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Abstract. We study the superconvergence of the finite volume method for a nonlinear
elliptic problem using linear trial functions. Under the condition of C-uniform meshes, we
first establish a superclose weak estimate for the bilinear form of the finite volume method.
Then, we prove that on the mesh point set S, the gradient approximation possesses the
superconvergence: maxpecg |(Vu—Vup)(P)| = O(h?)|ln h|?/2, where ¥ denotes the average
gradient on elements containing vertex P. Furthermore, by using the interpolation post-
processing technique, we also derive a global superconvergence estimate in the H ! norm
and establish an asymptotically exact a posteriori error estimator for the error ||u — up||1.

Keywords: finite volume method; nonlinear elliptic problem; local and global supercon-
vergence in the Wl"x’—norm; a posteriori error estimator
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1. INTRODUCTION

The finite volume method (FVM), also known as generalized difference method
[13], [25], [26], box scheme [4], [29] or covolume method [16], [22], has been widely
analyzed for various types of partial differential equations. The main benefit of this
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method is that it inherits some physical conservation laws of the original problem
locally, which is very desirable in practical applications, for example, computational
fluid mechanics. We refer to the monograph [26] for general presentation of the finite
volume method, and to [16], [11], [15], [14], [19], [24], [30], [32], [34] and the references
cited therein for details.

Superconvergence of the finite element method has long been an active research
area in scientific computation, since it is of practical importance in enhancing the
accuracy of numerical solutions [3], [1], [2], [8], [10], [9], [27], [31], [33], [35]. At
present, many superconvergence results have also been obtained for the finite vol-
ume method. For linear elliptic problems, Ewing et al. [19] obtain the H! and W1:>°
superconvergence estimates between the FVM solution and the linear interpolation
of the exact solution; Huang and Li [22] derive the H' and W superconvergence
estimates for the error between the FVM solution and the corresponding finite ele-
ment (FEM) solution. Moreover, the superconvergence of the FVM solution in an
average gradient norm has been also obtained. See, for example, [13], [26], [28]. For
the linear elliptic and parabolic problems, Chou et al. [16] show the superconver-
gence estimates in the L,-norm for the error between the FVM solution and the
corresponding FEM solution and between their gradients. All the superconvergence
results mentioned above are for linear elliptic problems.

In this paper, we consider the superconvergence of the FVM for the following
nonlinear elliptic problem of nonmonotone type:

(1.1) { —div(a(z,u)Vu) = f(z) inQ,

u=0 on 0,

where (2 is a convex bounded domain in R? with Lipschitz continuous boundary 052,
the coefficient function a(x,u) > 1 > 0 in Q. We do not assume the monotonicity
condition for problem (1.1) (see (2.3)).

Some authors have studied the FVM for problem (1.1). Li [25] first obtained
the error estimate in the H'-norm. Chatzipantelidis et al. [12] establish the error
estimates in the H'-, Lo-, and L.,-norm. Bi [6] obtains the H' and W super-
close estimates for the error between the FVM solution and the corresponding FEM
solution. Bi and Ginting [7] also analyze the two-grid FVM and derived the error
estimates in a broken H'-norm. Moreover, Bergam et al. [5] give a residual type
a posteriori error estimate for the FVM solution.

To the authors’ best knowledge, there is no gradient superconvergence result avail-
able for the error between the FVM solution and the exact solution of nonlinear prob-
lem (1.1). Our main goal in this paper is to give some gradient superconvergence
results for the linear finite volume approximation to problem (1.1). By treating the
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FVM as a perturbation of the corresponding FEM, we first establish the superclose
weak estimate for the bilinear form aj(w;-, ) of the FVM (see (2.8)),

(1.2) lan (w;u — My, Miop)| < C’h2||u||37p||vh|\17q Yo, € Up, 1 <p< oo,

where w € WH(Q), 1/p+ 1/q = 1, II}, is the usual linear interpolation operator,
II} is an interpolation operator from the trial function space U}, to the test function
space V},. It is well known that such a superclose weak estimate plays an important
role in the superconvergence analysis of FEM [33], [35]. By using this weak estimate
and the Green’s function method [35], we can further derive

(1.3) lun — Mhull1.00 < C(u)h2[In b2,

Then, we consider the superconvergence at mesh points and prove the following
superconvergence result:
(1.4) max |(Vu — Vup)(P)| < C(u)h?|In |/,
€
where S is the set of all interior mesh points, and V denotes the average gradient

on elements containing point P. In order to obtain the global superconvergence, we
introduce the interpolation post-processing technique [27] and prove that

(1.5) lu = Qanunlly < C(u)h?,

where @2y, is the interpolation post-processing operator. Based on superconvergence
estimate (1.5), an asymptotically exact a posteriori error estimate is also given for
the error ||u — up|1-

This paper is organized as follows. In Section 2, we introduce the finite volume
scheme and give some useful lemmas. In Section 3, we establish the superclose weak
estimate and derive the superconvergence estimates for the error uj, —II,u in the H'-
and W1 *-norm. Section 4 is devoted to the discussion of mesh points and global
superconvergence in the H'-norm. Finally, in Section 5, some numerical experiments
are provided to illustrate our theoretical analysis.

