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Abstract. The stability of the zero solution of a nonlinear nonautonomous Caputo frac-
tional differential equation is studied using Lyapunov-like functions. The novelty of this
paper is based on the new definition of the derivative of a Lyapunov-like function along
the given fractional equation. Comparison results using this definition for scalar fractional
differential equations are presented. Several sufficient conditions for stability, uniform sta-
bility and asymptotic uniform stability, based on the new definition of the derivative of
Lyapunov functions and the new comparison result, are established.
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1. INTRODUCTION

One of the main properties in the qualitative theory of differential equations is
stability of solutions. Stability enables us to compare the behavior of solutions
starting at different points.

The stability of fractional order systems is quite recent. There are several ap-
proaches in the literature to the study of stability, one of which is the Lyapunov
approach. As is mentioned in [15] there are several difficulties encountered when
one applies the Lyapunov technique to fractional differential equations. Results on
stability in the literature via Lyapunov functions could be divided into two main
groups:
> continuously differentiable Lyapunov functions (see, for example, the papers [1],

[3], [6], [7], [12], [10]). Different types of stability are discussed using the Caputo

derivative of Lyapunov functions.
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> continuous Lyapunov functions (see, for example, the papers [16], [9], [8]). In these
papers the authors use the derivative of a Lyapunov function similar to the Dini
derivative of Lyapunov functions in the literature, i.e., the Dini derivative

D,V (t,z) = limsup l(V(t, x)—=V({t—h,z—hf(t,x)))
h—0+ h

is generalized to

(1.1) DV (t,x) = limsup %(V(t, xz)=V(t—h,x—hif(t z))
h—0+

where 0 < ¢ < 1.

Stability for the zero solution of fractional nonlinear equations is studied in [1], [6],
which requires differentiability of the applied Lyapunov function. Also, the fractional
derivative of the Lyapunov function depends significantly on any solution of the given
fractional equation.

In this paper the stability of the zero solution of nonlinear nonautonomous frac-
tional differential equations is studied. We define in an appropriate way the Caputo
fractional Dini derivative of a Lyapunov function. Comparison results using this
new definition and scalar fractional differential equations are presented and suffi-
cient conditions for stability, uniform stability and asymptotic uniform stability are
obtained.

2. NOTES ON FRACTIONAL CALCULUS

Fractional calculus generalizes the derivative and the integral of a function to
a non-integer order [9], [13], [14] and there are several definitions of fractional deriva-
tives and fractional integrals.

General Case. Let the number ¢ > 0, n —1 < ¢ < n be given, where n is
a natural number, and I'(-) denotes the Gamma function.

1: The Riemann-Liouville (RL) fractional derivative of order ¢ of m(t) is given by
(see, for example, 1.4.1.1 in [4], or [13])

1 dr 7t
Dim(t) = —— — t—g)n et ds, t>tp.
to tm( ) F(TL . q) den ~/to( 8) m(s) S, 0

2: The Caputo fractional derivative of order ¢ of m(t) is defined by (see, for
example, 1.4.1.3 in [4])

1 t
¢ Dim(t) = / (t— )" I (s)ds, t>t.

['(n—q) to
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The Caputo and Riemann-Liouville formulations coincide when m(tg) = 0. The
properties of the Caputo derivative are quite similar to those of ordinary derivatives.
Also, the initial conditions of fractional differential equations with the Caputo deriva-
tive has a clear physical meaning and as a result the Caputo derivative is usually
used in real applications.

3: The Grunwald-Letnikov fractional derivative of order ¢ of m(t) is given by (see,
for example, 1.4.1.2 in [4])

1 [(t—to)/h]

ng(t):hgr&ﬁ Z(:) (=1)"(qCrym(t —rh), t>to,

and the Grunwald-Letnikov fractional Dini derivative of order ¢ by

1 [(t—t0)/R]

(2.1) Dg_i_m(t):li}{ri%lipﬁ > (1) (@Crym(t —rh), > to,
r=0

where ¢Cr are the binomial coefficients and [(t — ¢9)/h] denotes the integer part of
the fraction (¢ — to)/h.

If m(t) € C™([to,T]), n — 1 < q¢ < n then the Grunwald-Letnikov fractional
derivative is given by (see [11], Definition 1.3)

S m M (L) (t — t) T 1 ¢
Dim(t) = 1o 0 /t— a1y, (s)ds, t € (to, T).
Om( ) Tzz:o F(—q+7“+ 1) +F(TL— q) to( 5) m (S) S (0 ]

Partial Case. In engineering, the fractional order ¢ is often less than 1, so we
restrict our attention to ¢ € (0,1). Then to simplify the notation we will use <D?
instead of { D and the Caputo fractional derivative of order ¢ of the function m(t)
then is

(2.2) Dim(t) = ﬁ /t (t—s)9m/(s)ds, t 3> to.

Also, the RL fractional derivative of order ¢ of m(t) is given by

1 d [*
q S — —3s5)7¢ = to.
Dmy(t) T(1—q) /to (t—s)"9m(s)ds, t=to

In this paper, since 0 < g < 1, we are interested in the Caputo fractional Dini
derivative of a function m(¢). Since the relation between the Caputo fractional
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derivative and the Grunwald-Letnikov fractional derivative is given by °Dim(t) =
DE[m(t) — m(to)], using (2.1) we define the Caputo fractional Dini derivative as

‘Dim(t) = D¢, [m(t) — m(to)],

(2.3)
1 [(t—to)/R]
D) = ot 5 @) < mit) = 3 (17Ot o)~ (o)

Definition 1 ([16]). We say m € C9([to,T],R™) if m(t) is differentiable
(i.e. m/(t) exists), and the Caputo derivative “D9m(t) exists and satisfies (2.2)
for t € [to, T.

