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EXISTENCE AND MULTIPLICITY OF SOLUTIONS
FOR A p(x)-KIRCHHOFF TYPE PROBLEM
VIA VARIATIONAL TECHNIQUES

A. MOKHTARI, T. MoussAaoul, AND D. O’REGAN

ABSTRACT. This paper discusses the existence and multiplicity of solutions
for a class of p(z)-Kirchhoff type problems with Dirichlet boundary data of
the following form

—(a—l—be ﬁ|Vu|p(m) dr)div<|Vu\p(w>_2Vu) = f(z,u), iIn Q

u=20 on 09,
where Q is a smooth open subset of RN and p € C(Q) with N < p— =
infyeqp(x) < pt = sup,cqp(x) < +00, a, b are positive constants and

f: Q@ xR — R is a continuous function. The proof is based on critical point
theory and variable exponent Sobolev space theory.

1. INTRODUCTION

In this paper we study

_ 1 (@) i (z)—2 — ;
W (a +b [, ) [VulP dx)le(\VuP’ Vu) = f(z,u), in Q
u=20 on 0N,

where Q is a bounded domain of RY with smooth boundary 0 and N > 1,
p € C(Q) with N < p~ =inf,cqp(z) < pT = sup,cq p(z) < +00, a, b are positive
constants and f: Q x R — R is a continuous function.

Problem is related for example to vibrations and deformations of plates or
tended cords. The operator —div(|Vu[P®)=2Vu) is said to be the p(z)-Laplacian,
and becomes the p-Laplacian when p(z) = p. The variable exponent Sobolev space
VVO1 P (x)(Q) is a natural generalization of the classical Sobolev space W, *(2) and

related preliminaries concerning W, (z)(Q) and p(z)-Laplacian equations will be
given in Section
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In this paper we examine existence and multiplicity of solutions of the p(z)-Kirch-
hoff equation associated to problem by applying a minimization principle and
the genus theory introduced by Krasnoselskii (see [4], [13]). Problem (1)) is related
to the stationary problem of a model introduced by Kirchhoff [12]. More precisely,
Kirchhoff proposed a model given by the equation

0%u 0o L ou 2 0%u

o (h 2L 8xi )’2%:2

G. Dai and J. Wei established the ex1stence of infinitely many nonnegative solutions
for problem by applying a general variational principle due to B. Ricceri (see
Theorem 3.1 and Theorem 3.2 in [§]). In this paper, we first prove the existence of
a solution to problem . by using a minimization principle with the hypothesis

< a(z), where F(z,u) fo ) dt and a is a measurable

:0’

lims Ez.t)
SUP|u| 400 Tu[0(»)

function which belongs to L>°(Q) and 6 € C(Q) Satlsﬁes 6 = supg (x) < 2p~.
Our second result gives the existence and multiplicity of solutions using Clarke’s
theorem under the following assumptions:

e there exists positive constants C1, Cy > 0 and a function ¢ measurable on €2
such that Cyt9® -1 < flz,t) < Cot?®) =1 for all t > 0 and for all z € Q,
where ¢ € L>®(Q) and 1 < ¢~ = essinfq ¢(z) < ¢(z) < ¢* = esssupq, q(z) <
p~ = essinfq p(x),

o f(x,—t) = —f(x,t) for all t € R and for all z € Q.

These hypotheses are a generalization of the hypotheses introduced in [7].

This paper is organized as follows. In Section [2, we present some necessary
preliminaries on variable exponent Lebesgue and Sobolev spaces and we recall
some definitions and basic properties of the Krasnoselskii genus. In Section [3] using
critical point theory, we establish existence and multiplicity results for problem .

2. PRELIMINARIES

Suppose that (2 is a smooth bounded open domain of R with a smooth boundary
00 and p € C() satisfies

1<p = inf p(x) < p" =supp(z) < +oc.
zef zeQ

The variable exponent Lebesgue space LP(®) (Q) is defined by
LP@(Q) = {u: Q>R is mesurable,/ lu(z)|P®) da < +o0}
Q
endowed with the norm

()
u|p(m):inf{)\>0:/9’u(/\@‘p dxgl}.

