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HARDY-ROGERS-TYPE FIXED POINT THEOREMS
FOR o-GF-CONTRACTIONS

MUHAMMAD ARSHAD, ESKANDAR AMEER, AND AFTAB HUSSAIN

ABSTRACT. The aim of this paper is to introduce some new fixed point
results of Hardy-Rogers-type for a-n-G F-contraction in a complete metric
space. We extend the concept of F-contraction into an a-n-GF-contraction
of Hardy-Rogers-type. An example has been constructed to demonstrate the
novelty of our results.

1. INTRODUCTION

The Banach contraction principle [3] is one of the earliest and most important
resluts in fixed point theory. Because of its importance and simplicity, a lot of
authors have improved generalized and extended the Banach contraction principle
in the literature (see [1-24]) and the references therein.

In [21] Samet et al. introduced a concept of a-)-contractive type mappings and
established various fixed point theorems for mappings in complete metric spaces.
Afterwards Karapiar et al. [I6], refined the notion and obtained various fixed point
results. Hussain et al. [I], extended the concept of a-admissible mappings and
obtained useful fixed point theorems. Subsequently, Abdeljawad [I] introduced pairs
of a-admissible mappings satisfying new sufficient contractive conditions different
from those in [IT], 21], and proved fixed point and common fixed point theorems.
Lately, Salimi et al. [20], modified the concept of a-1)- contractive mappings and
established fixed point results. Throughout the article we denote by R the set of
all real numbers, by R the set af all positive real numbers and by N the set of all
positive integers.

Definition 1 ([2I]). Let T: X — X and a: X x X — [0, +00). We say that T is
a-admissible if z, y € X, a(z,y) > 1 implies that a(Tz, Ty) > 1.

Definition 2 ([20]). Let T: X — X and a, : X XX — [0, +00) two functions. We
say that T is a-admissible mapping with respect to n if z, y € X, a(z,y) > n(z,y)
implies that «(Tz, Ty) > n(Tx, Ty).
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If n(z,y) = 1, then above definition reduces to Definition 1. If a(z,y) = 1, then
T is called an n-subadmissible mapping.

Definition 3 ([I3]). Let (X, d) be a metric space. Let T: X — X and «, n: X X
X — [0,400) be two functions. We say that T" is a-n-continuous mapping on (X, d)
if for given = € X, and sequence {x,,} with
Ty —x a8 N — 00, A(Tn,Tnt1) = NTn, Tni1)
forall neN=Tz, - Tx.

In [6] Edelstein proved the following version of the Banach contraction principle.

Theorem 4 ([6]). Let (X,d) be a metric space and T: X — X be a self mapping.
Assume that

d(Tz,Ty) < d(z,y), holds for all z,ye X with x#y.
Then T has a unique fized point in X.

In [24] Wardowski introduced a new type of contractions called F-contractions
and proved fixed point theorems concerning F-contractions as a generalization of
the Banach contraction principle as follows.

Definition 5 ([24]). Let (X, d) be a metric space. A mapping T: X — X is said
to be an F-contraction if there exists 7 > 0 such that
(1.1) Vo,ye X, d(Tz,Ty)>0= 7+ F(d(Tz,Ty)) < F(d(z,y)) ,
where F': Ry — R is a mapping satisfying the following conditions:
(F1) F is strictly increasing, i.e. for all z, y € R, such that < y, F(x) < F(y);

(F2) For each sequence {a, }52; of positive numbers, lim «, = 0 if and only if

n—oo

lim F(a,) = —o00;

(F3) There exists k € (0,1) such that lima — 0Ta*F(a) = 0.

We denote by F, the set of all functions satisfying the conditions (F1)—(F3).
Example 6 ([24]). Let F: Ry — R be given by the formula F(a) = Ina. It is
clear that F' satisfied (F1)-(F2)—(F3) for any k£ € (0,1). Each mapping T: X — X
satisfying (1.1 is an F-contraction such that

d(Tz, Ty) < e "d(x,y), forall z,ye X, Tx#Ty.
It is clear that for z, y € X such that Tz = Ty the inequality d(Tz,Ty) <

e~ Td(z,y), also holds, i.e. T is a Banach contraction.