Throughout this paper, we adopt the notation W ?(D) to stand for the usual
Sobolev spaces on subdomain D C 2 equipped with the norm |||, p and the
semi-norm || p p, and if p = 2, we set W™P(D) = H™(D), ||-llmp.0 = |I'llm,D-
The inner product and the norm in space Lo(D) are denoted by (-,-)p and ||| p,
respectively. When D = ), we omit the index D. We will use the letter C' to
represent a generic positive constant, independent of the mesh size h.
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2. FINITE VOLUME METHODS

2.1. Finite volume element approximation. Consider problem (1.1). As
usual, we assume that a(z,u) € WH°°(Q x R) and there exist positive constants
51, B2, and (3 such that

(2.1) b1 <alz,u) < B2, x=(z1,22) €Q, u€R,
(2.2) lay, (z,u)| + |al, (z,u)| + |ay,(z,u)] < B3, z€Q, ueR.

For properly smooth a(z,u) and f(z), the unique existence of weak and classical
solutions for problem (1.1) is proved in [17], [21], [20]. We assume that the solution
of problem (1.1) possesses the smoothness and boundedness required in our analysis.

Remark 2.1. In our analysis, the monotonicity condition
(2.3) (a(z,u)Vu — a(z,v)Vv, Vu — Vo) = ao||Vu — Vo, ag >0,

is not needed for a(z,u), and since the coefficient a(x, u) depends on z, the classical
Kirchhoff transformation (see, for instance, [23]) cannot be used in our study.

Remark 2.2. In the case of domain 2 with a smooth boundary 0f2, f being
a a-Holder continuous function on Q (0 < o < 1), and a(z,u) € C*(Q x R), it is
shown in [17], [18] that the solution of problem (1.1) has the regularity u € C?***(Q),
and the solution is unique.

Let Ty, = |J{K} be a quasi-uniform triangulation of domain ) with mesh size
h = max hg, where hg is the diameter of the triangle K. The union of the triangles
of T}, determines a polygonal domain €, C €2 whose boundary vertices lie on 9. If
Q itself is a polygonal domain, we may have 2, = Q. If Q is a domain with smooth
boundary 052, we assume that triangulation T}, is such that for a positive constant C,
it holds that
dist(z,09) < Ch? Y € 0Qy,.

Concerning triangulation T3, we construct the barycenter dual partition T} by
connecting the barycenter to the midpoints of edges of each K € T}, by straight lines.
Thus, for each nodal point P in T}, there exists a polygonal K surrounding P, and
K} € Ty is called the dual element or the control volume at point P, see Figure 1.

For triangulations 7}, and T}, we define the following trial function space U, and
test function space V;, respectively,

U, = {uh € Co(ﬁ) uh|K € Pl(K) VK € Th,uh|Q\Qh = 0},
Vi = {vn € L2(Q): vp|k; = constant VP € Np, vplova, = 0},
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K

Figure 1. Dual element K, around point P.

where P;(K) is the set of all linear polynomials on K and Ny, is the set of all nodal
points of Tj,. Let II} : Uy — V}, be the interpolation operator defined by

(2.4) Mhup = Y un(P)xp Yun € Un,
PeENp

where X, is the characteristic function of the dual element K.
A standard weak form for problem (1.1) is to find u € H} () such that

(2.5) a(u;u,v) = (f,v) Vv € Hy(Q),
where
(2.6) a(w;u,v) = /Qa(x,w)Vu -Vodz, (f,v)= /va dz.

This weak form is usually adopted for finite element approximations. However, for
the FVM, we need a new weak form. Let u be the solution of problem (1.1) and
v € V. Then, by using Green’s formula, we have

(2.7) —/ n- (a(r,u)Vu)vds = fvdz VK, €T,
oK K;

where n is the outward unit normal vector on the concerned boundary. Motivated
by the weak form (2.7), we introduce the form

(2.8) ap(w;u,v) = — Z / n- (a(r,w)Vu)vds, w,uc H (Q), veVy,
KreT; " OK;

and define the finite volume approximation to problem (1.1) by finding u;, € Up, such
that

(2.9) an(un; un,vn) = (f,vn) Vop € Vi
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Note that for fixed w, an(w; u, v) is linear in u and v. Since IT} is a one-to-one mapping
from Uy, onto red Vj, the equivalent form of problem (2.9) is to find uy, € Uy, such
that

