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Abstract
In this paper, we consider the following boundary value problem
{ D%* (D(?Jr(D]a“* (Dg+u(t)))) = f(t7u(t))7 te [07T}7

u(0) =u(T)=0
D (D3 u(0)) = D3 (DG, u(T)) = 0,

where 0 < o < 1and f: [0,7]xR — R is a continuous function, D, DF_
are respectively the left and right fractional Riemann-Liouville derivatives
and we prove the existence of at least one solution for this problem.

Key words: Existence results, fractional differential equation, bound-
ary value problem, critical point theory, minimization principle,
Mountain pass theorem.
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1 Introduction

There are many papers that have studied differential equations of fractional
order using fixed point theory, but few of them have studied these equations by
using variational methods. In [2], F. Jiao and Y. Zhou are the first who have
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48 A. BOUCENNA, T. MOUSSAOUI

studied the following problem using variational techniques. They consider the
problem

£ (415 (@) + S (/1)) + f(t,u(t) =0, ppte0,T],
) = u(T) =0,

where I” o+ and T 5 are respectively the left and right fractional Riemann—
L10uv1lle integrals of order 0 < 8 < 1, f:[0,7] x R — R is a function which
satisfies certain assumptions and they prove existence of solutions by using Min-
imization principle and Mountain Pass theorem.

In paper [1], the same authors used the same theory to study the following
boundary value problem of fractional order

{Da (D0+u( ) = f(t,u?), telo,T],
u(0) =u(T) =0,

where DZ._ and Dg, are the left and right Riemann-Liouville fractional deriva-
tives of order 0 < a < 1 respectively and they prove existence of solutions by
using the same techniques.

C. Bai used variational theory in [3] and he proved existence of an infinitely
many solutions for the following perturbed nonlinear fractional boundary value

problem depending on two parameters

{D“ (Dgsu(t)) = Aa(t) f(u(t) + vg(t,u(t), a.etel[0,T],
u(0) = u(T) =0,

by using Ricceri’s critical point theorem, where 0 < o« < 1, A and v are non-
negative parameters, a: [0,7] = R, f: R - R and g: [0,7] x R — R are three
given continuous functions.

The aim of this paper is to study the following fractional boundary value
problem

D7 (Dg, (Dg- (Dgiu(t)))) = f(t,u(t), t<l0,T],
w(0) =u(T)=0 (1.1)
Dy (D3 u(0)) = Dg (D u(T)) =0,

where 0 < @ < 1and f:[0,7] x R — R is a continuous function.

We will work in a suitable Banach space, prove a compact embedding and a
Poincaré inequality of fractional type. We will use an appropriate functional to
find critical points that are solutions of our fractional boundary value problem
and we will use minimization principle and the Mountain Pass theorem.

2 Preliminaries

In this section, we introduce some necessary definitions and properties of the
fractional calculus which are used in this paper and can be found in ([4], [7],

11)).
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Definition 2.1 Let u be a function defined on [a, b]. The left and right Riemann-
Liouville fractional integrals of order o > 0 for a function u denoted by I u
and I} u, respectively, are defined by

I u(t) = ﬁ /(t —8)* tu(s)ds, t>a,
and ) .
I u(t) = m/t (s —t)* tu(s)ds, t<b,

provided that the right-hand side is pointwise defined on [a,b], where T'(«) is
the gamma function.

Definition 2.2 Let u be a function defined on [a,b]. For n —1 < o < n
(n € N*), the left and right Riemann-Liouville fractional derivatives of order «
for a function u denoted by D¢\ u and D;* u, respectively, are defined by

d" n—o _ 1 d" n—a—1
D& u(t) = %Iﬁ u(t) = T(n— o) din /t (t—s) u(t)ds, t>a,
and
o d" n—o -n" dr ! n—a—
D u(t) = (~1)" 2o u(t) = an_)a)dtn/ (s — )" lu(t)ds, t<b,

provided that the right-hand side is pointwise defined.