Example 7 ([24]). If F(r) = lnr +r, r > 0 then F satisfies (F1)—(F3) and the
condition (|1.1)) is of the form

d(T.’E,Ty) < ed(Ta:,Ty)—d(;E,y) <e T

< < , forall z,ye X, Ta#Ty.
d(z,y)
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Remark 8. From (F1) and (1.1)) it is easy to conclude that every F-contraction
is necessarily continuous.

Theorem 9 ([24]). Let (X,d) be a complete metric space and let T: X — X be
an F-contraction. Then T has a unique fixed point x* € X and for every x € X
the sequence {T"x},en converges to x*.

In [5] Cosentino et al. presented some fixed point results for F-contraction of
Hardy-Rogers-type for self-mappings on complete metric spaces.

Definition 10 ([5]). Let (X,d) be a metric space. a mapping 7: X — X is
called an F-contraction of Hardy-Rogers-type if there exists F' € F and 7 > 0 such
that

T+ F(d(Tz,Ty)) <
F(kd (z,y) + Bd (z,Tz) + vd (y, Ty) + 6d (z, Ty) + Ld(y, Tx)),
for all z, y € X with d (Tx,Ty) > 0, where s, 3,7v,0, L>0, k+08+v+25=1
and v # 1.

Theorem 11 ([B]). Let (X,d) be a complete metric space and let T: X —
X. Assume there exists F € F and 7 > 0 such that T is an F-contraction of
Hardy-Rogers-type, that is

T+ F(d(Tx, Ty)) <
F(kd (z,y) + Bd (z, Tz) + vd (y, Ty) + 6d (z, Ty) + Ld(y, Tz)) ,

forallz, y € X with d(Tz,Ty) >0, where k, 3,v,0, L>0, k+5+~v+25=1
and v # 1. Then T has a fized point. Moreover, if k +d + L < 1, then the fized
point of T is unique.

Hussain et al. [T1] introduced a family of functions as follows.

Let Ag denotes the set of all functions G: Rt* — R¥ satisfying:

(G) for all tq, tg, t3, t4 € RT with titatsty = 0 there exists 7 > 0 such that
G(tl, t2, t3, t4) =T.

Example 12 ([14]). If G(t1, ta, t3, t4) = Te? ™in{tntztatal where v € R and 7 > 0,
then G € Ag.

Definition 13 ([14]). Let (X, d) be a metric space and T be a self mapping on
X. Also suppose that o, n: X x X — [0, +00) be two functions. We say that T is
a-1-GF-contraction if for z, y € X, with n(z,Tz) < a(z,y) and d(Tz, Ty) > 0 we
have

G(d(z,Tx),d(y, Ty),d(z,Ty),d(y, Tx)) + F(d(Tz,Ty)) < F(d(z,y)),
where G € Ag and F € Ar.

On the other hand Secelean [22] proved the following lemma and replaced
condition (F2 by an equivalent but a more simple condition (F2).
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Lemma 14 ([22]). Let F: R™ — R be an increasing map and {a,},-, be a
sequence of positive real numbers. Then the following assertions hold:

(a) if lim F () = —o0 then lim a, = 0;
(b) if inf F = —o0 and lim «, =0, then lim F (a,) = —oc0.

He replaced the following condition.
(F2') infF=-00

or, also, by

(F2”)  there exists a sequence {ay,} -, of positive real numbers such that
lim F(a,) = —occ.
n—oo

Recently Piri [19] replaced the following condition (F3’) instead of the condition
(F3) in Definition

(F3') F is continuous on (0, 00).

We denote by Ax the set of all functions satisfying the conditions (F1), (F2')
and (F3').

For p > 1, F(a) = —-% satisfies in (F1) and (F2) but it does not apply
n (F3) while satisfy conditions (F1), (F2) and (F3'). Also, a > 1, t € (0,1),
F(a)= m, where [a] denotes the integral part of «, satisfies the condition
(F1) and (F2) but it does not satisfy (F3’) , while it satisfies the condition (F3) for
any k € (é, 1). Therefore F N Ar = 0.