Remark 1. If m € C([to, T], R™) then “DLm(t) = DIm(t).
Example 1. Let m(t) =t and ¢ = 0.5. Then using the formula (cf. [13])

(2.4) DY, (t—to)" =

we obtain

=t -1 t—to
CDO.5 _ D0.5 _ _ \/ 0 _ -9
#ml) =Dorlt—t) = 55 —05 = Tas) 2V =

DOFm(t) / VT to
0 5) s/t —s F 0.5)

3. STATEMENT OF THE PROBLEM

and

Consider the system of fractional differential equations (FrDE) with a Caputo
derivative for 0 < g < 1,

(3.1) Dix = f(t,x), t > to,

where z € R, f € C[R; x R™,R"], f(t,0) = 0.

We will assume in the paper that the function f € C[R4 x R™, R"] is such that for
any initial data (tg, z9) € R4 x R™ the system FrDE (3.1) with the initial condition
x(to) = o has a solution x(t;t9,x0) € C([ty,00), R™). Note that some sufficient
conditions for global existence of solutions of (3.1) are given in [2], [5], [9].

The goal of the paper is to study the stability of the system FrDEs (3.1). In the
definition below we assume z(; o, zo) is any solution of (3.1) with z(ty) = xo.
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Definition 2. The zero solution of (3.1) is said to be

> stable if for every € > 0 and tg € R there exist 6 = d(e,t9) > 0 such that for any
xo € R™ the inequality ||zo|| < & implies ||z(¢; to, xo)|| < € for t = to;

> uniformly stable if for every € > 0 there exist 6 = d(¢) > 0 such that for ¢y €
Ry, zo € R™ with ||zo]| < J the inequality ||z(t;t0, z0)|| < € holds for ¢ > to;

> uniformly attractive if for B > 0: for every € > 0 there exists T = T'(¢) > 0 such
that for any tg € Ry, o € R™ with ||zg|| < B the inequality ||z(t;to,z0)| < &
holds for ¢t > to + T}

> uniformly asymptotically stable if the zero solution is uniformly stable and uni-
formly attractive.

In this paper we will use the followings sets:

K ={a € C[R4+,R4]: a is strictly increasing and a(0) = 0},
B(\) ={z € R": |jz|| < A},
B(A) ={x € R": ||z| < A}, A = const > 0.

We will use comparison results for scalar fractional differential equations of the
type

(3.2) Dy =g(t,u), ted,

where u € R, J = [tp,00) C R4, g: J x R = R, ¢(¢,0) = 0. Note that (3.2) with
u(to) = wo is called the initial value problem (3.2). We will assume in the paper that
the function g: J x R — R is such that for any initial data (tg, ug) € J X R the scalar
FrDE (3.2) with u(tg) = wo has a solution u(t;tg,ug) € C4(J N [tg,0), R). Also,
we assume that for any compact subset I C J there exists a small enough number
L; > 0 such that the corresponding FrDE D% = g(t,u) + n with n € (0, L;] has
a solution wu(t; to, ug,n) € C1(I N [ty, 00), R) where (to,ug) € I x R. Note that some
existence results for (3.2) are given in [2], [5], [9].

Example 2. Consider the scalar fractional differential equation (3.2) with
g(t,u) = —2u, i.e. consider the scalar FrDE

(3.3) Diu(t) = —2u.
The equation (3.3) with an initial condition u(to) = uo has a solution

(34) u(t;to,uo) = uoEq(—2(t—t0)q).
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where the Mittag-Leffler function (with one parameter) is defined by

00 k

z
E, = A —— 0.
a(2) kz::of(qk‘-i-l)7 7=

From (3.4) and the inequality 0 < E,(—2(t — t0)?) < 1 for t > t(, we obtain
(3.5) [l to, uo)| < Juol.

Inequality (3.5) guarantees that the zero solution of (3.3) is uniformly stable.

In this paper we will study the connection between the stability of the system
FrDE (3.1) and the stability of the scalar FrDE (3.2).

We now introduce the class A of Lyapunov-like functions which will be used to
investigate the stability of the system FrDE (3.1).

Definition 3. Let to,T € Ry: T > tp, and A C R", 0 € A. We will say that
the function V(¢,2): [to,T) x A — R4 belongs to the class A([tg, T),A) if V(t,z) €
C([to,T) x A,Ry) is locally Lipschitzian with respect to its second argument and
V(t,0) = 0.

Lyapunov-like functions used to discuss stability for differential equations require
an appropriate definition of the derivative of the Lyapunov function along the stud-
ied differential equations. For fractional differential equations some authors ([3],
[10], [12]) defined and used the so called Caputo fractional derivative of Lyapunov
functions. This approach requires the function to be smooth enough (at least contin-
uously differentiable) and also some conditions involved are quite restrictive. Other
authors use the Lakshmikantham et al. derivative of Lyapunov functions ([9], [8]) and
this definition requires only the continuity of the Lyapunov function. However, it can
be quite restrictive (see Example 4) and can cause some problems (see Example 5).

In this paper we introduce the derivative of the Lyapunov function. For this we
will use the Caputo fractional Dini derivative of a function m(t) given in (2.3). We
define the generalized Caputo fractional Dini derivative of the function V(t,x) €
A([to, T), A) along the trajectories of solutions of the system FrDE (3.1) as follows:

1
(3.6) fD‘(]&l)V(t, z) = limsup —{V(t, x) — V(to,x0)

h—o+ Hh
[(t—to)/h]
Y TV (= b = 0 ()~ V)] | for ¢t
r=1

where t € (to,T), z,m9 € A, and there exists hy > 0 such that t — h € [ty,T),
x—hif(t,z) € Afor 0 < h < hy.
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Remark 2. Let ¢ = 1 and 29 = 0 in formula (3.6). Then using nCr = 0
for n < r, n,r > 0 integers, we obtain for any ¢ > 0 the formula D%B.I)V(t,x) =
limsup h=H{V(t,z) -V (t—h,z—hf(t,x))} which coincides with the known in the lit-

h—0+
erature DV (t,z) used for studying stability of zero solution of ordinary differential

equations.

