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Abstract. This work describes a method to rigorously compute the real Floquet normal
form decomposition of the fundamental matrix solution of a system of linear ODEs having
periodic coefficients. The Floquet normal form is validated in the space of analytic functions.
The technique combines analytical estimates and rigorous numerical computations and
no rigorous integration is needed. An application to the theory of dynamical system is
presented, together with a comparison with the results obtained by computing the enclosure
in the C® category.
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1. INTRODUCTION

In the theory of linear differential systems, given a homogeneous system of differ-
ential equations

(L.1) §= Alt)y

with A(t) € M,(R) a 7-periodic matrix valued function, a matrix function ®(t) is
called a fundamental matrix solution if all columns are linearly independent solutions
of (1.1). Here M, (K) denotes the matrices with entries in the field K. A function
®(t) is called a principal fundamental matrix solution if it is a fundamental solution
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and ®(ty) = I,, for some to. Here I,, € M, (R) denotes the identity matrix. Among
the principal fundamental matrix solutions, we focus on the one that solves

(1.2) d=A@)®,  D(0)=1,

and, throughout this paper, we will refer to this as the fundamental matrix solution.
Clearly, the fundamental matrix solution alone determines all the solutions of (1.1)
in the sense that the orbit y(¢) with an initial condition y(0) = yo is simply given by
y(t) = (t)yo.

Systems of linear differential equations with periodic coefficients are a classical
topic of investigation and have applications in a wide range of areas including dy-
namic stability, elastic systems, Hamiltonian dynamics, celestial mechanics, and en-
gineering systems. See [13] for a survey. Despite the simple formulation, in general it
is not possible to write explicitly the solution of system (1.2) in closed form. In addi-
tion the numerical integration of the system may produce unreliable results because
of the large instabilities introduced by the matrix function A(t).

A significant theoretical tool for studying the fundamental matrix solution is pro-
vided by the Floquet theory, which ensures that the function ®(¢) solving the system
(1.2) can be decomposed into the product ®(t) = Q(t)e*, where R € M, (R) and
Q(t) € M,(R) is a nonsingular, 27-periodic matrix valued function. We refer to
the latter as the real Floquet normal form decomposition of ®(t). Floquet theory
identifies the non periodic function ®(¢) with the couple (R, Q(t)), with R a con-
stant matrix and Q(¢) a periodic function. The latter can be expanded as a Fourier
series, and in this perspective the differential system (1.2) is equivalent to an infinite-
dimensional algebraic system where R and the Fourier coefficients of Q(t) are the
unknowns. Denoting by Q = {Q}rez the sequence of Fourier coefficients of Q(t),
the problem of solving (1.2) is then rephrased as a zero finding problem f(z) = 0 for
the unknowns z = (R, Q) in a suitable Banach space (X, |-||).

An efficient strategy for obtaining mathematically rigorous enclosures of the so-
lutions of f(x) = 0 is given by the radii polynomial approach. This technique is
employed in computer-assisted study of many problems in dynamical systems and
differential equations, see for instance [8], [7], [4], [10] and the references therein. In
short the radii polynomial approach aims at proving the existence of a true solution
for f in a certain ball with respect to the norm ||-|| around a numerical approxi-
mation. The technique requires rigorous numerical computations, to be performed
with the aid of a computer, as well as analytical pen and paper estimates. In this
regard, the choice of the norm ||-|| plays an important role: indeed the Banach space
determines the regularity of the solution and affects the difficulty of proving sharp
estimates.
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In [5] the radii polynomial approach is adopted to study system (2.1) in the space
of algebraically decaying sequences, i.e. ||z|| = max{||R|/co, || Q||s}, where

def
el = iug{llQolloo, 1Qkllool K7}, s> 1,
S

hence providing the enclosure of Q(t) in the space of C® functions. Here, given
M € M, (K), || M|l is the standard oo norm, i.e. | M||oc = max > |M; ;|, where the
P e
J

absolute value sign denotes both the real absolute value (for K = R) and the complex
norm (for K = C), depending on M. However, even if the solution of the initial value
problem (1.2) is a priori known to be analytic, the enclosure in the C* category does
not provide any information about analyticity. The purpose of the present work is
to extend the results of [5] and provide the enclosure of the real Floquet normal
form decomposition of the fundamental matrix solution in the analytical category.
To this end we combine the methodology of [5] with the developments of [9], where
the radii polynomial approach is adapted to the study of analytic periodic solutions
of differential equations.