Theorem 15 ([19]). Let T be a self-mapping of a complete metric space X into
itself. Suppose F' € Ag and there exists T > 0 such that

Ve,y e X, d(Tz,Ty) > 0= 1+ F (d(Tz,Ty)) < F (d(z,y)) .

Then T has a unique fized point * € X and for every x € X the sequence {T"x}22
converges to x*.

Definition 16. Let (X, d) be a metric space and T be a self mapping on X. Also
suppose that a, n: X x X — [0,4+00) be two functions. We say that T is an
a-1n-G F-contraction of Hardy-Rogers-type if for z, y € X, with n(z,Tz) < a(z,y)
and d(Tz,Ty) > 0 we have

(1.2) G(d(z,Tz),d(y, Ty),d(z,Ty),d(y,Tz)) + F(d(Tz,Ty))
< F(kd (2,y) + Bd(w, Ta) +vd (y, Ty) + od (v, Ty) + Ld(y, Tx)) ,
where Ge Ag, Fe Ar, K, 8,7, 6, L>0,k+83+~v+20=1and v # 1.
2. MAIN RESULT

In this paper, we establish new some fixed point theorems for a-n-G F-contraction
of Hardy-Rogers-type in a complete metric space.

Theorem 17. Let (X,d) be a complete metric space. Let T be a self mapping
satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;

(ii) T is an a-n-GF-contraction of Hardy-Rogers-type;
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(iii) there exists xo € X such that a(xo, Txo) > n(xo, TTo);

(iv) T is a-n-continuous.

Then T has a fixed point in X. Moreover, T has a unique fixed point when
a(z,y) > n(x,x) for all z, y € Fix(T) and k +5 + L < 1.

Proof. Let zp in X, such that a(xg, Txo) > n(zo, Txo). For 2y € X, we construct
a sequence {x,} , such that 1 = T, 2 = Tz; = T?z. Continuing this
process, Tp4+1 = 1Tz, = Tt gy, for all n € N. Now since, T is an a-admissible
mapping with respect to n then a(zg,x1) = a(xg, Txo) > n(xo, Txo) = n(xo, 1).
By continuing in this process, we have

(2.1) N(@n—1,Txn-1) = N(Tn-1,2,) < a(xp_1,z,), forall neN.

If there exists n € N such that d(x,,Tx,) = 0, there is nothing to prove. So, we
assume that z,, # x,41 with

(2.2) d(Txp—1,Txy) = d(xn, Txy) >0, VneN.
Since, T' is an a-n-G F-contraction of Hardy-Rogers-type, for any n € N, we have

d(l‘n,h Twnfl)a d(xru Twn)7
d("En,l, Tl'n), d((En, Txnfl)

Ty Ta) < () s Do) 20 )

+0d (xp—1,Txyn) + Ld (2, Tp_1)
which implies
G(d(xn—la l’n), d(.’L‘n, xn-i—l)a d(l’n_l, xn+1)7 O) + F(d(Txn—la Txn))

Kd (Tp—1,2n) + Bd (2n—1,TTp_1) + vd (2n, Tmn))

2. <F
(2:3) - < +éd (xp—1,Txy) + Ld(xp, Txp—q

Now since, d(Zp—1,2n) - d(Tn, Tnt1)  d(Xn—1,Zn41)-0 =0, so from (G) there exists
7 > 0 such that,
G(d(l'n—la Tp), d(Tny Tny1), A(Tn—1,Tnt1), O) =T.
Therefore
F(d(wn,xn+1)) =F(d(Trp-1,Txzy))
ﬁd (mnflaxn) +/6d (wnflvTxnfl) +’Yd (xanmn) —r
+d (zp—1,Txy) + Ld (zp, Txp—1)

_F Kd (Tn—1,Tn) + Bd (Tp_1,2n) + ¥d (Tp, Tny1)\ .
+od (zp—1,Tnt1) + Ld (zn, zp)

Kd (Tn—1,Tn) + Bd (Tn_1,2n) +7d (T, Tny1) -
+0d (xp—1,2n) + 0d (Tp, Tpt1)