(2.10) ah(uh;uh,H,*Lvh) = (f, szh) Yo € Uy,

which is the finite volume scheme to be used in our analysis. From (2.7) we know
that scheme (2.10) is consistent, and the following error equation holds:

(2.11) ap(uw; u, I vp) — ap(un; up, Dpop) =0 Yo, € Up.
2.2. Some lemmas. Let II,u be the usual linear interpolation approximation of

a continuous function w. In our analysis, the following approximation property, trace
inequality, and the inverse inequality will be used frequently [33], [35]:

(2.12) |lu—Tntllmp.x < Chi™|ull2px, 0<m <2,
ueW?*P(K), 1<p< oo,

(2.13) lullop.or < Chi /P ([ullop.s + bl Vullo,p,x),
ueWP(K), 1<p< oo,
(2.14) unllipre < CRE P2 wy gk un € PUE), m <1,

q<p, 1<p, g< o0,
(2.15) [unllmpor < Chig P llunllmp.x,  un € PL(K),

m=20,1, 1 <p<oo.

Remark 2.3. By decomposing the dual element K into several triangles, it is
easy to see that the trace inequality (2.13) and the inverse inequality (2.14) also hold
on the dual element K € T}.

Furthermore, for the operator II}, we have the following lemma.

Lemma 2.1. For K € Ty, let 7 C 0K be an edge of K. Then, for v, € Up, 1 <
q < 00, we have

(2.16) / (vn — Tvm) = 0, / (vn — TTvn) ds = 0,
K T

(2.17) [vn = vnllo,q,x < Chic|[Vonllo,g,x

(2.18) l[on — I op) Chi M|V

NN

0,q9,0K 0,q,K -



Proof. Noting that vy is a linear function on K, formula (2.16) can be derived
by a direct calculation. For (2.17), let P be a vertex of K and K* = K; N K a third
of K, then IT} v, = v, (P) on K*. By using the inverse inequality, we have

lvn — My vnllo,q,6 = ||vn — vr(P)llo,q, K~
< hiee |[K* Y9 Voplo.00. 0+ < Chiee

Vupllo,q,kx

which gives (2.17). Now let 7* = 9K ((OK*. Then, from (2.13) and (2.17) we obtain
that

lon — vnllo,g,re < Chie “(llon — Wvnllog k- + b | Vonllo,q, i)
< Chi [ Vonllo,q k-
Thus, the proof is completed. Il

Similarly, we prove the following approximation properties.
Lemma 2.2. Let K; € Ty and vy, € Uy. Then we have

hIVorllo,qrz, 1< q< oo,

(2.19) lon — I onllo.q.x; < C
< CR YV Vopflogi;. 1< < 0.

(2.20) llon =I5 vnllo,q.05k;

p

The basic approach of our analysis is to consider the FVM as a perturbation of
the FEM [19], [34], so we need to give the difference between ay(w;up, I} vy) and
a(w; up, vp).

In what follows, we will omit the variable z in a(z,u), except when its arising is

necessary.

Proof. By Green’s formula, we have

/K a(w)Vw - Vop dz = — /K div(a(w)Vw)vp, dz + /BK n - (a(w)Vw)vy, ds,
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and (see Figure 1)

Z /le w)Vw)IT; vy do = Z Z / div(a(w)Vw)II; vy, dz
KinK

KeTh KeTy K;eTy,
Z / w)Vw)II} vy ds + Z / n - (a(w)Vw)II; vy ds.
KeT, 79K Krety /OK;

Substituting the above two identities into the definitions of a(w;w,v,) and
ap(w;w, I} vy, ), the proof is completed. O

The following lemma shows that the finite volume form ap(w;u,IIjv) is an h-

perturbation of the finite element form a(w;w,v).

Lemma 2.4 ([12]). There exists a positive constant C such that for wy, up,
vp € Uh}

la(wh; un, vn) — an(wn; un, Tiop)| <
where 1 <p, ¢ < oo, 1/p+1/qg=1.

Lemma 2.5. Let wy, € Uy, and ||Vwyllop < M, p > 2. Then for h small enough
we have that

(2.22) ah(wh;uh,HZuh) > CHVU,}LHQ Yuy € Up,.

Proof. It follows from Lemma 2.4 and the inverse inequality that

la(wn; up, up) — an(wn; up, Tpup)| < Chl|Vwy, - Vug || V|
< Ch|Vwlo,00l| Vun |2 < CR =27V wn ol Vunl|® < CRY 2P M || Vuy 2.