We will give some examples to illustrate the application of the introduced Caputo
fractional Dini derivative of the function V' (¢,z) € A([to,T'),A) along the trajecto-
ries of solutions of the initial value problem for the system FrDE (3.1) and make
comparisons with other derivatives of Lyapunov functions in the literature.

Example 3. Let V: R — Ry be given by V(t,2) = z%. Then the Caputo
fractional Dini derivative of the function V' (¢, x) is

[(t—to)/h]

. 1 ,
{D{; 1,V (¢, z) = limsup ﬁ{xQ -z — Z (=) qCr[(z — hUf(t,2))? — x%]}
h—0t —1
1 [(t—t )/h]
= limsup — { —za+ Z ) qCr[(x — hif(t,z))? x2+x2—x(2)]}
h—0+ ha r—1
1 [(t—to)/h] [(t—to)/h]
= (2% — 22) limsup — (—1)"qCr — 2z f(t, x) limsup ) qCr
0 h—0t+ h1 7;) h—0t+ Tz:l
[(t—to)/h]
— (f(t,z))? limsup h? Z (—1)"qC'r.
h—0+ r—1
N
Using the equalities lim > (—1)"¢Cr = 0, where N is a natural number, and
— 00 r=0

lim [(t — to)/h] = oo, we obtain
h—0t

[(t—t0)/h]
. li -1 =-1
(3.7) Jim, ; (—=1)"¢Cr
and
[(t—to0)/h] _

1 (t—to)~?
3.8 lim su —1)"¢Cr = Di(1) = ~——~—.
( ) h—>0+p h Z(:) ( ) q O( ) F(l . q)

Therefore, the Caputo fractional Dini derivative of V' is given by

2% — a2

(t—1t0)T(1 —¢q)

(3.9) DL V(L x) = 2uf(t,x).

(3.1)
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Remark 3. Consider the Lyapunov function which does not depend on ¢, V' (z).
Then the Caputo fractional Dini derivative along the trajectories of solutions of the
initial value problem for the system FrDE (3.1) given by formula (3.6) is reduced to

—V(z—hif(t
(3.10) DY, V(@3 to, 20) = limsup V(z) = V(z—hif(t,xz))
h—s0+ ha

(t — to)fq

+ (V(z) — V($o))m~

Note that in [9] and [8] the derivative of the Lyapunov function from the class A
is introduced as

(3.11) DIV (t, z) = limsup %[V(t, 2) =Vt — hyx — hIF(t2)).
h—0

This derivative can be quite different from the classical one (see below).

Example 4. Let V: Ry x R — R, be given by V(t,z) = 22/(t+1)? and
consider the case tg = 0,29 = 0.

Apply formula (3.11) to obtain the derivative of V', namely
(3.12)

) . 17 a2 (z — haf(t,x))>
D V<f’x)*hr,?j‘;pm[<t+1>2‘ (t+1—h)? }

1 a2(t+1—h)? — (z — hOf(t,2))2(t + 1)

= hr}?j’lolp ha (t+1)2(t+1— h)2
= limsu 1 (—zh+hif(t,x)(t+1))2z(t +1) —ah —hf(t,2)(t+1))
= h%ophq (t+1)2(t—|-1—h)2
= lim sup (—zh'=1+ f(t,2)(t +1))(2x(t + 1) — xh — hif(t,z)(t + 1))
h—0 (t + 1)2(t +1—h)2
_ 2zf(t,x)
+17

Use (3.6) to obtain the derivative of V', namely

[t/h]
1 2 _ R 2
(3.13) ngg'l)V(t,x) = limsup —{LQ - Z(—l)r“quM}

hoot hOL(E+1)?2 (t+1—rh)?
[t/h]
. —1)"qCr
=221 - (7
Sl 5o ) Gy
[t/h] 1
: (=) qCr
— 2 f(t,x)] ) 9w
S S (T

660



Applying (3.7), (3.8) and simplifying (3.13), we obtain

2xf(t, x)

(3.1) + xQDg(

)

Now consider the well known case ¢ = 1. The derivative of the Lyapunov function
with respect to an ordinary differential equation is

2xf(t,x) 9 1 !
(315) DV(t,iL’) = W +x ((t T 1)2) .

In formula (3.11), we obtain only the first term of DV (¢,z) in (3.15). Formulas
(3.14) and (3.15) are quite similar.

The formula (3.11) also leads to some problems.

Example 5. Let V: R, x R — R, be given by V(t,z) = sin® tz2. It is locally
Lipschitz with respect to its second argument zx.
Apply formula (3.11) to obtain the derivative of V', namely

1
DIV (t,x) = limsup — [sin? tz® — sin(t — h)(x — hif(t,z))?]
h—0 ha

= lim sup %{(sin% —sin?(t — h))a? + sin®(t — h)hOf(t,z)(2x — h9f(t, x))}
h—0

) .92
t— t—h
= 22 limsup = sin ( ) + limsupsin?(t — k) f(t, z)(2x — h9f(t,z))
h—0 ha h—0

= 2zsin’(t) f(t, x).

Let f(t,2) = 0. Then the solution of (3.1) for n =1 and top = 0 is z(t) = zg, t > 0
and V(t,2(t)) = aZsin®t. All the conditions of [8], Corollary 2.2, are satisfied so
the inequality V (¢, z(t)) < V(to,20), t = to has to hold. However, in this case the
inequality 23 sin®t < 22 sin? 0 = 0 is not satisfied for all ¢ > to.