Define the variable exponent Sobolev space W) (Q) by
WhP@(Q) = {u € LPP(Q) : |Vu| € LP@(Q)}

endowed with the norm ||u

[1p(2) = [tlp@) + 1 Vlpa)-
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Denote by C(€2) the space of continuous functions on 2 endowed with the norm
|ufoo = sup, g [u(z)]. Wol’p(m)(Q) denotes the closure of C§°(£2) in WP(®)(Q).

Proposition 2.1 (See [10]). LP(*)(Q), Wol’p(x)(ﬂ) and WP (Q) are separable,
reflexive and uniformly convex Banach spaces.

Proposition 2.2 (See [10]). Let p(u) = [, |u(z)[P®) dz. For any u, u, € LP®)(Q),
k=1,2,..., we have
(1) Foru#0, |ulpm) =A< p(%) =1.

(2) |ulp@) < L(=1;>1) & plu) <1(=1;>1).

(3) If lulyiw) > 1, then [ul?,, < p(u) < [ul?,,.

(4) If lulpmy < 1, then |u|§z;) <p(u) < |u|§(;).

(5) limy— oo [Uk|pz) = 0 & limg— oo p(ur) = 0.

(6) limp ¢ oo |[Uk|p(z) = +00 < limg . 4 oo p(ur) = +00.
Proposition 2.3 (See [10]). If u, up € LP®)(Q), k=1,2,..., then the following
statements are equivalent to each other:

(1) lmp—ioo [ur — ulp) =0 (ie. g, — u in LP@)(Q)).

(2) limg_ oo p(ur —u) = 0.

(3) ur — u in measure in Q and lmy_, o0 p(ur) = p(u).

Proposition 2.4 (See [9]). The Poincaré-type inequality holds, that is, there exists
a positive constant cq such that

(| p(a) < calVulpmy, YueWyP®(Q).

Thus |Vl is an equivalent norm in W, " @) (€2). We will use this equivalent
norm in the following discussion and write ||u|| = |[Vul,,) for simplicity.

We now recall the Krasnoselskii genus and more information on this subject
may be found in ([I1], [T, [4], [13]). Let E be a real Banach space. Let us denote
by ¥ the class of all closed subsets A C E — {0} that are symmetric with respect
to the origin, that is, u € A implies —u € A.

Definition 2.1. Let A € ¥. The Krasnoselskii genus v(A) is defined as being the
least positive integer n such that there is an odd mapping ¢ € C(A,R™ — {0}). If
such an n does not exist we set y(A) = +o00. Furthermore, by definition, v() = 0.

Theorem 2.1 (See [I1]). Let E = RY and 0Q be the boundary of an open,
symmetric and bounded subset Q C RN with 0 € Q. Then v(9Q) = N.

Note v(SV~1) = N. If E is of infinite dimension and separable and S is the unit
sphere in E, then v(S) = +oo.

Proposition 2.5 (See [I1]). Let A, B € ¥. Then:
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o if there exists an odd map f € C(A, B), then v(A) < v(B). Consequently, if
there exists an odd homeomorphism f: A — B, then v(A) = v(B).

e if AC B, then v(A) < ~(B).

e 7(AUB) <~(4) +~(B).
Theorem 2.2 (Minimization principle). Let X be a real reflexive Banach space.
If the functional J: X — R is weakly lower semi-continuous and coercive (i.e.

i)~ 400 J(u) = +00), then there exists ug € X such that J(ug) = inf,cx J(u).
Moreover, if J is also Gateauz differentiable on X, then J'(ug) = 0.

Definition 2.2. Let J € C*(X,R). If any sequences (u,,) C X for which (J(uy)) is
bounded and J'(u,) — 0 when n — +o00 in X’ possesses a convergent subsequence,
then we say that J satisfies the Palais-Smale condition (denoted by the (P-S)
condition).