Next, from the condition (2.1) we can see that
a(“h;“hauh) = 61”V’U,hH2 Ywp,up € Up.
Thus, we obtain

an(wn; un, Mpun) = alwn; un, up) + an(wp; up, Thup) — alwn; wn, up)
> (B — CR' P M)||Vuy |*.

This gives the conclusion of Lemma 2.5. O
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A direct calculation yields

(2.23) div(a(z,w)Vw) = (a,, ,al,)) - Vw + a,,Vw - Vw + adiv Vuw.

xr1) X2

Particularly, for u, € Uy, since Vuy, is a constant on K, we have
(2.24) div(a(z,w)Vuy) = Va(z,w) - Vuy, up € U,

An analysis of the FVM for solving (1.1) with a(z,u) = a(u) has been given in
[12]. We note that the techniques in [12], together with the application of identity
(2.24), can be used to establish the existence and uniqueness, and the H'- and Lo-
norm error estimates of the FVM solution to problem (1.1) with coefficient a(z, u).
We collect these results in the following two lemmas without proof.

Lemma 2.6 ([12]). Let M > 0 be such that || f|| < Ma~!. Then, for h small
enough, problem (2.10) has a solution wy, in the ball

By = {’Uh e Uy: ||Vvh||0,p < M, 2<p< 2+(5},

where o and ¢ appear in the inf-sup condition [12]: there exist constants o =
afa(u),Q) and 6 = d(a(u),Q) such that for up, € Uy, wy, € B,

an(wn; un, Ijop)

[Vunllop, <o sup 2<p<2+46, 1/p+1/g=1.

0#v, €U HV’UhHOJI ’

Furthermore, if a], is Lipschitz continuous, then for sufficiently small data f and h,
the solution uy, is unique.

Lemma 2.7 ([12]). Let u and uj, be the solutions of problems (1.1) and (2.10),
respectively. Then, if v = afjsM < 1, we have for h small enough that

(2.25) lu—unlls < Ch, u € H*(Q), f € Ly(),
(2.26) lu —un|| < Ch?, w e W*P(Q), fe HY(Q), p>2,
where C' = C(u, f) represents a positive constant which only depends on u and f.

The H'- and Lo-norm error estimates of the FVM solution in Lemma 2.7 will be
used in our superconvergence analysis. An application of the H!-error estimate is to
bound uy, in the W1 *-norm.
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Lemma 2.8. Let u € W2P(Q), p > 2 and uy, € Uy, be the solutions of problems
(1.1) and (2.10), respectively. Then, for h small enough, we have

[unl1,00 < C(u).

Proof. According to the inverse inequality, we have
(2.27) [un]1,00 < |un — Hptl1 0o + [Tat)1,00 < Ch*1|\uh —pulls + Cluli,co-
Note that |u]1,00 < Clul2,p, p > 2. In addition, from Lemma 2.7 we know
[un = Mpully < flun —ully + [[u = Mpully < C(u)h + Chlfulls.

Hence, substituting this estimate into (2.27), the proof is completed. O

3. SUPERCLOSE ESTIMATE OF THE INTERPOLATION FUNCTION

In this section, we will give some superclose estimates for the interpolation func-
tion, which are very useful in our superconvergence analysis.

3.1. The interpolation weak estimate. We first establish the interpolation
weak estimate. To this end, we need to strengthen the triangulation condition.

Definition 3.1. Let T, be a quasi-uniform triangulation. Then T} is called
C-uniform if any two adjacent triangle elements of T} form an approximate parallel-
ogram in the sense that (see Figure 2)

(3.1) |P1P2 + P3P4| + |P2P3 + P4P1| = O(hQ).
Py Py
P Py

Figure 2. An approximate parallelogram.
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It is well known that the interpolation weak estimate plays an important role in
the superconvergence analysis of FEM [33], [35]. For FEM defined on C-uniform
triangle meshes, the following interpolation weak estimate has been established (see,
for example, [33], [35]): For any given w € W1°(Q),

(3.2) |a(w;u—TTpu,v)| < C(w)hQHqu,pHvHLq VoeU,, 1 <p<oo, 1/p+1/qg=1,

where C'(w) is a positive constant which only depends on ||w/|1,00-
Now we give a similar weak estimate for the FVM.

Theorem 3.1. Let triangulation Tj, be C-uniform, and u € W3P(Q), w €
Whee(Q). Then, we have

(33) |an(w;u — M, )| < Cw)h?[lullspllvlh
VoeU,, 1<p<oo, 1/p+1/g=1,

g

where C(w) is a positive constant which depends on ||w||1,cc-

Proof. Let ap be the value of a(z,w(x)) at the midpoint of edge 7 C OK.
Obviously, we have

la(z,w) — anm| < hxla(z,w),00 < Clw)hk, z€T.