=F((k+8+0)d@p_1,2n)+ (y+)d(zn,Tnt1)) — T
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Since F' is strictly increasing, we deduce
d(Tn,Tnt1) < (k+B+8)d(Tn_1,2n) + (¥ + ) d(Tn, Tni1) -
This implies
1=y —=08)d@n, nt1) < (k+0+0)d(xn_1,2,) forall neN.
From k+ 8+ ~v+20 =1 and v # 1, we deduce that 1 — v — 4 > 0 and so

(k+B+40)
—_— _ = _ fi 11 .
d(zp, Tnt1) < (17775)d(xn 1,Zn) =d(xp_1,2,) for alln € N
Consequently
(2'4) F(d(xnamn+1)) < F(d(l‘n—lvxn» —T.

Continuing this process, we get

F(d(zy,zn41)) <

This implies that

(25) F(d(mna xn+1)) < F(d(%’l‘l)) —nr.
And so lim F(d(Txzp—1,Tx,)) = —o0, which together with (F2') and Lemma
gives that
(2.6) lim d(x,,Tz,)=0.
n—oo

Now, we claim that {x,} _, is a cauchy sequence. Arguing by contradiction, we

have that there exists e > 0 and sequence {p(n)},—, and {g(n)} —, of natural

numbers such that
(2.7) p(n) >qn) >n, d@pm),Tem) =€, dTpm)—1,Tqm)) <€ Yn €N,
So, we have
€ < d(@p(n)s To(n)) < d(Tp(n), Tp(n)—1) + d(Tp(n) -1, Tg(m))
(28) < d(:L'p(n), Ip(n)_l) +e= d(:cp(n)_l, sz(n)—l) +e€.
Letting n — oo in (2.8]) and using (2.6)), we obtain
(29) nhl{lood(xp(n)’ l‘q(n)) = €.
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Also, from (2.6) there exists a natural number n; € N such that

€ €
(2.10) d(mp(n),Tﬂ,‘p(n)) < 1 and d(l‘q(n),Tl‘q(n)) < R Vn>ni.
Next, we claim that
(2.11) d(Txp(n),qu(n)) = d(xp(n)+1,:rq(n)+1) >0 Vn>ng.

Arguing by contradiction, there exists m > nj such that
(2.12) A(Tp(m) 15 Tg(m)+1) = 0.
It follows from , and that
€ < d(Tp(m), Tam)) < d(@p(m)s Tpm)+1) + A(Tp(m)+1, Tg(m))
< d(@p(m)s Tpimy+1) + d(Zp(m) 41, Tg(my 1) + AT g(m) 41, Tg(m))
= d(@p(m)> TTp(m)) + ATpm)+1, Ta(m)+1) T AT g(m), TTq(m))
<30+

This contradiction establishes the relation (2.11)) it follows from (2.11]) and (1.2)
that

d (zp(n): TTp(ny) > d (@), T n)a>
o (& @) Topin) a0 TZa) 2\ 4 P (Tape Ty
(d(%‘pw)vT%(n)) v d (T g(ny, Tp(n) ) (@ (Twre Trym) )

Kkd (x T ) + pBd (:c Tx ) + vd (z Tx )

<F p(n)>Lq(n) p(n)> £ Lp(n) q(nﬁ’ a(n) Von>n,
( +0d (Tp(ny, TZq(ny) + L (24(n), TTp(n)

which implies,

d (zp(n), @ ), d (zgen), @ 1) a)
G p(n)) *p(n)+1 q(n)>*q(n)+ + F(d M1 Zaln
< d (Zp(n), Tg(m)+1) > & (T(n)s Tp(n)+1) (@ (Erei zam))

<F (”d (@p(n) Tq(n)) + B (Zp(n), Tp(n)+1) + 74 ($q<n>,$q<n>+1)> .
B +od (xp(n)’ IQ(”)'H) + Ld (IQ(”)7 xp(n)+1)

Now since, 0-d (mq(n), T.Z‘q(n)) ) (xp(n), qu(n)) ) (mq(n), Tmp(n)) = O, so from
(GQ) there exists 7 > 0 such that,