4. FRACTIONAL DIFFERENTIAL INEQUALITIES AND COMPARISON RESULTS
FOR SCALAR FRDE
Again in this section we assume 0 < ¢ < 1.
Lemma 1. Let m € C([to,T], R) and suppose that there exists t* € (to,T] such

that m(t*) = 0 and m(t) < 0 for to < t < t*. Then if the Caputo fractional Dini
derivative (2.3) of m exists at t* then the inequality “D{m(t*) > 0 holds.
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Proof. From (2.1) (note that m(t*) = 0, r —q > 0 for r = 1,2,..., and
0 < ¢ < 1) we obtain

1 [(t*—to)/h]

Dg m(t") = hhri%lip ﬁ Z (=1)"(¢Cr)m(t* —rh)
r=0

[(t"—to)/h]

=m(t*) + limsup — -1
) h—ot N ; =1

[((t"—to)/R]
1 1—¢q)...(r—1-
= limsup — q( q) '(r 9)
h—0+ I

Tq(q_ 1)r'(q_r+1)m(t* —Th)

(=m(t* —rh)).

r=1

Since all the terms of the above series are positive we obtain D§, m(t*) > 0. From
the relation D m(t) = DJ [m(t) — m(to)] we get

m(to)(t* — to)_q .

Now m(tog) <0, t* > to, I'(1 — ¢) > 0, and (4.1) completes the proof. O

Now we present a comparison result.

Lemma 2 (Comparison result). Assume the following conditions are satisfied:

1. The function x*(t) = x(t; to, zo), ™ € CU([to,T],A), is a solution of the FrDE
(3.1), where A C R™, 0 € A, tg, T € Ry: to < T are given constants, zo € A.

2. The function g € C([to,T] x R, R).

3. The function V' € A([to,T],A) and for any points t € [tg,T] and x € A the
inequality

—i—cD((Z3,1)V(tv :L') < g(ta V(tv CL'))

holds.

4. The function u*(t) = u(t;to, uo), u* € C([to, T], R), is the maximal solution of
the initial value problem (3.2).

Then the inequality V (to, xo) < uo implies V(t,z*(t)) < u*(t) for t € [to, T).

Proof. Letn > 0be an arbitrary number and consider the initial value problem
for the scalar FrDE

(4.2) Diy = g(t,u) +n fort e [to,T], ulto) =wuo+n,

where 7 is small enough (i.e. n < Ly, 7] as described after (3.2)). The function
u(t,n) is a solution of the scalar fractional differential equation (4.2) if and only if it
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satisfies the Volterra fractional integral equation ([5], Lemma 6.2)

(4.3) U(t,n):uO+n+ﬁ / (t = )1 (g(s, u(s,m)) + m)ds for t € [to, T].

Let the function m(t) € C([to, T], R+) be m(t) = V (¢, 2*(t)). We now prove that
(4.4) m(t) < u(t,n) fort e [to,T).
Note that the inequality (4.4) holds for ¢t = tg, since m(to) = V(to,x0) < ug <
u(to,n). Assume that inequality (4.4) is not true. Then there exists a point ¢* such

that m(t*) = wu(t*,n), m(t) < u(t,n) for t € [to,t*). Now Lemma 1 (applied to
m(t) — u(t,n)) yields DI (m(t*) — u(t*,n)) > 0, ie.

(4.5) DIim(t*) > g(t™, u(t*,n)) +n > g(t*, m(t")).

Due to condition 1 of Lemma 2 the function x*(t) satisfies the following initial value
problem for the system of FrDE:

(4.6) Dix=f(t,x), xz(to) ==z, tEe[to,T].

Then for t € (to, T) the equality

lim sup —[a* (£) — 20 — S(a*(t), b)] = f(t, 2" (1)
h—0+

holds, where

[(t—to)/h]
S(z*(t),h) = (=1)" M qCrx* (t — rh) — ).

r=1

Therefore,
S(@*(t),h) = x™(t) — xo — IS (t, 2" (1)) — A(h?)
(4.7) x*(t) — hif(t,x*(t)) = S(z*(t), h) + o + A(h?)
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with A(h9)/h9 — 0 as h — 0. Then for any ¢ € (t9,T) we obtain

[(t—to0)/h]
(4.8) m(t) —m(to) — Z (=1)" 1 qCr[m(t — rh) — m(to)]

r=1

{V(t7 x*(t)) — V(to,xo0)

[(t—to)/h]
— Z (=) qCr[V (t — rh,x*(t) — h9f(t,z* (1)) — V(to,xo)]}
[(t— to)/h
+ —1) ™ qOr{[V(t — rh, S(x*(t), h) + zo + A(h?)) — V (to, x0)]

=1

—[V(t = rh,x*(t — rh)) — V(to, z0)]}.

Since V' is locally Lipschitzian in its second argument with a Lipschitz constant
L > 0, we obtain

[t~ tow
(4.9) —1)" 1 qCr{V (t — rh, S(z*(t), h) + xo + A(h9))
= —V(t—rh,x*(t—rh))}
[(t—to)/h]
<1 30 aCH(S O + AW - @0 )~ )
r=1
[(t—t0)/h] [(t—t0)/h]
<L (=)™ qCr > qCj(a*(t — jh) — o)
r=1 Jj=1
[(t—t0)/h] [(t—t0)/h]
- Z qu((x*(t—rh)—xo))H + LA(h?) Z qCr
r=1 r=1
= to/h] [(t—to) /h]
—LH( coraen) (CX acie-in - a)|
j=1
[(t—to)/h]
+ LAY > qCr.
r=1

Substituting (4.9) in (4.8), dividing both sides by h?, taking the limit as h — 07,
using (3.7) and Y ¢Crz" = (1 + 2)? if |z] < 1, we obtain for any ¢t € (¢o,T) the
r=0
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inequality (note (2.3) and (3.6) and condition 3 of Lemma 2)

Ay e
(4.10) “Dim(t) < (3 DIV(t, 2" (1)) + thir(r)lJr — hlg& ; qCr
[(t—t0)/R] 1 [t—to/h]
+ L;}H{ﬁ sup ‘ ( Z (—1)”1qu> (ﬁ Z qCj(x*(t — jh) — xo)) H

r=0 j=1
=PIVt 2™ (1) < g(t, V(E, 2™ (1)) = g(t, m(t)).