In particular, for & = n, D u(t) = D™u(t) and Dy u(t) = (—1)"D™u(t),
t € la,b.
Definition 2.3 The left and right Caputo fractional derivatives of order « for
a function u € AC"([a, b],R) is defined by

1 t
D u(t) = I"7*D™u(t) = m/@ (t —s)" "M (s)ds, t>a,

and

°Du(t) = (~1)" D u(t) = (_71)71) /t (st e ™ (s)ds. £ < b,

I'(n—«
Proposition 2.4 ([7], [8]) If D% u € L*([a,b]) and n — 1 < a < n, then
Da+u +Zc] (t—a)®
j=1
3 D'Xﬁju(a) 3
wzthcjzm €R,j=1,2,...,n and

I Ditu(t) = u(t) + Y (b — 1)

(=" Dp " u(b)

L
with ¢ = ——FG=71

€ER,j=1,2,....,n
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Proposition 2.5 ([4], [7], [11]) Suppose that D u and DS, u exist. Then

D& u(t) = DSu(t) — Ti M(t —a)*7 " t€a,b
at a* T(k—a+1) ’ o

and
cpe u(k b k—a b
b*u(t) ZF _a+1(_t) ’ tE[a, ]
In particular, if 0 < a < 1, we have
D2, u(t) = Devu(t) - =t —a)e, te o],

and
u(b)

°Dyu(t) = Dy~ u(t) — m(b —t)7%, te€]a,b].

We state now notations and techniques which are used in what follows.

Theorem 2.6 ([5], [9]) Let ¢: U — R be a continuous convez functional on
a Banach space X. Then @ is weakly lower semi-continuous, i.e. for every
sequence (Up)nen converging weakly to u € X, we have
o(u) < liminf @(uy,).
n—oo
Definition 2.7 Let ¢ € C'(X,R). If any sequence (u, ) C X for which (p(u,,))
is bounded in R and ¢’(u,) — 0 when n — 400 in X', the dual space of X,

possesses a convergent subsequence, then we say that ¢ satisfies the Palais—
Smale condition (denoted by (P.S) condition).

Theorem 2.8 (Minimization principle [5], [10]) Let X be a real reflexive Ba-
nach space. If the functional ¢: X — R is weakly lower semi-continuous and
coercive, i.e. lim|jy||400 p(u) = +00, then there erists ug € X such that
o(ug) = inf,ex @(u). Moreover, if ¢ is also Gateaux differentiable on X, then

¢'(uo) = 0.

Theorem 2.9 (Mountain pass theorem [5], [9]) Let X be a real Banach space
and ¢ € CY(X,R) satisfying the (P.S) condition. Suppose that

(1) ¢(0) =

(i) there exist p >0 and 0 > 0 such p(z) > o for all z € X with ||z|| = p;
(iii) there exists z1 in X with ||z1]| > p such that ¢(z1) < 0.

Then ¢ possesses a critical value such that ¢ > o. Moreover, ¢ can be charac-
terized as

c= inf max z),
gEAzEg([O,l])Lp( )

where
A={geC(0,1,X): g0) =0, g(1) = = }.
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3 Variational structure

To establish a variational structure for the boundary value problem (1.1), it is
necessary to construct appropriate function spaces.

In this section, we set up a variational structure that allows us to reduce
the existence of solutions for the problem (1.1) to find critical points of the
corresponding functional defined on the following space E3*? with p = 2 and
0 < a < 1 denoted by EZ*.

Definition 3.1 Let 0 < @ <1 and 1 < p < co. The fractional derivative space
E$" is defined by the closure of C§°([0, 7], R) with respect to the norm

1
lullay = (ullfy + 1D ult,)” s vue B (3.1)

with [|ul|s = (f] u(t)|Pdt)7.
We put

Bg = {ue L7(0.71); D € L2(10,71)s ul(0) = u(T) = 0.