We now state a theorem due to Clarke.

Theorem 2.3 (See [5], [15]). Let J € CY(E,R) be a functional satisfying the
Palais-Smale condition. Also suppose that:
e J is bounded from below and even;

o there is a compact set K € 3 such that v(K) =k and sup,cg J(x) < J(0).
Then J possesses at least k pairs of distinct critical points and their corresponding
critical values are less than J(0).

3. MAIN RESULTS

In this section we will discuss the existence of weak solutions of .

Definition 3.1. We say that u € Wol’p(x)(Q) is a weak solution of problem if
and only if

1
(a+b/ —— | VulP® dx)/ |Vul[P@) =294V dxz/f(a:,u)v dx ,
a p(z) Q Q

for all v € Wol’p(m)(Q).

The energy functional corresponding to problem is defined as follows,

J(u)za/QZ%xﬂVuP’(z) dac—|—l2)(/gp(;)|Vu|p(””) dx)Q—/QF(I,u) dx

where F(z,t) = fot f(z,s) ds. Tt is easy to see that J € C’l(Wol’p(w)(Q),R) and for
all u, v € Wol’p(x)(Q)
1 1
J'(u)wv = (a+b/ —— |Vu[P® da:)/ —— |Vu|P®) =27y Vo dm—/ flz,u)v dz .
o p(z) o (@) Q
Thus the critical points of J are the weak solutions of .
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Theorem 3.1. Assume that

F(z,u) <

(H1) lim sup Tufp@ = a(x),

|u] =00

where § € C(Q) with 6~ = inf 5 60(x) > 1 and a € L>(Q). If 1 = sup, 4 0(x) <
2p~, then has a weak solution.

Proof. From the continuity of F' and assumption (H1) we deduce that there exists
a positive constant C such that

F(z,u) < a(@)u’@ +C, YueR, VreQ.
We have for ||ul| > 1 that

1 b 1 2
Juza/—Vup(m)dx—i—f /—Vup(m)dx —/Fx,u dx
®) Q P(x)| | 2( Q P(x)| | ) 0 ()

a b 2

> —p,(Vu) + Vu —/ax ul?® + ¢ dx ,
LoV + 5 (V) = [ (alw)lul”) )
a — —

> —|ul|lP + ul|® —C’measQ—aoo/ue(m)dx.
p+|\ | 2(p+)2|| | (©2) — lalL Q| |

Since p~ > N, the embedding Wol P C(9Q) is continuous and we see that

/ [u"®) dz < / [ul 8§ do < Cy / [ul|?@ < Colull®”
Q Q Q

5 C?®) and C is the constant of the embedding, and this implies

where Cp = max_ 5

that

I0) 2 Sl + gl — O meas(®) ~ alu<Coll”

2(p*)?
Since % < 2p~ then J is coercive. Now J is also weakly lower semicontinuous (see

Theorem 3.2.9 in [9]), so we see that J has a global minimum point v € Wol’p(x) (Q),
which is a weak solution to problem . (Il

Example 3.1. We consider Q = (0,1) and f(x,t) = a(z)0(x)|t|*®~2t, for all
t € R, and we put for z € Q, a(z) = sinz, 0(z) =z + % and p(z) = 22 + 2. Our
problem becomes

20243

_<a + bfol ﬁmz%z dx) (/) = Sz |y~ %2y, in (0,1)

242
u(0) =u(l) =0,

and it admits at least one weak solution.

Remark 3.1. To obtain a nontrivial solution, we may assume that f(xg,0) # 0
for some zg € [0,1].