Now (4.10) with ¢ = t* contradicts (4.5). Therefore, (4.4) holds.
We now show that if 7, < 11 then

(4.11) u(t,m2) < u(t,m) for t € [to, T

Note that the inequality (4.11) holds for ¢ = to. Assume that inequality (4.11) is not
true. Then there exists a point ¢* such that u(t*,n2) = w(t*, 1) and u(t, n2) < u(t,m)
for ¢t € [to,t*). Now Lemma 1 (applied to u(t,n2) — u(t,n:1)) yields DY (u(t*,n2) —
w(t*,m))) > 0. However,

D (u(t™, n2) —u(t™,m))) = g(t*,u(t™,n2)) +m2 — [g(t", u(t™,m)) +m] = n2 —m <0,

a contradiction. Thus (4.11) is true.

Recall 0 <7 < Ly, 7). Now (4.4) and (4.11) guarantee that the family of solutions
{u(t,n)}, t € [to,T] of (4.2) is uniformly bounded, i.e. there exists K > 0 with
lu(t,n)| < K for (t,n) € [to,T] x [0, Ly, 7). Let M = sup{|g(t,z)|: (t,x) € [to, T] x
[-K,K]}. Take a decreasing sequence of positive numbers {77j}?i07 no < Liy,1)
such that jlggo n; = 0 and consider the sequence of functions u(t;n;). Now for

t1,ts € [tQ,T], t1 < to, we have

(@12) fulta,ny) — ut )|
S| L = (0ot )+ ) s

U N VR P

# [ et + ) 05| < 22— )

Thus the family {u(¢;n;)} is equicontinuous on [tg,T]. The Arzela-Ascoli Theo-
rem guarantees that there exists a subsequence {u(t;n;,)} and a w € C[tg, T|] with
u(t;n;,,) = w in C[to, T] as k — oco. Taking the limit in (4.3) as k — oo we see that
w(t) satisfies the initial value problem (3.2) for ¢ € [tg,T]. Now from (4.4) we have
m(t) < w(t) < u*(t) on [to, T). O

If g(t,z) = 0 in Lemma 2 we obtain the following result:
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Corollary 1. Assume the following conditions are satisfied:

1. The function x*(t) = x(t; to, xo), ™ € CU([to,T],A), is a solution of the FrDE
(3.1) where A C R™, 0 € A.

2. The function V € A([to,T],A) and for any points t € [ty,T] and x € ¢ the
inequality

CD?B 1)V(t, x) <0
holds.

Then for t € [to, T the inequality V (t,x2*(t)) < V(to, o) holds.
Proof. The proof follows from the fact that the Caputo fractional differential

equation “D?z = 0 has a constant solution. Apply Lemma 2 with ug = V(tg,x0). O

Remark 4. Corollary 1 is similar to [8], Corollary 2.2, but in the case we
use (3.6).

Example 6. Let V: R, x R — R, be given by V(t,z) = sin® tz? as in Exam-
ple 5. Now use (3.6), (3.7), and (3.8) to obtain the Caputo fractional Dini derivative
of V', namely

(4.13) CD‘(’3 1)V(t,x)
- [(t—to)/R]

t—to)"4 1
sint 23:2(70 + 2% lim sup — —1)"qCr(sin(t — rh))?
= (it T Ot e g 3 (1) aCrlinit —rh)

[(t—to)/h]
— 2z f(t,x) limsup Z 1)"qCr(sin(t — rh))?
h—0+t
t—t
= (sintp) xo% + 22 Di(sin(t))? + 2z f (¢, z)(sin(t))?.

Use (sin(2))? = 0.5 — 0.5cos(2t) and D¢ cos(2t) = 29 cos(2t + gr/2) and obtain

(414) DY

= (Sint0)2$g% + 22 (0.5% + 297 cos (2t + %))

+ 2z f(t, ) (sin(t))?.

Vi(t,x)

Let f(t,z) = 0. The solution of (3.1) for n = 1 and tp = 01is z(t) = xp, t 2 0
and V(t,z(t)) = x3sin® t. Also, fD‘(JB.l)V(t, z) =23(0.5¢79/T(1 — q) + 29! cos(2t +
grn/2)) for t > 0. The sign of the fractional derivative of V' changes (see Fig. 1 for
values of ¢ = 0.2,0.5,0.8). Therefore, the conditions of Corollary 1 are not satisfied

(compare with Example 5).
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Now let V: Ry x R — R, be given by V(t,z) = 2? as in Example 3. Ac-
cording to (3.9), CD‘(Z?) 1) V(t,z) = (2% — 23)/(tT(1 — q)) + 2z f(t,z). Let f(t,x) =
—z/(tT(1 — q)). The V(t,x;to,20) < 0 and according to Corollary 1 the

| <

D
(3-1)
inequality |x(t) |x0| > 0, holds for any solution of (3.1).

2.0

Figure 1. Example 6: ¢ = 0.2,0.5, and 0.8.