Definition 3.2 The fractional derivative space Ego"p is defined by the closure
of C§°([0,T],R) with respect to the norm

1
o « p 2a,
lullzap = (Il + 1D§ulls + 1D5- (Dgw)|B, ), Vue B (3:2)

Remark 3.3 It is obvious that the fractional derivative space Eg “P is the space
of functions v € LP([0,7T],R) having an a-order Riemann—Liouville fractional
derivative D, u € LP([0,T],R), DF_(Dg,u) € LP([0,T],R), u(0) = u(T) =0
and Dg_ (D0+u(0)) = Dg_(Dg,u(T)) = 0. We put
B3P = {u e LP([0,T]); Dy.u € LP([0,T]) and D (D0+u) € LP([0,T],R),
u(0) = w(T) = 0, Dg_ (DG, u(0)) = D§- (Dgsu(T)) = 0}.
Lemma 3.4 ([1], [4], [7]) For any v € L?([0,T],R), we have
TOL

155 ull e < m”’ullm, (3.3)
and o

[ 7-ullzr < ﬁ”uﬂm. (3.4)
Proposition 3.5 For all u € E;*?, we have

orDgru=u and I7 D u=u.

Proof The proof is easy by using Proposition 2.4. O
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Proposition 3.6 [1] For any u € Ey"?, we have

T o
DG+l -
)

P < —
lelle < T(a+1

Moreover, if a > % and 1_13 + % =1, then

[ufloe < T
I(e)((a=1)g+1)7

where ||ulloo = supyepo, 7y |u(t)|-

Proposition 3.7 For any u € E;*?, we have

[e3

D¢ p <
|| O+u||L = F(Ot—i—l)

D7 (DG w)| -
Moreover, if o > % and % + % =1, then

1
T % Te

el < T(a)((a— g+ 1) Tla+1)

Proof By Proposition 2.4, we have

~ D§Thu(T)

_ pa—1
T 0

IS D _u(t) = u(t)

D7 (Dg+ )| e

(3.7)

(3.8)

For all u € E3*? we obtain that I D u(t) = u(t) and by (3.4), we have

[e3%

I5_ (D3 (Dg < —
18- (Df- (D§eu)ller < s

107 (Dg+u)| e

which implies that

(o3

D¢ P < ——
|| O+u||L = F(a—l—l)

107 (Dg+ )| r-

We have also by (3.6), (3.5) that
T %
(a)((a—1)g+1)s
T % T
T (@)((@=1)g+1)s Fla+1)

[ufloo <

DG+ ullr

Proposition 3.8 There exist 1,72 € R} such that

D7 (DG w)llzr < lull2a,p < 72l D7- (D w)| Lo

D7 (Dg+ )| e



Existence results for a fractional boundary value problem. . . 53

Proof Indeed, we have

1D7- (Dg+ )| e < [lull2a,p < Cl(IIUIILv + DG+ ullze + IID%—(DB’W)IILv)

TO(
Scdf(——ﬂD&umm+HD&umm+uD%«D&umm]
<e [( Sh— 1)||D cull o+ |1D§— (DG )]
<al(m ) [ ID%- (D§w)lss + 10§ (Dl

[e3% [0

=a Kr(a FEV 1) 1“(aT+ 1)

+1]IDg- (Dg )12,

for some ¢; > 0, thus, the two norms are equivalent with

1 and ( A 1) AR 1]
= an = C .
n 2T\ Ta+1) /Tt 1) -
Remark 3.9 We can endowed Ega’p with respect to the equivalent norm
T :
Jullz0 = 1D5- (D5 wllr = ([ 1D (Deute)Pde)”.  (39)
0

Proposition 3.10 ([2], [4]) If u € Eg"" and v € C5°([0,T1), then

/ D u(t)v(t)dt = /0 Tu(t)D%_v(t)dt.