Theorem 3.2. Assume that:
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(H2) there exist positive constants C1, Cy > 0 and a function q measurable on
Q such that Ct1®-1 < flz,t) < Cot?@=1 for all t > 0 and for all
x € Q, where ¢ € L=¥(Q) and 1 < q~ = essinfeqq(z) < ¢(z) < ¢ =
esssup,cq () < p~ =infreq p(z),
(H3) f(z,—t) = —f(z,t) for allt € R and for all x € Q.
Then has infinitely many weak solutions.
For the proof of Theorem [3.2) we will need the following steps.
Step 1: J is bounded from below.
Indeed, for any u € W1 p(x)(Q) we have

C
() >7/ IVl do o+ o /|Vu|p(m —%/ V|1 g

Let p,(u) = [, |ulP® dz and py(u) = [, |u|?® dz. We have the following four
cases:

(i) If pp(u) > 1 and pg(u) < 1, then by Proposition 2.2} we obtain

b Co -
+ WHM = —July,

Since g(z) < p(x) for all z € Q,

a _
J(uw) = —[lull? |

b
2(pt)?
where Cj is the constant of the continuous embedding of LP(*) in L9(®),
Using the Poincaré inequality, we have

a — -
Jw) =2 Sl + ul® —

a - b - CQCgC
We note that 2p~ > ¢—, so J is bounded from below.
(ii) If pp(u) > 1 and pg(u) > 1 then,
i p~ b 2p~ CngCQ
J(u) = p+||U|| + 2(p+)QIIUH e I ||p(w)-

We note that 2p~ > ¢, so J is bounded from below.
(iii) If pp(u) <1 and pg(u) < 1 then,

b CQCgC
p U 2p Q q .
Jw) = = %l T 57 = Tl
(iv) If pp(u) < 1 and pg(u) > 1 then,
a + b 2 CQC?,CQ
J(u) = —[lul|” + WHUH vt [[u Hp(x)-

Since 2p™ > ¢~ and 2pt > ¢t in (iii) and (iv) successively then J is
bounded from below.
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Step 2: J satisfies the (P-S) condition.

Indeed, let (uy) be a Palais-Smale sequence for J. Thus there exists a positive
constant C such that J(u,) < C. Arguing as above, we obtain for all u € VV1 Pl (Q),
the following cases:

(1) If pp(u) < 1 and pg(u) < 1 then,

a + b + CgCngi -
J(w) 2 Zllll” + 272 lul? — =—=%ul%,, -
(2) If pp(u) <1 and pg(u) > 1 then,
a b + CQC3Cq7 +
J(w) = ull?" + e ul " — == lul},
(3) If pp(u) > 1 and p,(u) < 1 then,
a - b CQCgC
Jw) = Sl + 2072 = ===l
(4) If pp(u) > 1 and py(u) > 1 then,
a - b - 02036
J(u) = Fllﬂllp 5572 = 225 a2

Since ¢ < p~, in all cases we now deduce that the sequence (u,,) is bounded in
Wl’p(x)(Q) Thus, passing to a subsequence if necessary, there exists u € Wol’p(x)(Q)

110(95)( Q)

such that u,, — u weakly in W, . Since a, b > 0 we get

1
a—|—b/ ——|VulP dz > a>0.
o p(z)
Consider the sequence

K, = J (up)un +/ @, un)uy, do— J' (up)u — / flx,up)u dx .
Q Q

From the Lebesgue dominated convergence theorem and the Sobolev embedding,
we have that

flx,up)uy, de — | flx,w)u dx, /fmunudx—> flz,uw)u dx,
Q

Q Q

so we have that K,, — 0 and it can be seen that

1
= |V, [P®) p(z)
fon (“”/Qpcc)' tnd d“’)/g“””'

1
(a—l— b/ —— | Vu|P® dx)/ Ve, [P =2V u, Vu da .
o p(z) Q

Let

1
Ln = —(a +b [ ——|Vu, [P dar) / |Vl 2V, Vu dz
o p() Q
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1
_ p(x) p(x)
Jr(aer/Qp(x)qu dac)/Q|Vu| dx

1
= —(a + b/ —— |V, [P@® da:) [/ |VulP® =2V, Vu da —/ V[P dx} .
a p( Q Q

p(x)
From the weak convergence of (u,,), we have that L,, — 0. Hence,

Kp+ Ly = <a+b/ L@ dz) [/ |Vt [P@) f/ Vun P2V 0, Vi dae
o p() Q Q

—/ |VulP®) =2V, Vu d:n—i—/ V[P dm}
Q Q

1
= a+b/ ——|Vu, [P da
(000 g1 Venl? )
X / (|Vun\p(z)*2Vun - |Vu|p("”)*2Vu)(Vun — Vu) dr.
Q