The result of Lemma 2 is also true on the half line. The idea is to fix T' > tg; then
once again we have (4.3) and (4.4). Taking the limit in (4.3) as k& — oo, we see that
klim u(t; n;, )) satisfies the initial value problem (3.2) for ¢ € [ty, T']. We can use this

—00

argument for each T' < co. This yields the following result.

Corollary 2. Assume the following conditions are satisfied:

1. The function z*(t) = x(t;t0, zo), z* € C([ty,0), A), is a solution of the FrDE
(3.1), where A C R™, 0 € A.

2. The function g € C([tg,0) x R, R).

3. The function V' € A([to,00),A) and for any points t > to and x € A the
inequality

Dy

V(t,z) < g(t,V(t,x))
holds.

4. The function u*(t) = u(t; to, uo), u* € CI([to, 00), R) is the maximal solution of
the initial value problem (3.2).

Then the inequality V (to, xo) < uo implies V(t,2*(t)) < u*(t) fort > to

If the derivative of the Lyapunov function is negative, the following result is true.

Lemma 3. Assume the following conditions are satisfied:
1. The function z*(t) = z(t;to, zo), * € C([ty,T),A) is a solution of the FrDE
(3.1), where A C R™, 0 € A.
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2. The function V € A([to, T],A) and for any pointst € [to,T|, + € A the inequal-
ity
D)Vt x) < —c(|l=])
holds where c € K.

Then for t € [tog, T] the inequality

(4.15) V(t,z*(t)) < V(to,z0) — / (t =) e(llz* (s)I]) ds

F (Q) to
holds.

Proof. Define the function m(t) € C([to, T], R4) by m(t) = V(¢,2*(t)) and the
function p € C([to, T], R+) by p(t) = c(||z*(¢)|]). As in the proof of (4.10) we have

(416)  Dim(t) < (DY, V(t,x (1) < —e(lle"Ol]) = —p(t). t € [t0, T):

Let n > 0 be arbitrary. Consider the following initial value problem for the scalar
FrDE:
Diu(t) = —p(t), t=to, ulto) = m(to) +n.

Its solution satisfies the fractional integral equation

(4.17) u(t) = mty) — ﬁ/t (t = )7\ p(s) ds + 1.

We now prove that
(4.18) m(t) < u(t), teto,T].
Assume the contrary and let t* € (¢g, T] be such that
m(t*) =u(t*) and m(t) <wu(t) fort e [to,t").
From Lemma 1 (applied to m(t) — u(t)) we obtain
(4.19) DIm(t*) > Diu(t™) =°Dru(t*) = p(t*),

and this contradicts (4.16). Therefore, (4.18) is satisfied. From (4.17) and (4.18)
since n > 0 is arbitrary we obtain (4.15). O

5. MAIN RESULT

We will obtain sufficient conditions for stability of the system FrDE (3.1). Again
we assume 0 < g < 1.
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Theorem 1. Let the following conditions be satisfied:

1. The function g € C(R1 x R, R) satisfies ¢g(t,0) = 0.

2. There exists a function V € A(Ry, R™) such that V(¢,0) = 0 and
(i) for any points t,ty > 0 and x,xg € R™ the inequality

(5.1) DY,V (tx) < gtV (¢, x))

holds;
(i) b(||z|) < V(t,x) fort € Ry, z € R™, where b € K.
3. The zero solution of the scalar FrDE (3.2) is stable.
Then the zero solution of the FrDE (3.1) is stable.

Proof. Lete > 0 and ty € Ry be given. Then there exists 61 = d1(tp,e) > 0
such that the inequality |ug| < d; implies

(5.2) lu(t; to, uo)| < ble), t = to,

where u(t; 1, ug) is any solution of the scalar FrDE (3.2). Since V' (¢9,0) = 0 there
exists d2 = d2(to,01) > 0 such that V(tg,z) < 61 for ||z|| < J2. Let zo € R™ with
lzo|| < d2. Then V (tg, o) < d1.

Consider any solution z*(t) = z(t;to,x0), t = to, z* € CI([tg,00), R™) of the
FrDE (3.1). Now let uf = V(to,x0). Then uf < §; and inequality (5.2) holds for
any solution u(t; to, ufy) of the scalar FrDE (3.2). Then from Corollary 2 and (5.2)
we have

V(t,z*(t)) <u(t;to,uy) < ble), t=to;

here u(t; ¢, ug) is the maximal solution of the initial value problem (3.2) (with the
initial point (to, u)). Then for any ¢ > to condition 2(ii) yields
b([lz=(@)I]) < V(E,27(¢)) < ble),

so the result follows. O

Corollary 3. Let condition 2 of Theorem 1 be satisfied where the inequality (5.1)
is replaced by _fD?&l)V(t,a:) <0.
Then the zero solution of the FrDE (3.1) is stable.

Proof. The proof follows from the fact that the Caputo fractional differential
equation “D%x = 0 has a constant solution which is stable. ([

Now we present some sufficient conditions for stability of the zero solution of the
FrDE in the case when the condition for the Caputo fractional Dini derivative of the
Lyapunov function is satisfied only on a ball.
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Theorem 2. Assume:
1. The function g € C([Ry x R, R) satisfies g(t,0) = 0.
2. There exists a function V € A(Ry, B()\)) such that
(i) for any points t,to > 0 and any =, 29 € B(\) the inequality

(5.3) {Dis ) V(t,z) < g(t,V(t,z))

holds, where A > 0 is a given number;
(i) b(||z]|) < V(t,2z) < a(||z||) for t € Ry, z € B()\), where a,b € K.
3. The zero solution of the scalar FrDE (3.2) is uniformly stable.
Then the zero solution of (3.1) is uniformly stable.

