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Abstract

In this paper a number of known results on the stability and bound-
edness of solutions of some scalar third-order nonlinear delay differential
equations are extended to some vector third-order nonlinear delay differ-
ential equations.
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1 Introduction
The delay differential equation considered here is of the form
X +AX + BX + H(X(t — r(t))) = P(t), (1.1)

in which X € R*, P: R — R™, A and B are real n X n constant matrices,
0 <r(t) <7, 7 is a positive constant which will be determined later, and the
dots indicate differentiation with respect to t. The equation is the vector version
for the system of real third-order delay differential equations

T+ amdi+ Y bindr+hi(e(E—r(t), 22— (1)), ... 20 (t—7(t)) = pi(t),
k=1 k=1

i = 1,2,...,n, in which a;x,b;r are constants. It will be assumed as basic
throughout what follows that H € C'(R™) and P € C(R) are such that solutions
of (1.1) exist corresponding to any pre-assigned initial conditions. Here, C'(R™)
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110 M. O. OMEIKE

is the family of all functions once continuously differentiable on R™ and C(R) is
the family of all functions continuous on R.

The study of (1.1) is concerned primarily with the problems of stability and
boundedness of solutions of (1.1).

In the case n = 1, these problems have been investigated (see [3, 4, 5, 6, 10,
11, 14]) for a general scalar delay differential equation of the form

T +af + bk + h(x(t —r(t))) = p(t)

(a,b constants). Their investigation shows that the stability and the ultimate
boundedness of solutions can be established if A'(x) is bounded and if a, b, h(x)
satisfy some suitable generalization of the Routh-Hurwitz conditions

a>0, b>0, ab—c>0
for the asymptotic stability of the solution = 0 of the linear system
T 4aZi+bt+cxr=0

with constant coefficients. The object of the present paper is to provide anal-
ogous results for n-dimensional equation (1.1) following the arguments used in
some of the papers mentioned above.

Notation and definitions
Given any X,Y in R” the symbol (X,Y") will be used to denote the usual scalar
product in R™, that is (X,Y) = >""" | z;y,; thus || X||?> = (X, X). The matrix A4
is said to be positive definite when (AX, X) > 0 for all nonzero X in R".

The following notations (see [5, 15]) will be useful in subsequent sections.
For x € R™,|z| is the norm of x. For a given r > 0, t; € R,

C(t1) = {¢: [t1 —r, t1] = R" /¢ is continuous}.

In particular, C' = C(0) denotes the space of continuous functions mapping the
interval [—r, 0] into R™ and for ¢ € C,||¢|| = sup_,<g<o |¢(0)]. Cr will denote
the set of ¢ such that ||¢|| < H. For any continuous function x(u) defined on
—h<u< A, A>0, and any fixed t, 0 <t < A, the symbol x; will denote the
restriction of z(u) to the interval [t — r, ¢], that is, x; is an element of C' defined
by x:(0) = x(t+6), —r <0 <0.

2 Some preliminary results

In this section, we shall state the algebraic results required in the proofs of our
main results. The proofs are not given since they are found in [1, 2, 7, 8, 9, 13].

Lemma 2.1 [1,2,7,8,9,13] Let D be a real symmetric positive definite n x n
matriz, then for any X in R™, we have

Sl X|I* < (DX, X) < Agl|X|?

where 64, Agq are the least and the greatest eigenvalues of D, respectively.



Stability and boundedness of solutions of a certain system. . . 111

Lemma 2.2 [1, 2, 7, 8, 9, 13] Let Q, D be any two real n x n commuting
symmetric matrices. Then

(i) the eigenvalues \;(QD) (i =1,2,...,n) of the product matriz QD are all
real and satisfy

i A(QA(D) SA(QD) < max A (QM(D);

(i1) the eigenvalues \i(Q + D)(i = 1,2,...,n) of the sum of matrices @ and
D are real and satisfy

{min A (Q)+ min Ap(D)} < Ai(Q+D) < { max A;(Q)+ max Ar(D)}.

Lemma 2.3 [1, 2,7, 8,9, 13] Let H(X) be a continuous vector function and
that H(0) = 0 then

d [! .
Lemma 2.4 Let H(X) be a continuous vector function and that H(0) = 0 then
1
SIXIP <2 [ (HEX). X)do < AX)?
0

where Op, Ay are the least and the greatest eigenvalues of Jy,(X) (Jacobian ma-
triz of H), respectively.

3  Stability

First, we will give the stability criteria for the general autonomous delay differ-
ential system. We consider

¥ = f(zy), z(0)=2z(t+0), —-r<6<0,t>0, (3.1)
where f: Cg — R" is a continuous mapping, f(0) =0,
Cn = {¢ € C([_Tv 0]7Rn): H¢” < H}

and for Hy; < H, there exists L > 0, with |f(¢)] < L when ||¢| < Hy. Here,
C([-r,0],R™) is the family of all vector functions mapping [—r, 0] into R".