G(0,d (Tq(nys Tg(n)) +d (Tp(n)s Tg(n))  d (Tg(nys TTp(ny) ) = 7
Therefore,
(2.13) 7+ F(d (T.Z‘p(n), qu(n)) )

<F (F«'d (@p(n)s Ta(m)) + B (Tp(n) TTp(my) + 7 (Tq(n ,qum)))
- +0d (2p(n), Tg(m)) + Ld (Zq(m), Tiﬂp(n)i
So from (F3’), , and , we have
T+F(e) <F((k+d+L)e)=F(e) .
This contradiction show that {z,} -, is a Cauchy sequence. By completeness of

(X,d), {zn},~, converges to some point = in X. Since 7" is an a-n-continuous and
N Xp—1,%n) < (Tp-1,%y,), for all n € N, then x4, = Tx,, — Ta as n — oo. That
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is, ¢ = Tz. Hence z is a fixed point of T. Let z, y € Fix (T') where x # y, then
from

G(d(z,Tx),d(y, Ty),d(x,Ty),d(y, Txz)) + F(d(Tz,Ty))
< F(kd (z,y) + Bd (z, Tz) + vd (y,Ty) + 0d (z, Ty) + Ld(y, Tx))
=F((k+0+L)d(z,y)).
Which is a contradiction, if kK + 6 + L < 1 and hence z = y. O

Theorem 18. Let (X,d) be a complete metric space. Let T be a self mapping
satisfying the following assertions:

(i) T is an a-admissible mapping with respect to n;
(ii) T is an a-n-GF-contraction of Hardy-Rogers-type;
(iii) there exists xo € X such that axo, Txo) > n(zo, Txo);

(iv) if {zn} is a sequence in X such that a(pn, Tpy1) > N(Tn, Tpy1) with ©, — x
as n — oo then either

a(Txy,x) > n(Txn,Tgxn) or a(T2wn,x) > n(T2:cn,T3xn)
holds for all n € N.

Then T has a fixed point in X. Moreover, T has a unique fixed point when
a(z,y) > n(x,x) for all x, y € Fix(T) and k +§ + L < 1.
Proof. As similar lines of the Theorem [17] we can conclude that

oz, Tpt1) > n(xn, Tpy1) and x, —x as n— 0.
Since, by (iv), either
ATn, x) > n(Tx,, T?z,) or a(T?z,,z) > n(T*x,, T3z,),
holds for all n € N. This implies
A(Tpt1,7) 2 N(Tns1, Tny2) OF  a(Tni2,T) > N(Tnt2, Tnis) -
Then there exists a subsequence {z, } of {z,} such that
W@ Ttn,) = 1 Ty 1) < @0y, 0)
and from 7 we deduce that
G(d(xn,, Tan, ), d(@, Tx), d(zn,, Tx),d(x, Ty,)) + F(d(Tzn,, Tx))
< F(kd(z,, ) + Bd(zn,, Tn,) + vd(z, Tz) + 6d(zn,, Tx) + Ld(z, Txy,)) -
This implies
(2.14) F(d(Tx,,, Tx))
< F(kd (2ny, ) + Bd (T, Tpyt1) +7d (2, T) + 6d (2, , T) + Ld(2, Tpy11)) -
From (F1) we have
(2.15) d(zn,+1,Tx)
< kd (T, ) + Bd (X, Tnp11) +vd (2, T2) + 0d (2p,,, Tx) + Ld(2, Tpnyy1) -
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By taking the limit as k — oo in (2.15), we obtain

(2.16) d(z,Tz) < (v+0)d(z,Tx) < d(z,Tx).
Which is implies that d(xz,Tx) = 0, implies z is a fixed point of T'. Uniqueness
follows similarly as in Theorem [I7] O

Theorem 19. Let T be a continuous selfmapping on a complete metric space X.
If for z, y € X with d(z,Tx) < d(z,y) and d(Tx,Ty) > 0, we have
G(d(x,Tx),d(y, Ty),d(x, Ty), d(y, Tx)) + F(d(Tz, Ty))
< F(wd(z,y) + fd(x, Tx) + vd(y, Ty) + dd(x, Ty) + Ld(y,T'z)) ,
where G € Ag, F € Ar, Kk, 3,7,6, L>0, k+8+v+20=1and~y#1. Then T
has a fized point in X.