Proof. Lete € (0, be a positive number. Due to condition 3 of Theorem 2
there exists 61 = d1(¢) > 0 such that for any 79 > 0 the inequality |ug| < 1 implies

(5.4) lu(t; T0,u0)| < ble), €= 70,

where u(t; 70, uo) is any solution of (3.2). Let 6; < min{e,b(e)}. Since a € K there
exists d = d2(g) > 0 such that if s < Jy then a(s) < d;. Let 6 = min(e,d2). Choose
the initial value zop € R™ such that ||xo|| < 0. Let z*(t) = x(¢; to, x0), t = to be any
solution of the FrDE (3.1). We now prove that

(5.5) la* ()| <&, t>to.

The inequality (5.5) holds for ¢ = tg. Assume inequality (5.5) is not true for all
t > to. Consequently, there exists a point t* > tg such that

(5.6) () =, and [z*(@)]l <&, ¢ € fto,t7).

Now let u§ = V(tg,zo). Then from 2(ii) we get uy < a(||zol]) < a(d2) < §1. Consider
any solution u(t; to, ug) of the scalar FrDE (3.2). Therefore, the inequality (5.4) holds
for 79 = to and ug = . From the choice of the point ¢* it follows that z*(t) € B(\)
for ¢ € [to,t*]. Then from the reasoning in Lemma 2 for the interval [to,¢*] we have

(5.7) V(t,x*(t)) < u*(t;t0,uy), t € [to,t"],

where u*(t; to, uyy), t = to, is the maximal solution of the scalar FrDE (3.2) (for the ini-
tial point (to,ug)). From inequalities (5.4), (5.7), the choice of ¢*, and condition 2(ii)
of Theorem 2 we obtain b(e) > w*(t*;to,us) = V(t*,2*(t*)) = b(|lz*(t*)|]) = b(e).
The contradiction proves (5.5) and therefore, the zero solution of the FrDE (3.1) is
uniformly stable. O
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Corollary 4. Let condition 2 of Theorem 2 be satisfied, where the inequality (5.3)
is replaced by ngg'l)V(t,x) < 0. Then the zero solution of the FrDE (3.1) is
uniformly stable.

Now we present some sufficient conditions for the uniform asymptotic stability of
the zero solution of the FrDE.

Theorem 3. Assume:
1. There exists a function V' € A(R4, R™) such that
(i) for any points t,ty > 0 and x,xg € R™ the inequality
DY, V() < —c(llal)
holds, where c € K;

(i) o(Jjz|) < V(t,z) < a(ljz|) for t € Ry, x € R™, where a,b € K.
Then the zero solution of the FrDE (3.1) is uniformly asymptotically stable.

Proof. According to Corollary 4, the zero solution of the FrDE (3.1) is uni-
formly stable. Therefore, for the number A there exists @ = a(A) € (0, A) such that
for any to € Ry and o € R™ the inequality ||Zo|| < a implies

(5.8) |z (t; to, To)|| < A for ¢ > {o,

where z(t;to, o) is any solution of the FrDE (3.1) (with initial data (%o, Z)).

Now we will prove that the zero solution of the fractional differential equation
(3.1) is uniformly attractive. Consider a constant 8 € (0, o] such that a(8) < b(a).
Let € € (0, ] be an arbitrary number and z*(t) = x(¢; to, x0) any solution of (3.1)
such that ||zg|| < 3, to € Ry. Then b(||zo]]) < a(l|zol]) < a(B) < ba), i.e. ||zo] <
and therefore, the inequality

(5.9) lz*(#)] < A for t > to

holds. Choose a constant v = ~v(g) € (0,¢] such that a(y) < b(e). Let T >
ql'(¢)a(a)/c(y), T =T(e) > 0. We now prove that

(5.10) l[z*(@)]| <& fort>=ty+T.
Assume
(5.11) l*(t)|| =~ for every t € [to,to + T).
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Then from Lemma 3 (applied to the interval [to,to + 7] and A = R™) we get
(5.12) V(to +T,2"(to +T))
to+T L
< V(to, o) / (to+T —s)¥ "e(|lx™(9)]) ds
(o) = [ 0+ T = el 9l

cly to+T .
a(llzoll) — F((q))/ (to +T—s)q*1ds:a(|\x0|\)_ﬂ§

cnT

The contradiction proves that there exists t* € [to,to + T such that ||z*(¢*)| < v.
By Lemma 3 for ¢ > ¢* and A = R™ the inequality

V(t,z*(t) < V(" 2" (")) — ﬁ /t (t —s)1 ez (s)|]) ds < V(£*, 2% (%))

holds. Then for any ¢ > t* the inequalities
b(llz* () < V(E, 2" (1) < V(2" (t7)) < alllz"(#)]]) < aly) < ble)

hold. Therefore (5.10) holds for all ¢ > ¢* (hence for t > to + T)). O

6. APPLICATIONS
Example 7. Consider the system of fractional differential equations

(6.1) Dizi(t) = —g1(t)x1 — go2(t)xa,
Dizg(t) = —g1(t)x2 + g2(t)zy fort =ty

with initial conditions
_ .0 _ .0
21(to) =27 and x2(to) = x5,

where 21,22 € R, g1(t) = 0.5/(t'T(1 —¢)) + 1 and g» € C(R4,R) is an arbitrary
function.