From Lemma 2.3, we obtain for v € U}, that

(3.4) ap(w;u — Mpu, o) — a(w;u — Tpu, v)
-y / n- (a(w) — an)V(u — Tyu) (o — v) ds
KeTy oK
+ Z / n-(apyV(u—Tyu) v —v)ds
KeT, 79K
+ Z —div(a(w)V(u — M), v —v) g
KeTy
=F, + E> + Es.

We need to estimate Fy ~ FEj3. Using (2.12)—(2.13) and (2.18), we first obtain

1B <) hila(@ w)eel|V(u = Thw)llo.pox v = Tollo,q,.0
KeTy,

< Cw)h?|ul

2.pl|v][1,4-
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Next, we write (noting that (Il v — v)|aq, = 0)

E, = Z Z / n- (ayV(u—Iyu)(IIv — v)ds.

KeTy, TCOK\OQ, © 7

Let 7 be an interior edge, that is, a common side of two adjacent elements K and K'.
Since n|;nox = —n|rnax’ and ap Vu(Il}v — v) is continuous across edge 7 (except
for the midpoint), it follows from (2.16) and aas VII,u being constant that

Ey = Z Z —n - (apy VILu)(ITjv — v) ds = 0.
KeT, rCOK\OQ, '™

Finally, to estimate Fs3, let w® be the piecewise constant approximation of function
w on T}, which satisfies

(3.5) l[w —w?|

0p.k < Chl|lw|ipx, 1<p<oo.

Moreover, from (2.23) and (2.16) we find that

Es= Y (~Va(w)- V(u—Tu) — a(w)div V(u - Mu), T — )k
KeTy
= — Z (Va(w) - V(u — Ipu), v — v) g
KeTy
— Y (a(w)div Vu — (a(w)div Vu)©, v — v)
KeTy
< ClaW)leo Y hc(l[ullopx + [wllz )]0 = Tv]lo,6,x
KeTy

< C)h?[[ulls pllvll1q-

Substituting estimates Ey ~ Ej3 into (3.4), we complete the proof by using (3.2). O

3.2. Superclose estimates for II;,u—wu,. By means of the interpolation weak es-

timate in Theorem 3.1, we can obtain some important superclose results for II,u —up,
in the H'- and W1 *-norm.
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Theorem 3.2. Let triangulation T}, be C-uniform, and v and uy, be the solutions
of problems (1.1) and (2.10), respectively, and u € H3(2). Then we have

(3.6) Mu =l < C(u)h®|[uls.
Proof. Let# = up—IIpu. Then, from Lemma 2.5 and the error equation (2.11)

we can obtain that

(37) C||uh - HhuH% < ah(uh;uh - Hhu,H,*L(uh - Hhu))

= ap(up;up — u, I0};0) + ap(up; u — Hpu, 10} 6)

an (up; un, I05.0) — ap(un; u, I} 0) + ap(up; w — pu, 105 0)

ap(u; u, I070) — ap(up; u, I05,0) + ap(up; v — Mpu, 1050) = Fy + Fo.

To estimate F1 = an(u; u,I1}0) — ap(up; u,II}0), we need the following results:

(3.8) |a(u) — alun)| =

' d
/0 Ea(tu + (1 —t)up) dt‘

1
= / al,(tu+ (1 — t)up) dt(u — up)| < |al,|so|u — up.
0

In addition, (a(u) — a(up))Vu and 6 are continuous across 9K, which implies that
(3.9) > / n - (a(u) — a(uy))Vubds =0 Y6 € Uy
Krery /0K

Thus, it follows from (3.8)—(3.9), the trace inequality, (2.20), and Lemma 2.7 that

Fy=- Z /aK* n - (a(u) — a(uy))Vull} 0 ds

KreTy
== / n - (a(u) — a(uy))Vu(IT;0 — 0) ds
KieTy 9K
< loo| Voo Y lu = unllo,or; TR0 — Ollo,0xc;
KreTy
<C Y (lu—unllores + hlIV (= un)lo,rez) 101k
KyeTy

< O(lu = unll + 2V (= un) DO < C@)h?|10]]1.

For Fy, from ||upl/1,00 < C(u) and the weak estimate (3.3) we know that
Fy = ap(up;u — M, 15,0) < C(u)h?|ul3]6]]:.
Substituting estimates F; and F» into (3.7), the proof is completed. (]
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A direct result of Theorem 3.2 are the following optimal error estimates in the L,-
and WP-norm.

Theorem 3.3. Let triangulation T}, be C-uniform, and v and uy, be the solutions
of problems (1.1) and (2.10), respectively. Then, we have

(3.10) lu —unllop < Cp(w)h?, we H3(Q), 1<p< oo,
(3.11) u—unllo.co < Cu)|inh|V2h2, e H3(Q)NW2>(Q),
(3.12) lu—unllip < Cwh, uwe H(Q)NW?P(Q), 1<p<oo.