Proposition 3.11 If u € E?**? and v € C§°([0,T)), then

T
/lwl%u»mmzéuwmw%wmw

Proof We have, by using integration by parts and Dirichlet formula (see [7]),

/OTv(t)DO‘ (DS, u(t)) dt = F(l—la)/OTjt[/tT(St) D2, u(s )ds}v(t)dt

-1 t=T

_ {mv(t) /tT(s — 1)~ D, u(s) ds] .

n ﬁ/f [/tT(S—t)_“Dg+u(s) ds]v’(t) dt
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- r(i(o)a) /OT(s_o)‘“Déﬁu(s) ds+ﬁ /OT[ /ozs_t)_a”/(t) @] Dvu(s) ds

T T
- r(?%) /0 (s —0)""Dg. u(s) ds + /O “Dg+v(s) Dgu(s) ds

T T v
B F(zl)(g)a) /0 (s=0)"*Dgu(s) d5+/0 [D3+U(S)F(1(E)a) (S*O)ia} Dfiu(s)ds

v(0)

T
= Ty /o (s —0)"“Dgiu(s)ds

+/0 Dy u(s)Div(s) ds — m/o (s —0)"“Dgiu(s)ds

T
:/ D§,u(s)D§v(s) ds
0

By using integration by parts for the second time in the last term, we obtain,

/ D u(t) DG v(t I‘(llf ) /OT % [/Ot(t —5)"*Dgru(s) ds} D o(t)dt

_ [ﬁaﬁv( ) [ pgeuts)as] ]

1_@/ {/O (t — )~ u(s)ds| Do (t) dt
D°;i? f @-orpu

ol ([ s
R

e / [ /f(t—) (Dwv)()dt]u(s)ds

ey (T - Dl ds + / "Dy (DG v(s))uls) ds

_ f(‘oll*i(z)) /0 (7 = 5o Dg, u(s) ds

+ /O ’ [Dg,(pgw(s)) - ?ffi(z; (T - s)*a}u(s) ds

T
/0 DZ_(Dgrv(s))u(s) ds.
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Proposition 3.12 E;*? is a Banach space.

Proof Let (uy,),>1 be a Cauchy sequence in Ega’p. Then (un)n>1, (DS tn)n>1
and (D$_(Dg;un))n>1 are Cauchy sequences in LP([0,77). In fact, by (3.2) we
have ||un — Um|20,p — 0 as n,m — 400 which implies that ||u, — um|/zr — 0,
| D+t — Dy thn || L — 0 and || DS _ (D§y tun) — DG (DG i) || 2r — 0 @s 2, m —
+-00.

Since L?([0,T7) is a Banach space, there exist functions uy, us, us in L? ([0, T1),
such that w, — w1, Dfiu, — uz and D§_(D§,u,) — ug in LP([0,T]) as
n — +00. We now show that Df, u = us and Dg_(Dg,u) = uz. In fact, by the
Proposition 3.10, we have

T
/D0+un (t)dt = /Oun(t)D%_v(t)dt, Yo e C5°(10,TY),

and then by passing to the limit and using the Lebesgue’s dominated conver-
gence theorem, we obtain that

T T
t/ uQ@ﬁXﬂdt:L/ w (DS v(t)dt, v € ([0, T)).
0 0

Therefore D§, uy = us.
We have also, by Proposition 3.11,

T
/Da Fou O de = [ (ODG- Dy o) Vo e O (0.7

and then by passing to the limit and using the Lebesgue’s dominated conver-
gence theorem, we obtain that

[ wtoeyde= [ woDg- (Dgo(e) dt, o C(0.7),
0 0

then DF_ (D ui(t)) = us(t), ie. limy, oo ||un — u1]l24,p = 0. Consequently
E2%? is a Banach space. O

Lemma 3.13 The operator

T: EZ™P — T(EZXP) ¢ LP([0,T]) x LP([0,T]) x LP([0,T]) = L5([0,T})
u = T(u) = (u, D u, D§— (D))

is an isometric isomorphic mapping.