The main motivation behind our investigation is our interest in validated compu-
tation of analytic parameterizations of stable and unstable manifolds of hyperbolic
periodic orbits of vector fields, as presented in [6]. The theoretical foundation of the
parameterization method can be found in [1], [2], [3]. The ingredients necessary for
computer-assisted validation of the methods of [6] are the analytic representations of
both the orbit and the tangent bundle. The latter can be accomplished via analytic
representation of the fundamental matrix solution. Analytic representation of the
periodic orbit is already provided for instance by [9], and the present work treats the
fundamental matrix solution.

We proceed as follows: first we setup the infinite-dimensional algebraic problem we
are interested in. Next we briefly review the radii polynomial approach. In Section 3
we focus on the Banach space and provide some preliminary analytical results used
later on in Section 4, where the radii polynomial is constructed. Finally in Section 5
we present some computational results and applications to the theory of dynamical
systems.

2. SETTING OF THE PROBLEM

Aiming at computing the real Floquet normal form decomposition of ®(t), we
substitute ®(t) = Q(t)e® into the equation (1.1). It follows that R and Q(t) solve
Q(t) = A(t)Q(t) — Q(t)R. On the other hand, if R € M,(R) and Q(t) € M, (R),
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a 27-periodic matrix function, solve

(2.1) { Q) = A(1)Q(t) - Q(DR,

then ®(t) = Q(t)ef is the fundamental matrix solution. By assumption, the matrix
function A(t) is a given 7-periodic function. Hence it is 27-periodic and it admits
a Fourier series expansion of the form

(2.2) A(t) =) A /BT gy € M, (C).
keZ

Let

(2.3) Q(t) =Y Qpe™™/) Q) € M,(C)
kez

be the Fourier decomposition of the 27-periodic unknown function @(¢) and denote by

Q def {Qk }kez the sequence of the Fourier coefficients of Q(t). After projecting into

the Fourier space the ODE (2.1) is equivalent to the infinite-dimensional algebraic

system
(2.4) f(R,Q) =0

f: ('"af*ka'"afflaf*afovfla'"7fka"')
defined by

(25) * dZEf Z Qk - Inv
kez

o, 2
i d:flk‘iQk—f—QkR—(A*Q)k, ke,

where (Ax* Q) denotes the convolution product (Ax* Q) def > A, Qk,. Hence,
k1+ko=k
solving system (2.1) is equivalent to looking for zeros of the algebraic system f in

the unknowns (R, {Qk}rez). We introduce the Banach space

X e = (R,Q): |lallx * max{||Rloc, | Q)11 } < o0}

def
where [ Q1 = Y| Qullocr™!, v > 1.
kez
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The quantity ||Q||1,, is a weighted I' norm on the space of sequences of complex
valued matrices. Denote
def
L,(Mn(C)) = {Q = {Qr}rez: Q€ Ma(C), [|Q]l1, < 00}
In the following we simply denote I%(M,,(C)) as I..

Note that a sequence in [} has an exponential decay rate. That makes I} a suit-
able norm in the analytic function space. Indeed, if (R, Q) € X is a solution of
f(R, Q) =0 so that ||(R, Q)||x < oo, the corresponding function () is analytic in
a complex strip around the real line (e.g. see [11]).

For a finite-dimensional projection parameter m and z = (R, {Qx}rez), we define

2(m) — (R, {Qk}kj<m) and f(m) = (fas {fr} k| <m)-

Suppose that a numerical solution z = (R, {@k}‘ k|<m) has been computed, that is
f™)(z) ~ 0. Let Df™)(z) be the derivative of f(™) with respect to (™) at z and

def Ofk

(2.6) M 5o

().

Consider J("™), an approximate inverse (computed numerically) of D f(")(z) and let
J be the operator

2.7) (Ja) & (T2, k= k] <m,
‘ g A}y, k| = m.