Definition 3.1 [3, 5, 6, 11, 12] An element 1) € C is in the w—limit set of ¢, if
x(t,0,¢) is defined on [0, 00) and there is a sequence {t,}, t, — 0o, as n — oo,
with ||z, (¢) — || — 0 as n — oo where x4, (¢) = z(t, + 6,0, ¢) for —r < 6 < 0.
x(t;0, ¢) is a motion of a system at ¢ € R if and only if z(0) = ¢.

Definition 3.2 [3, 5, 6, 11, 12] A set Q@ C Cy is an invariant set if for any
¢ € Q, the solution of (3.1), z(¢,0, ¢), is defined on [0, 0), and z;(¢) € Q for
t € ]0,00).
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Lemma 3.3 (see [3, 5, 6, 11, 12]) If ¢ € Cy is such that the solution x(0) of
(3.1) with xo(p) = ¢ is defined on [0,00) and ||z1(¢)|| < Hy < H fort € [0,00),
then Q(¢) (the w—limit set of ¢) is a nonempty, compact, invariant set and

dist(z(9), Q(P)) = 0, as t — co.

Lemma 3.4 (see[3,5,6,11,12]) Let V(¢): Ca — R be a continuous functional
satisfying a local Lipschitz condition. V(0) = 0 and such that

(i) Wi(|¢(0)]) < V(p) < Wa(||¢(0)]]) where Wi(r), Wa(r) are wedges.
(i) Viz1)(#) <0, for ¢ € Cu.

Then the zero solution of (3.1) is uniformly stable. If we define
Z ={¢ € Cu: Vi31)(¢) =0},

then the zero solution of (3.1) is asymptotically stable, provided that the largest
invariant set in Z is Q = {0}.

Before we state our result in this section, we write equation (1.1) with P =0
as

X=Y
y=7 t (3.2)
Z:—AZ—BY—HQ3+/ Jn(X)Y ds

t—r(t)

We shall constantly refer to (3.2) subsequently in our discussion.

The following will be our main stability result for (3.2).

Theorem 3.5 Consider (3.2), let H(0) =0 and suppose that

() 0<r@t) <y (y>0),rt) <& and0< <1

(i) the matrices A, B and Jp(X) (Jacobian matriz of H(X)) are symmetric
and positive definite, and furthermore the eigenvalues X\;(A), A\;(B) and
Ai(Jh(X)) i=1,2,...,n) of A, B and Jn(X), respectively satisfy,

0<d, <N(A) <A, (3.3)
0.< 5y < M(B) < Ay (3.4)
0<d, < )\i(Jh(X)) < Ay, for X e R", (35)

where Oq, Op, On, Ao, Ay, Ay are finite constants;

(#ii) the matrices A, B and Jp(X) commute pairwise.

Then the zero solution of (3.2) is asymptotically stable, provided

2(B0a — 1) 2®b5AhX1§)}
BAL T A24+8-8) ]

’y<min{
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Proof Using the equivalent system form (3.2), our main tool is the following
Lyapunov functional, V;(X;,Y;:, Z;) defined as

W (X, Vi, Z4) = 2 /1<H(UX),X>do + (AY,Y) + B(Y, BY)
0
L BUZ.2) +2(Y, Z) + 26V, H(X)) + /O / " (0).Y(0)avds, (36)
—r(t) Jt+s

where
1 O

Since

,L/O /tt (Y'(0),Y(0))dods

—r(t) Jt+s
is non-negative, we have
WX Y5 Z) 22 [ (H(oX), X)do + {AY,Y) 1 BV, BY)
+ B2, Z) +2(Y, Z) + 28(Y, H(X))
= 2/01<H(UX),X)d0 —B(B7'H(X),H(X))
+BIBY + B A HX)|? + 8] 2+ B7Y|? + (A= B DY, V).

Using Lemmas 2.1,2.2 and 2.4, and since 8||B2Y + B~ 2 H(X)||> > 0, we have

11
2Vi( X, Y, Zy) > 2/ / o({I — BB Jn(0X)} Jn(o7X)X, X)dodr
o Jo

+B1Z+B7Y P+ (A= BT YY)
> (1— B8, " An)onl| X |12+ BI1Z + B7Y N1 + (6. — B~V

Hence there is a constant K > 0 (small enough) such that
ViI(Xe, Ve, Z0) = K (|XIP + Y ]2 + [12]%) -

Next, our target is to show that Vi (X4, Y;:, Z;) satisfies the second condition of
Lemma 3.4. From (3.2), (3.6) and using Lemma 2.3, we have