Proof It is clear that T is a linear operator and we will show that T preserves
the norms, i.e.
Vu € B2 ¢ | Tull g = [[u] gaeor-

Indeed, we have

| (u. D, D3 (Dgyw) g = [l 2o
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which is equivalent to
[ulle + 1DG+ ulle + [[Dp- (DG w)l| e = lull gze-r

and this is true by the definition of the equivalent norm of E3*?. O

oy 2 . .
Proposition 3.14 E;*" is a reflexive space.

Proof Since, L?(]0,T],R) is a reflexive Banach space, the cartesian product
space

L5([0,7),R) = LP([0, T], R) x LP([0,T], R) x L"([0,T],R)
is also a reflexive Banach space with respect to the norm

3

1
lell o = 3 (Iuill,)” where u = (u1, us, us) € Z(0, T), R).
i=1

We have then
T: E3*P — T(E3*P) C L%
u— T(u) = (u, Dfiu, DT - (D8‘+u)).
is an isometric isomorphic, then T(E;*") is a closed subspace of L% and by

6, Theorem 4.10.5] T(E3*") is reflexive. Consequensly E5*? is also reflexive
(see [6, Lemma 4.10.4]). O

Proposition 3.15 E2“? is a separable space.
Proof Since, LP([0,T],R) is a separable Banach space, the cartesian space
LE([0, T, R) = LP([0, T, R) x LP([0,T],R) x LP([0,T], R)

is also a separable Banach space with respect to the norm

3 1
||u||L§([0,T]) = Z (||u1||1£p> " where u = (u1,uz,us) € L;’;’([O,TLR)-

i=1

Then, the space T(E;*") C L% is also separable (see [12, Proposition I11.22]).
Moreover, the operator

T: E3*P — T(E™P) C LY
u — T(u) = (u, D§yu, DF_ (D§w)).
is an isometric isomorphic. Consequently EOQO"p is a separable space. O
Proposition 3.16 [1] The space Eg'" is compactly embedded in C([0,T],R).
Proposition 3.17 The space Ega’p is compactly embedded in C([0,T],R).

Proof By Proposition 3.16, the injection i1 : Ey? — C([0,T],R) is compact
and the injection i : Ego"p — EP is obviously continuous. Then iy o iy is
compact. O
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4 Main results

Now, we give the definition of a solution of the boundary value problem (1.1).

Definition 4.1 A functional u: [0,7] — R is called solution of the boundary
value problem (1.1) if:

(i) Da*l(DSi(Da (Dgsu(t)), (DG (Dg- (Dgwu(®)))), D= (D u(t)) and
D§u(t) are derivatives for all t € [0,7], and
(ii) w satisfies (1.1).

Proposition 4.2 All critical point of the functional ¢ defined on E3* by

T T
e =5 [ IDF- (D) it~ [ Peut)ar

where F(t,u) fo f(t,s)ds is a solution of the boundary value problem (1.1).

Proof A weak solution of the problem (1.1) is a critical point of ¢ and satisfy
¢ (u) =0, ie.

/ D (DG, u(t)) D (DG o(t)) dt

- / ftu®)v(t)dt =0, Yove E3~.
0

In fact, for all u,v € E3%, we obtain by Proposition 3.11,

/Da (DS, u(t)) Do (D v(t)) dt — /ftu (t)dt =0

& / DG (Dg- (DG, u(t))) D v(t) dt — / £t ult)o(t) dt = 0

& D7 o u(t t)dt — (t, u(t =0
/ o (D5 / 1

- [D;u 5 (D3 (D ult >>>>—f<t,u<t>)}v<t>dt=o
0
& D} (D§ (D§ (D-u(®) = f(t.u(t)) ae. t € [0,7].

Because f is continuous, then D_(Dg, (DF_(Dg u(t)))) = f(t,u(t)) for all
t€[0,T]. O

We can prove easily the following lemma.
Lemma 4.3 The functional H: E2* — R defined by

1
H(w) = 5 ul,

is convex and continuous on EZ“.
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Remark 4.4 The functional H is then weakly lower semicontinuous (see [5,
Theorem 1.5.3]).