By construction, J: X — X acts as an approximation of Df~1(Z). Assume J is
injective and define the Newton-like operator

(2.8) T(x)=x—Jf(x)

so that the fixed points for T correspond to the solutions of f = 0. The core of the
radii polynomial approach consists in defining a bound Y and a polynomial bound
Z(r) satisfying

(2.9) IT(z) —Z|x <Y and  sup ||DT(z+b)c||x < Z(r)
b,ceB(r)

and the radii polynomial

p(r) dfy 4 Z(r) —r.

Finally, as motivated in the following Lemma, we check if p(r) < 0 for some r.
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Lemma 2.1. Let Y, Z(r) be chosen such that the inequalities (2.9) are satisfied

and let p(r) be defined as above. If there exists o > 0 such that p(ro) > 0 then

there exists a unique ¥ € By, (T) Lof {r € X: |lt —Z||x <ro} such that T = T(Z), or

equivalently such that f(z) = 0.
Proof. See for instance [5]. O

Remark 2.1. To ensure that the function Q(t) is a real one needs that the
coefficients Qy, satisfy the conjugacy symmetry Q_; = conj(Qy). Here conj(M)
is the matrix obtained by taking the component-wise complex conjugate entries of
M € M, (C). We do not impose such symmetry to the space X. However, if the
operator J preserves the symmetry then the fixed point of T is symmetric and the
solution Q(t) real.

2.1. Assumptions on the matrix function A(t). Let us now make more ex-
plicit assumptions on the matrix function A(t). We assume that the Fourier coef-
ficients of Aj in the expansion (2.2) are given within certain bounds and have the
following properties:

(1) Ay = conj(Ay).
(2) There exist M4, v, r4 > 0 and A = {Ai}rez with Ay € M, (C) such that
Ay =0 for |k| > M4 and that || A — Alj1, < ra. In other words,

(2.10) £ %' A~ A satisfies [|E]|1, < 7a.

The sequence £ = {&} is the error bound for A and it refers to the fact that the
function A(t) might not be known exactly. Indeed, in the applications, A(t) may
result from measurements, or may be subjected to random noise, or may depend on
some data previously computed and given within some bounds only.

3. ANALITYC PRELIMINARIES

To begin with, we remark that [l is a Banach algebra under the discrete convolu-
tion product. In particular, the following result holds.

Lemma 3.1. Let V,U € I} and let V % U be the discrete convolution product,

(V * U)k = Z Vk1 Uk2. Then
ki1+ko=k

VUl <[V

LU

1,v-
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Proof.

VU, =3

kez

> Vi Uk, I

ki1+ko=k

Ikl_z

kez

> Vil

lez

v

<D HVEIIooIIkazHooV““‘ <D IVilloo! Z Ukl oo™

kezlez lez kez
S VI U

O

For a sequence B = { By }rez with By € M,,(C), denote the weighted [°° norm on

the space of sequences of complex valued matrices by

B
1Bl 2 sup {10l
’ kez L vk

Let
0 (Mn(C)) € {B = {Bi}rer: By € My(C), ||Bllocy1 < 0},

p—1

In the following we simply denote 1°°, (M, (C)) as I22,.

Lemma 3.2. Let V €}, and B € 122,. Then

ZBka

kez

< 1Bl V[0

Proof.

Z BV

kez

| Bl
S EAANEY g S AN

0 kez kez

||Bk|\
S8 y|k|oo D IVilloo?™ ) < UIBllsc,p-1 V1.0

kez

For any B € I52, the linear operator Lp: 5

(3.1) Lp(V)=> BV

kez

— (M, (C), ||Illo) defined as

is well-defined, and Lemma 3.2 states that

def
I£61 =" sup  [IL5(V)lo < [[Blloo,-1

V1<

We refer to [5%, as the dual space of li.
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Corollary 3.1. Let v > 1 and V € lll,. Then for m € N,

> W

|k[Zm

1
< —|V|
1%

1,v-

o0

Proof. ). Vi = Lp(V) where B, = 0 for |k| < m and By = I for |k| = m.
[k|>m
Then the result follows from Lemma 3.2. O

Definition 3.1. Given M: I} — Il a linear operator, define the operator norm
as
IM[l = sup [[M(V)]l1..

‘ 1,1/\1

With a linear operator M: [} — I} we associated an infinite-dimensional matrix
still denoted by M) M = {MF}, ez with M} € M, (C), such that
LSk, !