Proof. Using the embedding theory and (3.6), we obtain

lu —unllop < llu—pullo,p + [IHpu — unllop
< lu = Hpullop + Cpl[Tpu — upll1
< Cph®([Jullzp + lulls), 1<p < oc.

Furthermore, from the discrete embedding inequality in finite element space [35], we
have

lonllo,co < ClAIY2||vnlls Y on € U,

which, together with (3.6), yields that

[ — Thullo,c0 + [ITIhu — unllo,c0
Ju — hullo,0 + Clln M2 [T — upfy
C(u)h?(|[ul|2,00 + I [ *2]|u]3).

[l = unllo,c0

<
<
<

In addition, the inverse inequality implies that

lu—unll1p < llu—Thull1p + [Thu — upll1,00
< lu = Mpull1p + Ch ™ Ty — up|y
< C(u)(hllull2,p + Rl[ulls).
The proof is completed. O

Remark 3.1. Bi [6] gives the following L..-norm error estimate:
[u—unllo,c0 < C(u)[Inh|h?.

Obviously, our result (3.11) is better than the above one.
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Below we consider the superconvergence estimate in space W1°°(£2). To this end,
we need to introduce the regularized Green function [33], [35].
For any given z € €2, let 67 € U}, be the regularized J-function which satisfies

(05,vn) =vp(z), 2€ Q Vo, € Up.

For any appointed direction L, define the direction derivative

. v(z+ Az) —v(z)
z = 1 )
0 U(Z) Az%%)l,rizHL |AZ|

where the notation Az || L means that the increment Az is parallel to the direction L.
Then, for given w € W1°°(Q), there exists a regularized Green function of derivative
type 0,G*(x) € H}(Q) N H?() such that

a(w;v,0,G*) = (0,67,v) Vv e Hy(Q).

Let 0.G; € Uy be the finite element approximation of 9.G* such that
a(w;vp, 0,G* — 0,G;) =0 Yoy € Up.

Clearly, we have

(3.13) a(w; vy, 0,G7) = a(w; v, 0.G*) = (0,05, vr) = Oyun(z) Vup € Up.

The following boundedness estimates have been given in [33], [35]:

(3.14) 10:G7,ln < Ch~HInh['/2; |0.Gf |11 < Cllnhl,

where C' is a positive constant independent of z € .

Theorem 3.4. Let triangulation T}, be C-uniform, and v and uy, be the solutions
of problems (1.1) and (2.10), respectively, and u € W°°(Q). Then, we have

(3.15) ||Hhu - uh”l,oo < Ch2|1nh|3/2”u”37oo-

Proof. Let gf =9,G;. From (3.13) and Lemma 2.3 we have

(3.16) 0.(up — pu)(z) = a(up; up — Hpu, gj)

+ Z (—div(a(un)V(up — Hpu)), g7, — 597) K
KeTy,

+ ap(up;up — ypu, I g7 ) = S1 4+ Sz + Ss.
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Thus, it follows from (2.16), (2.13), (2.18), Theorem 3.2, and (3.14) that

Si=3 /Mn- (aun) = a®(un)) ¥ (un — TTu)) (g7 — TTh7) ds

<C Y hila(un)|y,0l|V(un — TThu)

KeTy
< W2V up oo |V (= Tpu) [B2 g5 1y < Ch2 i b2 ful].

— 1 gn o0k

Moreover, from (2.24), (2.17), Theorem 3.2, and (3.14) we know

S2 <C Y lalun)lt sollun — Maully, kllgi —
KeTy

Clw)h?[[ullshlgills < Clu)h® bl [|ulls.

Furthermore, according to the error equation (2.11), we may write

(317) 53 = ah(uh, up — Hhu thh)
= ap(un;up — u, I} g7 ) + ap (up; u — Mpu, 15 g7)
= ap(un; up, thh) —ap(up;u, 105 g7) + an(up; u — Mpu, I g7)

ah(u; U, thh) - ah(uh; u, thh) + an(up;u — ju, thh)
= S31 + Ss30.

From (3.8), (3.9), (2.20), and Theorem 3.3 we find that

Sz1 = ap(u;u, I} g7) — an(up; u, 17, g7)

=— Z /8K* n - (a(u) — a(up))Vull} g7 ds

KreTy »

—= % [ n(aw) - a(w) Vulllig - gi)ds

Kzety V9K
< ) |oo| Vttlos [t = unlloce > 1507 — gillo.roxc
Kx €Ty
<CWlu—unllose Y lNgillirx;
K;ET;
C(u)h?[In h|*/? C(u)h?[Inh|3/?.
For Ssz, the weak estimate (3.3) implies that
Szo = ap(up; u — My, I50) < C(up)h? C(u)h?[In h).
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Hence,
Sz = Ss1 + Sz < C(u)h?|In h>/2.