Lemma 4.5 The functional G: E3* — R defined by

T
Glu) = /0 F(t,u(t)) dt

is weakly continuous on E3*.

Proof In fact, according to Proposition (3.17), if u,, — u in E3%, then u,, — u
in C([0,1],R). Therefore, since F is continuous with respect to the second
variable for all ¢ € [0,T], then F(t,u,(t)) — F(t,u(t)) for all ¢t € [0,T]. Since
the sequence (u,) converges in C([0,T],R), so it is bounded in the same space,
and therefore there exists R > 0 such that |u,(t)] < ||un|lc < R, and we obtain

|F(t,un(t))| < sup F(t,y), Vtel0,T].
y€[-R,R]

By the Lebesgue’s dominated convergence theorem, we have fOT F(t,un,(t))dt —

fOT F(t,u(t)) dt, which means that the functional u — fOT F(t,u(t)) dt is weakly
continuous on E3*, and then the functional G is weakly lower semicontinuous.

O

Theorem 4.6 Suppose that there exist constant 6 € [0,2) and a function a(.) €
C([0,T], R) with a* = sup,¢(o ) a(t) > 0 such that

F(t
lim sup ( ,gu) <
|u|—+oo |U|

a(t),

uniformly with respect to t € [0,T) hold, then the boundary value problem (1.1)
has at least one solution.

Proof By the hypothesis, there exists R, > 0 such that F(¢,z) < a(t)|z|®
for all ¢ € [0,7] and all |z] > R;, which combined with the continuity of
F(t,z) —a(t)|z|? on [0, T] x [~R1, R1], gives that there exists a constant C; > 0
such that

F(t,z) <1 (t)|z|’ + C; forall t € [0,7] and all z € R. (4.1)
For u € E3® and by the relations (3.6), (4.1) we obtain

o =5 [ DF- (D ut)Pi— [ Peut)a

v

1 T T
sl ~ [ - [ crar
2 0 0

1 e 1 .

> Juld - a / [u(t)” dt = 1T = _ [lul3e — a* ull&T — C1T
1 . T3 T 9

> ~flul, - a*( - ) Tllul, - 1T
2 L(@)(2(a-1)+1)z Tla+1)
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Then, ¢(u) — 400 as ||ul|2o. — +00, and hence ¢ is coercive. By Lemma 4.5
and Remark 4.4, the functional ¢ is weakly lower semicontinuous. We conclude
the proof of Theorem 4.6 by using Theorem 2.8. O

Example 4.7 We consider the following problem

D} (Dy, (Di(Dg.u(t)) = f(t.u(t), te0,1],
u(0) = u(1) =0, (4.2)
D} (D§.u(0)) = Dy (Df.u(T)) =0,
with .
tyz, ify>0
ft9) = {t(y)%, ify <0
and

The hypotheses of Theorem 4.6 hold with 6 = 3 3 and a(t) = %t, where a* = % > 0.
In fact

F(t 2
lim sup ( ’f) = =t, uniformly with respect to ¢t € [0, 1].
|z|—+o00 |£C|§ 3

Thus problem (4.2) has at least one solution.

Theorem 4.8 Suppose that there exists a function b(.) € C(]0,T],R) with b* =
Supyeo, b(t) > 0 such that

F(t
lim sup (¢, ) < b(t)
|| —+o00 |.13‘
uniformly with respect to t € [0,T] with
1 Toa—1
- b >0
> T DR - D+ 1)

hold, then the boundary value problem (1.1) has at least one solution.
Proof By the hypotheses, there exists Ry > 0 such that
F(t,z) < b(t)|z|*> for all t € [0,T] and all |2| > Ry,

which combined with the continuity of F(¢,z) — b(t)|z|? on [0,T] x [—Ra, Ra),
gives that there exists a constant Co > 0 such that