(M) =Y MFW).

lez

Lemma 3.3. Let M = {Mzk}k,lez be the matrix representation of an operator
M: I} — 1}. Suppose that any linear operator M acts as a matrix multiplication.
Then

1
M| = sup —e > | M [|ocr™
lez V
kez
and for any V €},
IM (V)1 < 1MV

The following corollary is a direct consequence of the previous lemma and con-
cerns operators whose matrix representation acts as a diagonal multiplication out of
a finite-dimensional core.

For N > 0 denote Iy ' 72\ {(k,1): |k| < N, |I| < N}.

Lemma 3.4. Let V = {Vi}rez € 1L and let M: I} — I} be an operator whose
matrix representation M = {M}} is such that

> M =0V(k1) € Inn{k#1},

> M =Ty € M,(C)Vk > N.
Assume that |Tg||eo < yn for all |k| > N for some vy > 0. Define

N N
def , _ 1 , ,
Ko™ Y gl K= (X I3l
j=—N j=—N

624



and
K =max{Ky, max K}
k=—N

yeeey

Then
M| < max{K,yn}.

4. CONSTRUCTION OF THE RADII POLYNOMIAL

In the following we continuously employ a correspondence between the space X
and the space of bi-infinite sequences of matrices. In practice, the components of an
element (R, Q) € X are rearranged in the vector form, i.e.

V=[. Vi Vo,V Vo, Vi, .. Vi, .,

where V, = R and V}, = Q. Similarly, a linear operator M : X — X can be seen as
the action of a matrix of operators (still denoted by M) against a vector V. The same
notation is used to label the rows and the columns of the matrix M, respectively, by
superscript and subscript:

]\4;]6
]\4'_1
M = M* s M:[...,M,k,...,M*,Mo,...,Mk,...], Mg':(Ma)b.
MO

A

Let us now study the differential of f(R, Q), necessary for the definition of the
fixed-point operator T' defined in (2.8). The derivative of f at (R, Q) in the direction
of (o, B) € X, where 8 = {Br}rez €1} is

Df*(Rv Q)(avﬂ) = Zﬂka

kez

2
Dfi(R, Q)(@, B) = k=i + BB+ Qua = (AxB) Vke L.
In matrix notation, the derivative D f(R, Q)(«, 3) results by applying to the vector

V= ["'aﬂfka'"aﬂflvavﬂOaﬂlv"'7Bka"']T
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the Jacobian operator Jf given as follows:

(41) Jf*’* =0, Jf*’k =1, Jf]“* =Qr Vke Z,
2
Tfej: M — (ik£M+MR)5k,j — Ay ;M YkjeL

Remark 4.1. Since the matrix multiplication is not commutative, we cannot
simply write the Jacobian element J f;, ; as a matrix.

Remark 4.2. From the computational point of view, we represent the n x n

matrices as n?

vector in such a way that A = [a; ;] is represented by the vector
Vo=la11,.-,an1,a12,...an2,...]T (by columns). Given a matrix B, the multipli-
cation B - A is represented by the multiplication B. V, where B is a block diagonal
concatenation of n copies of B, while the right multiplication A- B is given by a mul-

tiplication of V,, by the Kronecker product of the transpose of B with the identity I,,.

Once a representation of the (n x n)-matrix into an n? vector is chosen, the opera-

2 x n? matrix. The operator

tors J fi,; can be represented as a multiplication of an n
A and its inverse A,;l are then represented by a matrix as well. When we write

[ Ak|loo and ||A; *[|cc We refer to the inf-norm of the matrix representing the operator.

Lemma 4.1. Recall (2.6). For m sufficiently large and depending only on the
data of the problem, there exists \,, > 0 such that ||A; *||oc < 1/Ap, for any |k| = m.

Proof. This follows from the fact that for k large enough any matrix Ay is
diagonal dominant and the absolute values of the elements on the diagonal increase
with k. More precisely, in [5] it is proved that there exist M > 0 and Cx > 0 such
that ||A; 'llec < Ca/k for any |k| > M. Letting \,, = m/Cy, we can conclude that
AL oo < CaJk < 1/ A for allk > m > M. O

Assume that the finite dimensional parameter m is chosen according to the pre-
vious lemma, then the operator J introduced in (2.7) is injective. Indeed, by con-
struction, the finite dimensional matrix J("™) is invertible and the injectivity of the
infinite dimensional tail is ensured by the lemma.