Now (6.1) is equivalent to (3.1) with = = (z1,22) € R%, f = (f1, f2), where
fit, 21, 22) = —g1(t)z1 — go(t)x2 and fo(t, 71, 22) = —g1(t)z2 + g2(t) 71

Consider V (t,x1,72) = 22+ 23 for t € Ry, z = (71,72) € R? and x € B()\), where
A > 0. Then condition 2 (ii) of Theorem 2 is satisfied for a,b € K with b(s) = s,

a(s) = 2s.
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For any x1,79 € R: o = (x1,22) € B(\) from (3.6) and (3.8) we obtain

(6.2) D\ V(t,z1,22)
1 [(t—to)/R]
=~ (P + ) o + s {(x%+x3> Z (~1)gCr
Y [(t—t0)/h]
— 20 (1 (—g1(t)a1 — ga(t)as) + @2(—g1(D)wa + g2(t)a1)) D (=1)"¢Cr
r=1

[(t~to)/h]
+ 12 (—gr (D21 = ga(t)a2)® + (—gi (D2 + g2()21)) D (—1)TqCT}~

Applying (3.7) and (3.8) to (6.2) yields
i + 23 — (1) — (25)?
tar(1 —q)
—2(z1(=g1(t)21 — ga(t)w2) + 2(=g1(t)22 + g2(t) 1))

1
< (af + xg)(m = 201(1)) = =2(a} +23) = —2V(t,a1,32).

cNH4q
<D

(6.1)V(t7 T, 332) =

The comparison FrDE is (3.3) and by Example 2 the zero solution of (3.3) is uniformly
stable. According to Theorem 2, the zero solution of (6.1) is uniformly stable. Also,
since condition 1(i) of Theorem 3 is satisfied, the zero solution of (6.1) is uniformly
asymptotically stable.

If we use (3.11) then

(6.3) DIV(t,z1,72) = hr}?sgp h—{xl + a2 — (21 — h(—g1 ()1 — ga(t)22))?
—

+ (72 — hq(— 1(t)z2 + g2(t)71))?}

= hr}rlljgp —{ 2h [z (—g1(t)z1 — g2(t)x2) + x2(—g1(t)x2 + g2(t)21)]

+ W2 [(—g1(t)x1 — g2(t)z2)? + (—g1(t)w2 + ga(t)21)?]}
= z1(—g1(t)r1 — g2(t)x2) + 22 (—g1(t) 22 + g2(t)a1) = — (2] + 23) g1 (1)

0.5
" 11
(g =g 1)V,

and we obtain the comparison Caputo fractional differential equation

0.5
+ 1>u

Dult) = (g =

which is more difficult to solve than the scalar FrDE (3.3).

673



Remark 5. Using an inequality for any continuous function (for the proof see [1])
and Theorem 1 from the paper [6], one can prove the stability of the zero solution
of (6.1) in a different way which is easier for this particular example.

Now we illustrate the usefulness of (3.6) in the case when the quadratic Lyapunov
function gives us no result.

Example 8. Consider the initial value problem for the scalar fractional differ-
ential equation
(6.4)
—2
Dig(t) = —0.25¢ — 0.75/t1T°(1 — q) — 272 cos(2t + qr/2))

1+ cos?(t)

xz, t>t0; x(to):x()a

where 0 < ¢ < 1. Let

~ —0.25¢ — 0.75/tT(1 — q) — 2972 cos(2t + qm/2)

f(t,2) 1+ cos?(t)

x.

Consider the quadratic Lyapunov function V(t,2) = 22. Since the sign of the
function —0.25¢ — 0.75/(t4T(1 — q)) — 2772 cos(2t + qn/2) changes, so does the frac-
tional derivative of V' (see Fig. 2 for some values of ¢). Therefore, the quadratic
function is not applicable to the fractional equation (6.4).

—-1.5

Figure 2. Example 8: ¢ = 0.5,0.7, and 0.8.

Now, consider the Lyapunov function V(¢,z) = (1 + cos?(¢))x?. The inequalities
lz]] < V(t,z) < 2|jz|| are satisfied for any « € R. Let z,29 € R with |z] < A,
|zo| < A, where A > 0 is a given number. Applying formula (3.6) to this Lyapunov
function, we obtain

1
(6.5) {Dfs4V (t,x) = limsup ﬁ{(l + cos?(t))z? — (1 + cos?(to))z2

h—0t
[(t—to)/R]
— S (—1)GOr{(1 + cos(t — rh)) (@ — hF(E )2 — (1 + cos2<to>>w31}~
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Using (3.7), (3.8), cos?(t) = 0.5 + 0.5cos(2t), and D{(cos(2t)) = 29 cos(2t + qn/2),
we obtain

c G (t—t
Dl V(t2) = ~(1+ cos (to»xom—f)q)

t to)/h

+ 22 lim sup — { )" qCr(1 + cos?(t — rh))
h—0F ha —0
[(t—t0)/h]
— 29 f(t, x) Z (=1)"qCr(1 + cos®(t — rh))
r=1
[(t—to)/h]
+RYM(f(E ) Y (—1Ym%(1+0%%t—rhn}
r=1
1
<22 (—
ST (wr(1_ g T oo *(1))

[(t—to)/h]

— 2z f(t,x) limsup Z 1)"qCr(1 + cos?(t — rh))
h—0+

[(t*tO)/h]

+ f(t,z) limsup h? Z (=1)"qCr(1 4 cos®(t — rh))
h—0+ r—1

1.5
_ 2
_x(wn1—@
5 —0.25¢ — 0.75/t9T(1 — q) — 2972 cos(2t + qn/2)
1+ cos?(t)

+ 2971 cos (275 + %))

+ 222

(1 + cos?(t)) <O0.

According to Corollary 4, the zero solution is uniformly stable.

7. CONCLUSIONS

In this paper we use Lyapunov functions to study the stability of the zero solution
of a nonlinear nonautonomous fractional differential equation. We introduce the
derivative of the Lyapunov function based on the Caputo fractional Dini derivative
of a function. Comparison results using this new definition and scalar fractional
differential equations are presented and sufficient conditions for stability, uniform
stability and asymptotic uniform stability are obtained.
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