TV Yi ) = ~((BA = 1)Z,2) = ({B = B2 (X)}V.Y)

t t
s [ oo s [z
t—r(t) t—r(t)
t

+ur((Y,Y) — p(1 =" (1)) / (Y(0),Y(0)) db. (3.7)

t—r(t)
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On using Lemmas 2.1 and 2.2, and the identity 2|(U, V)| < [|U||® + ||V ||?, we
obtain,

d 1
VXY Z) < = (- 50 - oy = ) VTP

dt
— (Bda — 1= 3870 [12]1?
+{380n + 300 — p(1 = O} [, ) (Y (6), Y (6)) db. (3.8)
If we choose pu = (g(+11—)?)h’
d 2 —
%Vl(XthmZt) < - {5b — BAp — WAW} Iy |?

- (80, -1 300 ) 1212

and choosing

2(B0a — 1) 2(8p — BAL) }
6Ah ' Ah(2+67§) '
there is a constant D > 0 such that

’y<min{

d
ZVi(X0 Y0, Z) < =D (IY)° +112)).-
Hence the result follows. O

Example 1 As a special case of system (1.1) (for P(t) = 0), let us take n = 2

that
() (80 (10
X= (xg(t))’ A= (0 10)’ B= <0 3)
. Ly (t = r(1) + 221 (t = (1)
_ (tanT zi(t —r(t)) + 2z (¢ —r(t
H(X(t—r(t) = (tan_l xo(t —r(t)) + 2x2(t — r(t))>
Thus,
(tantay () + 221 (1) (24T O
H(X(#) = (tan—1x2(t)+2x2(t) md =10 sy )
If we take r(t) = ﬁ7 then 0 < ﬁ < 7, and that r/(t) = ﬁ <¢,

0 < ¢ < 1. Clearly, A, B and J,(X) are symmetric and commute pairwise.

That is,
8 0
AB = (O 30) = BA,

16 + 2 0
AJh(X) = ( 01+CD% 30 + 10 ) = Jh(X)A
1+$§
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and

0 9+l

B 2+ﬁ 0 B
BJn(X) = 3 | =Jn(X)B.

Then, by easy calculation, we obtain eigenvalues of the matrices A, B and Jp,(X)
as follows:

1 1
A XN=24+——, X(Jy(X)) = —_—.
1(Jn(X)) + - 2o(Jn(X)) =3+ a2

It is obvious that §, = 8, A, = 10, dy = 1, Ay = 3, 0, = 2, A = 4. If we

choose 8 = % and £ = %, we must have that v < min{1, %}

Thus, all the conditions of Theorem 3.5 are satisfied.

4 Boundedness
First, consider a system of delay differential equations
= F(t,xy), z0)=z(t+80), —r<6<0,t>0, (4.1)

where F': R x Cg — R”™ is a continuous mapping and takes bounded set into
bounded sets.
The following lemma is a well-known result obtained by Burton [5].

Lemma 4.1 [3,5, 6,11, 12] Let V (¢, ¢): Rx Cg — R be continuous and locally
Lipschitz in ¢. If

(i) W(Jz(0))) < V() < Wi (t)]) + Wa (1, ) Wslle(s) )ds), and
(i6) Viaay < ~Wi(la(s)]) + M,

for some M > 0, where W(r), W;(i = 1,2,3) are wedges, then the solutions of
(4.1) are uniformly bounded and uniformly ultimately bounded for bound B.

To study the boundedness of solutions of (1.1) for which P(t) # 0, we would
need to write Eq. (1.1) in the form

X=Y
Y =2
. (4.2)

Z=-AZ-BY —H(X) + / Ju(X)Yds + P(t).
t—r(t)

Thus our main theorem in this section is stated with respect to Eq.(4.2) as
follows:
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Theorem 4.2 If the conditions of Theorem 3.5 hold, and
[P@)] < m, (4.3)

where m is a positive constant, then the solutions of equation (4.2) are uniformly
bounded and uniformly ultimately bounded provided ~y satisfies

- m,n{ 201,(040p — Ap)  2(Bdq — 1)
1 9 9
K An(BaAy — ALY AL(B+ A,)

2(6p — BAR)(1 =) }
Ap{(1+A2) 1 =& +2+ B+ A2+ (Addy —Ap)})

Proof Consider the function
V:Vl(Xta}/th)—’—‘/z(Xt?n?ZtL (44)
where V1 (Xy,Y:, Z;) is defined as (3.6) and Va(Xy, Y:, Z;) defined as
1
2V3(X0, Y0, 21) =2 [ (AH(0X), AX)do + (B(AB — AuT)X.X)
0

+2(AY, H(X)) + (AY,Y)
+2((AB — AWD)X, Z + AY) + (A(Z + AY), Z + AY). (4.5)