We are now concerned with the definition of the bounds Y and Z(r). These bounds
involve the Fourier coefficients Aj, of the function A(¢) that are only known within
the bounds (2.10). Whenever possible, we separate the contribution of the centre A
from the one of the error £ to obtain the sharpest estimate for Y and Z(r).

4.1. Bound Y. We have
T(z)—2=Jf(z),
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hence define

Y = max{|[(/f(Z)+loc, |/ f (@) }-
By inserting A = A + € in (2.5), we write f(Z) = f(Z) + £7(Z) where

4.2)  Fu(@) ¥ m;m O —Ln, Ju(@)® lkgék + OyR— (A% Q), kel
and

(4.3) (s (@) =0, (Er(@)p=—(E*Qun, k€L

Therefore,

(Jf(@)e =T J(@) + T &),  (Jf@) = [TF@) + [JE (@), k€,

and

(£ (@))ulloe < NT* - F@)lloo + 177 - E¢(2) oo,

I(Tf @) < NTF@)e + 1(TE (@)
At this point we recall the assumptions discussed in Section 2.1. In particular we
recall that A is finite-dimensional, i.e. A; = 0 for |k| > M4, and that ||£]|1,, < ra.
Since @Q is such that Q; = 0 for |k| > m, the coefficients f; vanish for |k| >
Ma +m —1. On the other hand, (£7(Z))r may be different from zero for any k and
Lemma 3.1 implies that ||£¢(Z)|l1,, < ral|Q|l1,,- We treat the operations on £f(z)

//\ N

as linear operators and we use the space duality to bound the norms.
From Lemma 3.2 we have

1% F @)oo + 177 - 5 ( >||OO\\

TF@+ Y JiTe(@

[k|<m
+ [T o174l Q1 =1 Y.

Similarly, a bound for |[(Jf(Z))|1,. is

ITf@)h < Y IIF@)klloov

|k|<Ma+m—1

where ||.J]| is estimated as shown in Lemma 3.4. Finally, we define Y = max{Y™*,Y"}.

4.2. Bound Z. We are now concerned with the construction of the bound Z(r).
Treating r as a variable, we aim at defining a polynomial bound Z(r) such that the
second of the inequalities (2.9) is satisfied for any positive r.
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Let

(4.4) (JTz), % (DF(@) - 2™, k=, [k <m,
' " Awan, k| = m,

and consider the splitting
IDT(z +b)ellx < (I = T elx + [T[(Df (@ +b) = TF)el|x.
The bound Z(r) is constructed as a polynomial in the variable r as
Z(r)=2ZOr + zWr 4 2Dp2)
where Z(©, Z() and Z?) are defined so as to satisfy

sup [|(I —JJNe|x < 2O, sup ||J[(Df(z+0b)—J)||x < Z2Wr 4+ 232,
ceB(r) b,ceB(r)

In order to compute the above bounds Z (), we first factor out  writing b = ru, ¢ = rv

for w = [t, {ur}rez] and v = [vs, {vk}rez], both in B1(0) = {z € X: ||z x < 1}.
That means ||t,||oo < 1,]|]]1,, < 1 and the same for v. From [5] we have that

(4.5) (Df(z 4 ru) — JV)rv], = Z crart,
i=1,2
where
(4.6) C1= Y Uk Ci2=0,
[k|>m
(4.7) Chi=— > AUk, Cr2=upv,+vpu., k[ <m,
ki1+ko=k
|k2|=m
Ck1 = — Z Ak Vkyy  Ch2 = UkUs + Vs, k| = m.
k1+ko=k
kak

4.2.1. Compute Z(9). By definition, Z(?) is constructed so that

ZO > sup |(I-JJ|x.
lollx <1

Note that in the finite part JT acts as the multiplication by D f(™) (). The latter,
since depends on the coefficients Ay, is known only within bounds. Hence we de-
compose D f(™(z) in the sum Df™)(z) = D_f(m) () + Epy where the dependence
of D_f(m) on A is only through A and the operator Epy: B — —(& % plm))(m),
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Accordingly, (I — JJY)v = (1™ — J(m)D_f(m) — JMEp ™). Denote B =
10m — 7mDF™ | We have

(4.8) (7 = TTN)ollx < [|Bo™ | x + |77 Ep o™ | .