We can generalize the elementary inequalities from [I4] to the variable exponent
case and we obtain

(J2PO =22 — [yPO2y)(z — y) > Cppylz —ylPD i p() > 2,
where C,.y > min {1, W%}’ and

Cp(')‘x — y|2

(|7 =22 — [y POy (@ —y) > s
(] + lyl)>—#0)

We obtain that,

it 1<p(-)<2.

K+ Ly = aCpypp(y (V (un = w))
and as Cp.y is dominated by a constant we deduce that p,(V(u, —u)) converges to
0 as n — +o00. By Proposition we conclude that ||u, —ul| — 0 in Wol’p(x)(Q).

Proof of Theorem [3.21 We notice that Wol’er(Q) c WeP™(Q). Consider
{e1,€2,...}, a Schauder basis of the space VVol’p+ (Q) (see [I7]), and for each k € N,
consider Xy, the subspace of Wol’er (Q) generated by k vectors {ej,ea,...,ex}.
Clearly X, is subspace of Wo ™) (Q). So we notice that X; C L) () because
Xk C VVOL]D+ (Q) C L9®). Thus, the norms || - || and |- |, are equivalent on

X, because Xy, is a finite dimension space. Consequently, there exists a positive
constant C}, such that

—[ulgzy £ —Crllul|, forall we Xj.

Thus we have

T(u) < (V) +

C
. 3577 oY) = S ealw).
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o If p,(Vu) < 1 and p,4(u) < 1, then
b

a —
J(u) < —|lul? + ul|? - =
() < =l 2(p,)zll I | uli,)
a - b — Cl +
< —Jlull? + —llull® — = Ckllu|?
pell 2(p,)zll I o+ Crllul
b -+ Oy
_ e p —q" 2 —q" _ 22
[l || I 552 )QII uf el
We choose R > 0 small enough such that
- b - C
LR R < gy
p 2(p~) q*

Thus, for 0 < r < R, we consider the set K = {u € X, : ||ul]| = r}. For all
u € K, we have

_ b -+ C
< pat [ 2 p—q" 2p”—qt _ X1
Ju) <r {pir + 2(p7)2r q+0k}
_ b -+ Oy
q p-—q" 2p —q" _
<R [p R R q+ck}

<0=J(0).
We can apply similar reasoning to the other cases since:

o If p,(Vu) < 1 and p,(u) > 1, then

- a - = b -_ Cl
< q P —q 2pT—q" _
I < [l [l + gl 2ol
o If p,(Vu) > 1 and p,(u) < 1, then
r b v_g+ C
< g [ & pr—q* 2T gt _ X1
Iw) < [l [l + 5 Loy
o If p,(Vu) > 1 and py(u) > 1, then
- a + - b + 4 01
< q PT—q 2pT—q _
I < Jull” P + 5l Sa.

We can be considered the odd homeomorphism h : K — S*~! defined by
h(u) = (a1, g, ..., a1), where S¥~1 is the sphere in R¥. From Theorem and
proposition we conclude that y(K) = k. thanks to theorem J has at least
k pairs of different critical points. Since k is arbitrary, we obtain infinitely many
critical points of J. [l

Example 3.2. We consider Q = (0,1) and let f(z,t) = C1t9®~1if ¢t > 0 and
f(x,t) = =C1(=t)9@ =1 if t < 0, where p(z) = 2% 4+ 2 and ¢(z) = T1+2 + 1, for all
x € 2. Then, the problem
{ —(a +0b ‘/7521+2|u’|‘1”2+2 dm) (|u'|“2u’)/ = sgn (u)C’1|u|w%+2 , in (0,1)
u(0) =u(l) =0,
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infinitely many solutions.
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