This we can rewrite
1
2Va(X0,Yi 21) =2 [ (AH(0X), AX)do — (AA H(X), AH(X))
0

+ (ALY + H(X),Y + AN H(X)) + (AR ATHAB — AR D)X, X)
+((AB — ALDX + A*Y + AZ,A"Y(AB — AL)X + AY + 2)

1 1
= 2/ / o({I— A I (0X)} A% (10 X)X, X) dodr
0 0
+|AT2(AB — AR D)X + A3Y + A3 7|
1
A2 (Y + APAH (X)) |? + (AR ATHAB — AT X, X).
However,
1 1
2/ / ol{I— A" I(0X)} AT (10 X)X, X) dodr > 0
0 0
and <AhA_1(AB — AhI)X,X> > AhAgl((Saéb — Ah)HXHQ Thus,

2Va(X1, Yy, Z4) = ApAL (8ay — Ap)[IX (12 + [[AZ (Y + A AH(X))|?
A2 (AB — A D)X + A3Y + A3 Z)2.

It follows that V5 (X3, Yy, Z;) is positive definite.
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From (3.6), (3.7), (3.8), (4.2) and Lemma2.3, we find

d

1
%Vl(Xh}/ta Zy) < — <5b — BAL — EAh’Y - HV) 1Y[?

- (65@ —- %BVA}L> ”Z”2 + {%BA}I + %Ah — /”'(1 — é‘)}
<[ YO YO+ (Y1+ 817, o

Also from (4.2), (4.5) and Lemma 2.3 we obtain,

%I/Q(Xt,Yt, Zy) = —((AB — A )X, H(X)) — (A(ARl — Jh(X))Y,Y)

t

+/t (AB — A D)X, Jp(X)Y) ds+/ (AZ, Jy(X)Y) ds
t—r(t) t—r(t)

t
+ / (A%Y, Jn(X)Y)ds + (P(t),(AB — A )X + A%Y + AZ)
t—r(t)

Also using Lemmas 2.1 and 2.2, the identity 2|(U, V)| < (JJU||* + [|V||?), and
the fact that (A(Arl — Jp(X))Y,Y) > 0 we find that

d 1
a‘/é(XnYt,Zt) < - {5h(5a5b —Ap) — iAh(AaAb - Ah)T(t)} X
1 1
+ EA(I,AhT(t)HZH2 + §A3Ah,T(t)||Y||2

o8 (b= A+ 8, + 82} [ V()Y (5)) ds

t—r(t)

+ {(Aaly — AR) [ X || + A2V [ + Al Z]|} m (4.7)
Therefore, from (4.4), (4.6) and (4.7), we obtain

d 1
%V(Xt, Yi, Zy) < — {5h(5a5b —Ap) — EAW(AaAb - Ah)} X

1 1
~{an—san -7 (3an+ Jazanu) v

s -1 s+ an b iz

t

A+ a+ a7+ @ud-a) - -9} | YO @) 0

+{(Baly — AR X[+ L+ ADIY [ + (B + A1 Z]} m.
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If we choose

CA{24 B+ A2+ (DA — AR}
B 2(1-¢) ’

we obtain

d 1
%V(Xt, Yi, Zy) < — {5h(5a5b —Ap) — *Ah’Y(AaAb - Ah)} X |?

{2 — BAR)(1 =)
—vAh{(l—kAz)( —§)+2+5+A§ (DA — AR} HIY?
- {ﬁéa - %yAh(ﬁ + Aa)} 12|12

+{(Baly = A X[+ L+ ADIY [ + (B + Al Z][} m.

When
. f 26n(6a0p — Ap)  2(Bdg — 1)
T { An(BBy — ) BB+ AL
2(6p — BAR)(1 =€) }
Ap{(1+A2) 1= +2+ B+ A2+ (Addp — Ap)} 7
we get
d

—V(X:, Yy, 7Z;) <
dt (t7 ty t)_

—a([X|* + Y1+ 1217) + ke(IX ]| + Y]+ 12])

= —SUXIPHIY I +HIZ1) =5 {0 = B2+ (V] = 82+ (12]) — B} 4k

3; k%, for some k, o > 0.

< **(IIXIIZ HIYIP+11Z)%) +
This completes the proof. O

Example 2 Now, as a special case of system (1.1) (for P(¢) # 0), let us take
n = 2 that A, B, H(X(t — r(t))) defined in Example 1 hold. If we take

r(t)zm,then0<2l46+t2<’y,and7‘()=m<§,0<€<l Let
TEe] 1 1
P(t)(“ﬁ) B=— and ¢=,
e 6 2
we have that
2 1 1
P = <2 d
IP@I = 1+2* an 7<mm{1362144}

Thus, all the conditions of Theorem 4.2 are satisfied.
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