By definition ||Bv(™) | x = max{||(Bv™ )]0, [|Bv™ |1} and Lemma 3.2 yields

Z B;’Uj

gl <m
<UBllso s lloo + 1B oo, 107 [l1,0.-

(4.9) 1(Bv™)illoo < I1Bfvalloo +

oo

Let us now estimate

1Bv™ 1, = Y I1(Bo™)g]loor*.
|k|<m

Denote by B the submatrix of B obtained by deleting the row B* and the column B,
and let ¥ = {vk }|k|<m, that is v(™) without v,. From Lemma 3.3

1Bo™ i, < D 1BEv oo™ + | Boll1,o

|k|<m
< D IIBElssllodlloo™ + IBIH 3]0 = | Bullollvelioo + IBI [0 |10

|k|<m

Altogether,

1Bo"™ | x < max{|| B} |lsc[vulloo + [ B*[loo,v-1 10" 1.0,
1Bl llvalloe + B 0™ 11,0}

In order to bound the last term in (4.8), we note that (£psv(™), = 0 and
(Eva(m))k = — (£ *v"™),. In particular, Lemma 3.1 infers that ||€va(m)||17u <
7al[v™|1,,. Hence, Lemma 3.2 and Lemma 3.3 imply

[[CARELYERSIMIIES
(T Ep ™)1 <

1T oo, 17 [0 1,0
1T allo ™ 1,0
Collecting all the terms and taking the sup over ||v||x < 1, we define

def * * * m
2° = max{||Bf]|oc + IB" loo,v-1: 1Bl 1 + IBI} +ra max{[[J*[|oo,, -1, 17}
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4.2.2. Compute Z). According to (4.5), Z() is defined so that

20 > sup  |J[(Df(x) = J)olllx = sup (max{]|[JC]loc, [/ClI1,}),

lvllx <1 lv]lx <1

where C' = (¢, 1, {ck,1}), defined in (4.7), depends on v.
We provide first a bound for [JC],. First,

ICL = T2 Y = Y Ji( s

l71Zm |k|<m

where v(!) stands for the sequence v with vj, = 0 for |k| < m. We insert the splitting

A=A+¢&

TCL =T Y vj— Y JEAxvD) = > JH(E =0,

li1Zm |k|<m |k|<m

and compute

Hqukz S DRI SIS I DS
l7lzm e |[k|l<m  kitko=k |k|<m
|k2|>m
<‘J;Zvj Z<Z JEA - j>v] > JHExvD)
[j|=m o0 [j1Zm “|k|<m |k|<m

Applying repeatedly Lemma 3.2 and Corollary 3.1, we conclude that

> Ak

|k|<m

I\J*Hoo

ITClslloe < ol +

w [ oo w17 allvfl1,o-

oco,v—1

Note that JfA,_; # 0 only for m < |j| < m + M, — 2, therefore,

Z J,:Ak_j Z JkAk -J

|k|<m |k|<m

m<m<m+MA 2 1/|J|

oco,v—1 oo

We now aim at computing || JC|1,,. We see JC as a linear functional of v. According
to the definition of ¢y 1, we have for |k| < m

W)k = > JFC;v) + JEC, ZJ’“(Z Avb)+J > v

l7l<m [l<m a+b=j [b|>m

[b]Zm
= Z (Z JfAjb-f—Jf)vb

[b]Zm *|jl<m
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and for |k| > m

O = AT Ch0) = A7 S Ay = 3" AL Ak,
azrikk bk

The v-norm of JC(v) is estimated by ||JC(v)]|1,, <
lJC| is bounded as shown in Lemma 3.3:

.- The operator norm

I7C1 < Sup Ty |b‘ > IO ™

kez
where X .
S TEA i+ JE [kl <m, o] >m
. || <m
(O =94 A1 Ay, k| > m, b+ k,
0, otherwise.

