) = {€1,...,€n} is a minimal F-basis of M with respect to the
filtration F'M.

Procedure 3. With the initial input data U = V, implement the proce-
dures presented in Theorem 3.4.4 to compute a minimal standard basis W =
{&i1- &, } for N with respect to the induced filtration F'N.

Procedure 4. Compute a generating set Uy = {n1,...,7ns, } of Ny = Syz(W)
in the free A-module L1 = @}, Ae; by running Algorithm 1 with the initial

input data W and using Proposition 2.3.2.

Procedure 5. Construct the strict filtered exact sequence
0— Ny — L1 25 Ly 2% M—0

where the filtration F'L; of Ly is constructed by setting di(ex) = dai(&j,,), 1 <
k < myq, and ¢; is defined by setting 1 (ex) =&, 1 < k < my. If N7 # 0, then,
with the initial input data U = Uj, repeat Procedure 3 — Procedure 5 for N; and
SO on.

By Theorem 3.5.3, a minimal filtered free resolution L, of M gives rise to a
minimal graded free resolution G(L,) of G(M). Since G(A) = K[o(a1),...,0(an)]
is a solvable polynomial algebra by Theorem 3.1.4, it follows from Theorem 2.3.4
that G(Le) terminates at a certain step, i.e., Ker G(pq) = 0 for some d. But
Ker G(p4q) = G(Kerpg) by Proposition 3.4.1, where Ker ¢g has the filtration
induced by FLg, thereby G(Keryy) = 0. Consequently Ker g4 = 0 by classical
filtered module theory (cf. [LVO]), thereby a minimal finite filtered free resolution
of length d < n is achieved for M.
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