Substituting estimates S; ~ S3 into (3.16), we complete the proof. O

4. MESH POINTS AND GLOBAL SUPERCONVERGENCE IN W1*°-NORM

In this section, we first give the gradient superconvergence on mesh points. Then,
by using the interpolation post-processing technique, we further derive a global super-
convergence result, and establish an asymptotically exact a posteriori error estimator

in the W1 _norm.

4.1. Gradient superconvergence on mesh points. Let P be an interior nodal
point surrounded by elements K, ..., K,,, K; = APyP;P,y;. Denote by N; the
midpoint of a common edge Py P; of two adjacent elements K;_; and K; (see Figure 3
for the m = 6 case). It is well known that if the triangle meshes are C-uniform, the
midpoint N; is the optimal stress point [35], that is (set Ko = Kp,),

(4.1) |Vu(N;) = 3[VIpulk,_, + VILulk,]| < CR*|ulls.c0k, ok, i=1,...,m.
Py
Ps
P5 P P2
Ps P

Figure 3. C-uniform triangle elements around node Fy.

In the existing literature, the set of optimal stress points on triangle meshes only
has the midpoints of the interior edges. See, for example, [26], [35]. Below we prove
that any interior mesh point P is also an optimal stress point if C-uniform meshes
are used.
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Lemma 4.1. Assume that the triangulation Ty, is C-uniform. Then

(4.2) ‘% Em:(Ni — Py)| < Ch2.

i=1

Proof. Let P, = P, if i1 = iy (mod m), and vector Py [3; = P; — Py. Since
N; = %(PO + P;), we have

m m

(43) =~ Ni—P) = 5= Y (- R = 5= > P

i=1 i=1 i=1

By the vector operation rule and C-uniform condition (3.1), we can obtain (see
Figure 3 for m = 6) that

m
_>
> Pii1Piyy = PyPs+ PsPy+ PoPi+ PsPo+ BePL+ PP = 0,
i=1
and |P0ﬁi+Pi+1Pi+2| < Ch2, 1=1,2,...,m.

Hence,
m m
(4.4) ZPOE = Z(Pol—ji + P11 Pis)| < CR2.
i=1 i=1
Now, Lemma 4.1 follows from (4.3) and (4.4). O

Denote by VII,u(P) the arithmetic mean of the gradient VII,u on elements con-
taining mesh point P.

Theorem 4.1. Assume that the triangulation T}, is C-uniform, and u € W3>°().
Then, any interior mesh point P is also an optimal stress point, that is,

(4.5) |Vu(P) — VIIau(P)| <

where E is the union of elements containing point P.

Proof. Let Py be an interior mesh point (see Figure 3). First, from (4.1) we
have (setting Ko = K,,) that

1 & = 1 &
(46) 'E é Vu(Nz) - VHhu(Po) = ‘E i:E - VU(N -
~ S vu) - LS vn
- m i=1 ' 2 =1 S o
< L3 |vun) - 3¢ )| < W ulla
X m < [ 2 i X 3,00,E-

s
Il
i
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Next, let du = 0,u or Jyu. Then, by means of the Taylor expansion, we obtain
8u(Nl) = 8u(P0) + Vau(Po) . (]\7z - Po) + R;,

where the remainder term |R;| < Ch?||ul|3,00, 1, ,uK,. Hence,

m

%Z(au(m) — Ou(Py)) = —vau (Py) - Z (N; — Py) + %Z

i=1

So, from Lemma 4.1 we have that

‘% > Vu(N;) - Vu(Ry)| <

which, together with (4.6), completes the proof. O

Now, combining Theorems 3.4 and 4.1, we immediately obtain the following su-
perconvergence result.

Theorem 4.2. Assume that the triangulation T}, is C-uniform, u and uy, are the
solutions of problems (1.1) and (2.10), respectively, and u € W3°°(Q). Then, we
have

(4.7) max [Vu(P) = Vup(P)] < CR2 b2 ull3,00,

where S is the set of all interior mesh points.

4.2. Global superconvergence in H'-norm. In order to derive the global
superconvergence approximation to solution u, we need to introduce the interpolation
post-processing technique proposed by Lin et al. in [27].