In particular, the matrix JC' is zero in the inner square |b|, |k| < m. We can then
decompose

I7C] < sup{Q1, Q2},

where @)1 is the sup over the column |[b] < m and Q2 is the sup over the columns
|b| > m. Then

Q1= sup Qu(b) = sup {ﬁ

[b]<m [b]<m

> I Aol ],

[k|Zm
1 -1
Q2= SI;P Q2(b) = S‘ip m{ Z A% AkfbHool/lkl
[b|>m [b|=m |k|=m,k#£b
LS A w}.
[kl<m'|j|<m 0
We have
Qi) < = 30 Mol + 3 st
10) S 7 B k—b||oo k—b
|k|=>m |k|>m
1 1
- = |k Ll
< N D1 VY [ o Z [€k—blloo
|k|=>m ™ k|=m
|k—b|<Ma
< X1 Z [ Ag—p||oot!*! + —2
X ylb‘ )\m k—b|loo )\
|k|>m
|k—b|<Ma
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As for the terms Q2(b), we first note that the term Ay never appears, therefore we
introduce A to be the same as A but Ay = 0 and we forget about the condition k # b:

@0 < 7 (1= X 1Acalar® + 3 175

|k|>m |k|<m
> TEA

l7l<m

|k|<m

yw).

Write A = A + £ and denote F; = &;_p. Thus || F]1,, < v!’lr, and

> ZJAM MY ZJ’“];, Y STST gEe,

|k|l<m " |jl<m [kl<m'|j|<m |k|<m " |j|<m

lllkl.

By Lemma 3.2, the last term is bounded by

> J}“FjH VST T s [ F o < oy ST g
o0

|[kl<m'|jl<m |kl<m |k|<m

which, when collecting all the contributions, results in

Q2(b) < Vb|< Do Asslloot™ + DD TFA

™ kl=m |[El<m'|jl<m

1
k) + WHJ*HLV

1
+ 3Tt > 1 o1
|k|<m

Since we cannot compute (QQ2(b) for all |b] > m, we need a uniform estimate for |b|
large enough. We set the threshold at |b| = m + M4 so that the second of the above
sums vanishes.

For [b| = m + Ma,

AL, +7a
A,

1
+l/m+MA ||J*Hl,l/+rA Z ||Jk|‘oo7u—1l/|k|.

|k|<m

Q2(b) <

4.2.3. Compute Z?. From (4.5), Z? is defined so that

AP sup - max{|[J D]l [[{(/D)

llullx <L, [lvfl x <1

where D = {ci2,{ck2}r}. We compute [JD], = J;D, + > J;Dy, hence, for
|k|<m
[ullx [[olx <1,

1[I D]xlloe <

Z J7 (ugvy)

|k|<m

<2 oo wr Il llvnlloo < 20T oo,
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Since D, = ¢, 2 = 0, it follows that
17Dl < IIIHIDN

where ||J|| is bounded as in Lemma 3.4 and ||D||;, < 2.

5. APPLICATION AND COMPUTATIONAL RESULTS

As mentioned in the introduction, the fundamental matrix solution plays an im-
portant role in dynamical system theory. The application we are most interested in is
the following: let f: R™ — R™ be a vector field and consider the equation @ = f(x).
Suppose T is a hyperbolic 7-periodic orbit parameterized by ~(t). System (1.1) with
A(t) = Df(vy(t)) is the linearized (or variational) system along ~(¢) and, in this
context, the matrix ®(7) is called the monodromy matrix. The spectral data of the
monodromy matrix encode the stability properties of the orbit such as the directions
tangent to the stable/unstable manifold at the point v(0). As explained in [5], the
Floquet normal form decomposition of the fundamental matrix solution provides the
spectral data of the monodromy matrix and, more interestingly, allows a continuous
parameterization of the normal stable/unstable bundles of T', or equivalently the
tangent bundles of the stable/unstable manifolds along T

As a toy model, let us consider the Lorenz system, given by the vector field

—ox + oy
(51) f(l‘,y,Z): or — Yy — T2 ) 57B7QER7
—Bz +ay

where § = 8/3, 0 = 10, and ¢ = 28. For this set of parameters it is well known
that the Lorenz system is chaotic. Suppose that a 7-periodic solution in the form

y(@t) = > 7e€#2%/7t hag been rigorously enclosed in the space of analytic functions,
kez
see for instance [9]. For example, a periodic solution ~y(¢) has been proved to exist

according to the following bounds:

ry = 2.109574- 1071 » =1.21,
|w — 4.031165685315| < 7, ||y —Fllvy, <7ys =0 V|[k| > 60,
where w = 2n/7 and v = {Vk }rez.