Proof. Let us define o, n: X x X — [0, 400) by
alz,y) =d(z,y) and n(z,y) =d(z,y) forall z,ye X.

Now, d(z,y) < d(z,y) for all z, y € X, so a(x,y) > n(x,y) for all x,y € X. That
is, conditions (i) and (iii) of Theorem [17| hold true. Since T is continuous, so T
is a-n-continuous. Let n(z, Tz) < a(x,y) and d(Tz,Ty) > 0, we have d(z,Tz) <
d(x,y) with d(Tz, Ty) > 0, then

G(d(z,Tx),d(y,Ty),d(z, Ty),d(y, Tx)) + F (d(Tx, Ty))
< F(xd (w,y) + Bd (x, Ta) + 7d (y, Ty) + 5d (z, Ty) + Ld(y, T)) .
That is, T is an a-n-G F-contraction mapping of Hardy-Rogers-type. Hence, all
conditions of Theorem [17] satisfied and T has a fixed point. O

Corollary 20. Let T be a continuous selfmapping on a complete metric space X .
If for x, y € X with d(z,Tx) < d(z,y) and d(Tx,Ty) > 0, we have

T+ F(d(Tz,Ty)) < F(kd (z,y)+Bd (z,Tz)+~d (y, Ty) +6d (z, Ty)+ Ld(y, Tz))

where >0, Kk, 3,7, 0, L>0,k+0+v+20=1andy# 1 and F € Ar. Then
T has a fixed point in X.

Corollary 21. Let T be a continuous selfmapping on a complete metric space X .
If for x, y € X with d(x,Tx) < d(z,y) and d(Tx,Ty) > 0, we have

re min{d(z,Tz),d(y,Ty),d(z,Ty),d(y,Tz)} + F(d(TJ}, Ty))

< F((kd(z,y) + Bd (z, Tx) +~vd (y, Ty) + 6d (z, Ty) + Ld(y,Tx) ),

where >0, Kk, 8,7, 0, L,v>0, sk +8+v+20=1,v# 1 and F € Ar. Then T
has a fized point in X.

Example 22. Let S, = W, neN X ={S,:neN} and d(x,y) =

|z — y|. Then (X,d) is a complete metric space. Define the mapping T: X —

X, by T(S1) = S1 and T(S,,) = Sp—1, for all n > 1 and a(z,y) = 1 for all

z € X, n(x,Tx) = % for all x € X, G (t1,ta,t3,t4) = 7 where 7 = % > 0.
A(T(8n),T(S1) _ Sp—1—2 (n—1)n(n+1)—6

405, 50 nan;O 55 = nmiD(mi)=6 — 1, T is not Banach

Since lim
n—oo
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contraction. On the other hand taking F' (r) = _71 +r € Ay, we obtain the result

that T is an a-n-GF-contraction of Hardy-Rogers-type with Kk = 8 = %, v = é,
0 = % and L = % To see this, let us consider the following calculation. We

conclude the following three cases:

Case 1: For every m € N, m > n = 1, then a(Sy,, Sn) > n(Sm, T(Sm)), we have
IT (Sp) =T (S1)| = S1—=T (Sm)| = |Sm-1—51|=2%x3+3x4+---+ (m—1)m,
[Sm — 51 =2%x3+3x44+---+m(m+1),
|Sm — T (Sm)| = [Sm — Sm—1| =m (m+1),
|S1 =T (S1)] =15 — 51| =0.