F(t,z) <b(t)|z|* + Cy for all t € [0,T] and all z € R; (4.3)
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For u € E3® and by the relations (3.6), (4.3), we obtain

1

o =5 [ IDF- D ue)Pi— [ Pt a

_2\u||2a /b e \dt—/ s dt

1 *
> B / u(t)di — CuT
0
1 ; )
§||u||2a —b Hu” T—C,T
1 TO(—% T 2
2 5 lullza = T T||ul3, — CoT
- 2” ”2 (F(Oé)(2(oz—1)+1)§ F(a—l—l)) || ||2 2
1 T2a—1 T20
2 —bT : 2, —CoT
2”uH20‘ F2(a)(2(a—1)+1) T2(a+1) )24 2
1 T5a71
=3~ 30 — CoT.
- (2 2(a)l2(a+1)2(a—1) + 1))”“”2(), Co

Then, ¢(u) = 400 as ||ul|2o. — +00, and hence ¢ is coercive. By Lemma 4.5
and Remark 4.4, the functional ¢ is weakly lower semicontinuous. We conclude
the proof of Theorem 4.8 by using Theorem 2.8. O

Example 4.9 We consider the following problem

u(0) = u(1)
D (D} u(0)) = DY (DEu(T) =0,
with )
tyz, ify>0
t = 1
i) {t<—y>§, if y <0
o= % and

F(t,x) / fit,y)d —t\a:|2

The hypotheses of Theorem 4.8 hold with b(t) = 1 € C([0,1],R), where b* =
1> 0. In fact

F(t 1
lim sup (7x):0<—
with
1 721 1 1
= _pT =4+ —""""">0.
2 2)r2a+1)2a—1)+1) 2 + r2(hra(2)

Thus problem (4.4) has at least one solution.
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Theorem 4.10 Suppose that

(Hy) there exist 1 € [0,1) and R > 0 such that 0 < F(t,x) < paf(t,x) for all

x € R with |x| > R and t € [0,T] and
(H2)
F I?(a)l'? D2(a—1)+1
fmanp P(62) _ PO a+ (20 = 1) 41
lzj—0 |7 2T

uniformly with respect to t € [0,T)] hold,

then the boundary value problem (1.1) has at least one solution.

Proof We will verify that ¢ satisfies all the conditions of Theorem (2.9). It is
obvious by the definition of ¢ that ¢(0) = 0.

Step 1: ¢ satisfies the condition of Palais—Smale.
Since F(t,x) — px f(t,x) is continuous for ¢ € [0,7T] and |z| < R, there exists
C € R™, such that
F(t,z) < pzf(t,x) +C, forte[0,T] and |z| < R.
By condition (Hs), we obtain that
F(t,z) < pzf(t,x)+C, forte0,T] and z € R.

Let (u,) be a sequence in EZ such that lim, . ¢’ (u,) = 0 and ¢(u,) is
bounded, i.e.; |p(uy)| < K, for n so large. We note that

(" (un), un) =/0 [1Dg— (Dgsun()[? = £(t, un())-un(t)] dt. (4.5)

In view of condition (H;) and the relation (3.6), we have

K> () = 3 [ 105 (D5 un)F = [ Pt o) a

1

T
= Sllunlly, = [ Pt ae
0

T

1
= gllunllza = #lllunla = (&' (wn), un)] = CT

1
> (5 = mWllunlZa = plle’ (wn)lgzey lunlloa — CT.