In order to determine the Floquet normal form of the fundamental matrix solution
of the linearization around (t), we solve system (2.4) (2.5) with

—0 o 0 0 0 0
Ao= | 0— 783) -1 —vél) , A = —%ﬁ‘” 0 —%il) ; Az =0.
2 1 2 1
R R w0
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Note that the function A(t) is expanded to the 27-periodic basis function, hence the
odd Fourier coefficients are set to zero.

Referring to Section 2.1, we set My = 119, v = /o5 = 1.1, r4 = 6.328 - 10717,
define A, as before with 7 in place of v. This choice ensures that [|A — A1, < ra.

Then we choose the finite-dimensional parameter m = 100 and compute numer-
ically an approximate solution z = (R, Q). (That could be done by numerically
integrating first system (1.2) for one period and then integrating system (1.2) and
extracting a first guess of the matrices R and Q. Subsequently, these data are op-
timized by means of a Newton scheme. See [5] for further details). The rigorous
computation of the estimates described in Section 4 produces the bounds

Y =25221-107%, Z© =14546-107%, 2zW =0.531124, Z® =161.416,

and the radii polynomial p(r) is negative for any r € I = [5.3891 - 10~°,0.002899].

In conclusion, choosing r = 5.39 - 1076 € I, the real Floquet normal form de-
composition of the fundamental matrix solution ® of the linearization around I is
®(t) = Q(t)el, where

> IR = Rllow <1,

> the matrix function Q(t) satisfies the expansion (2.3) with ||Q — Q|1 < r.

In particular, any component @Q;;(¢) is an analytic function and extends to a 27-
periodic, analytic function on a complex strip S, = {z € C: z =a+ib and |b| < w},
where the width w is related to the decay rate v.

We repeat the computation for different orbits on the bifurcation branch which,
from the Hopf bifurcation at ¢ ~ 24.8, moves towards the homoclinic point at
o ~ 13.9. The results are reported in the table on the right and are compared
with the results obtained by computing the enclosure in the C* category [5] (left
table). The parameter s refers to the norm ||Q||s = sup{||Qoll oo, || Qk ||| k|*} used in
the C* enclosure. We recall once more that the s-norm implies that the solution is
C?®-smooth.

C* category Analytic category
o my, m s r 0 my m v r
22 30 50 3 3.51-107° 22 30 50 1.5 4.95-10°%
20 30 50 2 3.60-10710 20 30 50 1.2 7.28-107°
17.32 60 90 2 3.91-107° 17.32 50 60 1.2 3.34-1077
15 60 140 2 2.10-1078 15 50 80 1.1 2.52-107°

As expected, both the methods require a larger finite-dimensional projection as
the orbit approaches the homoclinic point. However, it seems that the analytic en-
closure can be still achieved with a smaller number of modes compared to the C*
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enclosure. On the other hand, the algorithm in the C* class seems to yield sharper
enclosures. To ensure mathematical rigor, all the computations are performed in
MATLAB equipped with the INTLAB package [12]. INTLAB accumulates all poss-
ible floating point rounding errors using interval arithmetics and returns validated
interval enclosures of all numerical results.

The results of these preliminary comparisons should not be read as definitive, and
are provided only in order to illustrate that both C* and analytic arguments produce
good results with reasonable computational costs. At present when one method
outperforms the other it is not always clear to us whether to thank the theory or
blame the implementation. Indeed, moving the methods discussed here beyond the
“proof of concept” phase is a topic of ongoing research. However, it is perhaps more
important to remark that these are complementary and not competing methods.
When solutions of the differential equation are a priori analytic then only the analytic
formulation will provide quantitative information about analytic properties such as
domain of analyticity and exponential rate of decay for the Fourier coefficients. On
the other hand, if the solution is known a priori to be C* and not analytic then the
analytic formulation is doomed to fail, and we must pursue the proof in a space of
algebraic decay. Taken together the methods facilitate the study of a larger class of
questions than could be addressed with either method singly.
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