Since m > 1 and

-1
2x34+---+(m—-1)m
< -1
12x3+-+mm+1)+im(m+1) '
+52x3+ - 4+mm+1)+ 5 2x34+-+(m—1)m)
We have
7 1

5 2x3+3x4+--- -1
2 2><3+3><4+---+(m_1)m+[ + + -+ (m—1)m]

1
< [ I2x3+4 4+ mm+1)) + tm(m+1) ]
+5@ X3+ +mm+1) + S(2x 34+ (m—1)m)
+[2x34+3x4+4---+(m—1)m)]
_ 1
= $2x3+--+m(m+1))+ tm(m+1)
L112(2><3+ +m(m+1))+ 752 x 3+ +(m_1)m)}
+[ 1@x 34+ m(m+ 1)+ dm(m+ 1) }
152X 34 Fmm+ 1)+ 5 (2x34-- 4 (m—1)m)
So, we get
7 1

< —
% ‘Sm_Sl |+% |Sm_T (Sm)|+% |Sl_T (Sl)|+T12 |Sm_T (Sl)‘""% |Sl_T (Sm)|

1 1 1 1 7
+ |3 1Sm=S1H3 [Sm=T (Sm) b [$1=T (S1)H-75 [Sm=T (S1) 45 11T (Sm)@ .
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Case 2: For 1 < m < n, similar to Case 1.
Case 3: For m > n > 1, then (S, Sn) = 7(Sm, T(Sm)), we have
T (Sm) = T (Sa)| = % (n+ 1) + (n+ 1) (n+2) + -+ (m — 1)m
[Sm—Sul=(n+1)(n+2)+(n+2)(n+3)+---+m(m+1),

1Sm — T (Sp)| = |Sm — Sm—1] =m(m+1),
|Sn _T( n)|:|Sn_Sn71|:n(n+1)7
)

\S,L—T(Sm |=|Sh — Sm-1]l=(n+1)(n+2)+--+(m—1)m

Since m > n > 1, and

-1
XxXn+)+m+1)(n+2)+---+(m—1)m
-1
< I+ )(n+2) +.. +mm+ 1)+ Im(m+ 1)+ In(n+ 1)
b+ ) 4t (m m) 4 G (04 1) (0 42) 4 (m = 1)m)
Therefore

7 1

2 nx(n+)+n+)(n+2)+---+(m—-1)m

+nxn+1)+n+1)(n+2)+ -+ (m—1)m]

7 1
<2_{ 0t D0+ 2) 4 m A D)+ gm O+ D+ gnln s 1) }
+112( (n+1)+-- "‘( )m)+%((n+1)(n+2) -+ (m—1)m)
+Inxn+1)+n+1)n+2)+ -+ (m—1)m]
1
= [ s(n+1)(n+2)+---+m(m+1)+im(m+1)+ sn(n+1) ]
t )+ (m=1)m)+ L ((n+1)(n+2)+---+ (m—1)m)
+[ ((n+1)(n+2)+-4+m(m+1)+3m@m+1)+in(n+1) ]
+i5mm+)++(m=—1)m)+ 5 (n+1)(n+2) 4+ (m—1)m)
So, we get
7 1

‘S S |+ |S T( m)|+% |Sn_T(Sn)‘+% |Sm_T (Sn)|+1lg |Sn_T (Sm)|
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1 1 1 1
+ [5 S Sul + 5 1S T (Sm) [+ 1Sa=T (Sw)| + 75 |Sm= T (S
7
Therefore
7
5 FEAT(Sm) T (Sn))

IN

P30 (S804 5 d (ST (S)) + (S0, T(50)

+%d(5m,T(Sn)) +%d(5mT(Sm)))'

for all m, n € N. Hence all condition of theorems are satisfied, T" has a fixed point.

Let (X,d, <) be a partially ordered metric space. Let T: X — X is such that
for x, y € X, with z < y implies Tx < Ty, then the mapping T is said to be
non-decreasing. We derive following important result in partially ordered metric
spaces.

Theorem 23. Let (X,d, <) be a complete partially ordered metric space. Assume
that the following assertions hold true:

(i) T is nondecreasing and ordered G F-contraction of Hardy-Rogers-type;;
(ii) there exists z¢ € X such that xo < Txo;

(iii) either for a given « € X and sequence {z,} in X such that =, — z as
n — oo and x,, X x,41 for all n € N we have Tx,, — Tx
or if {x,} is a sequence in X such that x,, =< 2,41 with 2, — = as n — oo then
either
Tx, = x or T2xn <z

holds for all n € N.
Then T has a fixed point in X.
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