Since limy, 4o ¢'(un) = 0, there exists ng € N such that [|¢’(un)||(pze) < 1
for n > ng. Then K > (3 — p1)||unll34 — ltnll2a — CT, n > ng, which implies
that (u,) is bounded in E3°.
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In fact, if (u,) is unbounded, there exists (u,,) C (uy,) such that

kEToo l|tn, |20 = +00;
then we obtain

. 1
K> lim (5—u>||unk|\§a—IluMHza—CT]:+°°

k—+oo

which is a contradiction.
Since Ego‘ is a reflexive space, passing to a subsequence, we can assume that
up — u in EZ% and (u,,) is bounded in E3%, thus we have

(" (un) = @' (), un —u) = (&' (un), un —u) = (@' (u), un —u)
<" (un)ll 2oy llun = ullaa = (@' (w); un —u) =0 (4.6)

as n — +00. Moreover, by Proposition 3.17, lim, 1o [y — t]lec = 0 and
ltnlloe < M, ¥n. We have also u, — u in C([0,T],R) implies that

[t un(t)) — f(t,ult), Vtel0,T]
and

[f(tun () < sup  |f(t,y)] = g(t) € LY([0,T]),
ye[—M,M]

then by the Lebesgue’s dominated convergence theorem, we have

T T
/ Ft un(t)) dt — / Fltu(®)dt asn— oo (4.7)
0 0
Noting that for n so large, we have
0> (@' (un) = ¢’ (), un — u)

= [ D (a0 ). D (DG ) — )
- / (F(t () — £t u(®)) (ua(t) — u(t)) dt
> | [ 0@ ~ 0,000 ]~ e+ s~ e

Combining (4.6) and (4.7), it is easy that ||u, — u||3, — 0 as n — +o0, and
hence that u,, — u in E3%. Thus, the compactness condition is satisfied.

Step 2: ¢ satisfies the first geometric condition.
In fact, by condition (Hz) there exist » > 0 and ¢ > 0 such that

F(t,x) < (Fz(a)Fz(a 2;24(3(@ —D+D 5) |z|?  for |z| < and t € [0,T].
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We put
C(@)(a+1)(2(a—1)+1)2 T4 )
o T DT et DR - ) + 1)’
Then from (3.6) we obtain
703 T

[ufloo < [ull2a

T()(2(a—1)+1)F T(a+1)

for all u € E3* with ||ul|2o = p. Therefore, we have

T
o) = 5l — [ Put)a

2(0)M(« o — T
> gl - (R0 ) [

-2 24
20[ 204 o —
R
1, (T2(@T2(a+1D)2a—1)+1)

o *< 970 *g)T
(o T Y
D(@)2(a—1)+1)2 Tla+1)

T4oz 2
TP+ nee-n+n” 77

for all u € E2 with ||u| 2o = p. This implies that (i) in Theorem 2.9 is satisfied.

Step 3: ¢ satisfies the second geometric condition.
By condition (Hy), there exist Cs, Cy > 0 such that

F(t,z) > Cg|l"i +Cy forallte0,7] and z €R.

We have for all u € E3* with u # 0, n > 0 and noting that u € [0, %), we obtain

1 T 2 T .
o) = 5 byl — / F(t () dt < T jul3, — G / lnu(®)| ¥ dt + C4T

1
m

, + 04T — —o0

Lr

= *IIUIIza — Gy

as 7 — +oo. Then there exists 7y large enough, such that ¢(nou) < 0. Con-
sequently, the condition (4i7) in Theorem 2.9 is satisfied. While for our critical
point u, p(u) > o > 0. Hence u is a nontrivial solution of the boundary value
problem (1.1). O
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Example 4.11 We consider the following problem

D} (D¢, (D} (Dg.u(t))) = 3lu(t)]ut), ¢ e [0,T),
u@=u()=0, (4.8)
Dy (D§+“(0)) 137(D0§+U(T)):07

where a = % f(t,y) = 3lyly and

We have (H;p) holds with p =

F(t,z) = /(:c flty)dy = ly*.

€ [0,3[. We put 7 =1 and by the condition

(Hs) we obtain

F(t 3
lim sup ( ,295) = limsup — 2" _
|z|—0 |z] |z|—=0 \33|
I2(Hr4(2)2(z -1 +1) 9/ 4\ 2 /9\ /3
< 2 = (5)r (5) (35):

Thus problem (4.8) has at least one solution.
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