Let T, be a coarser mesh triangulation of domain 2 with the mesh size 2h.
The triangulation T} is a refined triangulation of T5; obtained by connecting the
midpoints of all edges of elements in Th,. We assume that Ty, is C-uniform. It is
easy to see that the triangulation T}, is C-uniform if Ty, is. Let Q25 be the piecewise
quadratic interpolation operator defined on T5; by

Qanu(z) = u(z), i=1,2,...

where {z;} are the vertices and the midpoints of edges of all elements in T5j,. Note
that each interpolation node of Q9 is also the vertex of an element in T}.
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Lemma 4.2 ([27]). The interpolation operator QQap, satisfies

Qanu = Qapllpu, u € H*(Q),
u— Qanully < Ch?||uls,
|Q2rvnllt < Cllun|li Vun € Up.

Let up be the FVM solution. Then, the interpolation post-processed solution is
defined by Qapup,.

Theorem 4.3. Let the triangulation Ty, be C-uniform, u and uj, be the solutions
of problems (1.1) and (2.10), respectively, and u € H?(2). Then, we have the
following superconvergence estimate:

lu — Qanunlly < Ch?|Juls.

Proof. From Lemma 4.2 we have

lu — Qanunlli = [Ju — Qanu + QapIlpu — Qanunl|1
< lu — Q2pullr + ||Q2n (Mpu — up)|l1
< ChQHqu —+ CHHhu - uh||1.

The proof is completed by using Theorem 3.2. (]

It is very important for a numerical method to have a computable a posteriori error
bound, so that we can assess and enhance the accuracy of the numerical solution by
an adaptive algorithm in practical applications. By virtue of the superconvergence
result of Theorem 4.3, we can further derive an asymptotically exact a posteriori
error estimator for the error ||u — upl1.

Define the error estimator E(up) = ||up, — Q2nunll1. Obviously, E(uy) is a com-
putable quantity in terms of the FVM solution uy,.

Theorem 4.4. Assume that the conditions of Theorem 4.5 hold. Then, E(uy) is
an asymptotically exact a posteriori error estimator for the error ||u — up||1, namely

(4.8) fig Jn = Qenenll

h—0 Hu — Up || 1
Proof. Using the triangle inequality, we obtain

lu —unlli — lu— Qanunlly < E(un) < |lu—uplls + [Ju — Qanunll,
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or

_llu = Qapunlly o E(un) 14 |u — Qanunlx

4.9 1 < <
(4.9) T—wlh S u-uls T unls

From Theorem 4.3, we know that ||u — Qapun|1 = O(h?). However, for the FVM
solution, generally speaking, we only have ||u — upl1 = O(h). Thus, letting h — 0
in (4.9), the proof is completed. O

5. NUMERICAL EXAMPLE

In this section, we will present a numerical example to illustrate the theoretical
analysis.
Let us consider problem (1.1) with the data:

T1T2
14 u2’

a(z,u) =1+ uw(z) = 235 Inzy 255 Inxy,

and the source term f = —div(a(x,u)Vu). For simplicity, we take Q = [0, 1]2.

In the numerical experiment, we first partition the domain 2 into square meshes
with mesh size h = 1/N, and then we obtain the C-uniform triangle meshes by
perturbing randomly the inner nodes of the square meshes within h? and dividing
each derived quadrilateral into two triangles (see Figure 4). The refined meshes
are obtained by successively halving the mesh size h. The finite volume equa-
tion (2.10) is reduced to a nonlinear system of algebraic equations A(U)U = F,
where U is a vector whose entries are the values of u;, at the mesh points. We
have used a fixed point type iteration to solve this system, that is, we solve the lin-
earization system A(U(’“’l))U(’“) = F, where U*~1) is the previous iteration vector.
The fixed point iteration continues until a tolerance of |U®*) — U* =1 < 1076 or
|A(U*=D)U®) — F| < 1070 is reached.

Figure 4. C-uniform triangle meshes.

993



Let e, = r})lgngu(P) — Vun(P)| (or e, = ||u — Qapupl|1) be the computational
error with mesh size h. The numerical convergence rate is computed by using the
formula r = In(ep /ey /2)/ In 2. Denote by o = |lup, — Qanunll1/||u—wunl/1 the efficiency
index of an a posteriori error estimator ||up — Q2pup|1. Table I gives the numerical
results with successively halved mesh size h. We see that for approximations Vu;, and
Qanupn, a convergence rate of O(h?)-order is achieved as the theoretical prediction
and the a posteriori error estimator is efficient, that is, o ~ 1, as h — 0.

max |Vu(P) — Vuy(P)] lu — Qanunll1 estimator
mesh h error rate error rate o-index
1/8 0.6635 - 0.3421 - 3.82

1/16 1.6796e-1 1.982 8.6479%e-2 1.984 2.21
1/32 4.2428e-2 1.985 2.1815e-2 1.987 2.12
1/64 1.0710e-2 1.986 0.5488e-2 1.991 1.13
1/128 2.7041e-3 1.986 1.3801e-3 1.992 1.11

Table I. The convergence rate and the estimator.
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