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On a class of nonlocal problem involving a critical
exponent

Anass Ourraoul

Abstract. In this work, by using the Mountain Pass Theorem, we give a re-
sult on the existence of solutions concerning a class of nonlocal p-Laplacian
Dirichlet problems with a critical nonlinearity and small perturbation.

1 Introduction
This paper deals with the following elliptic problem

M (/ IWI”dx) Apu = Bh(@)[ul"*u+ [ul” Pu+ f(z)  inQ,
Q

u=20 on 02,

1)

where Q C RY is a bounded domain with smooth boundary, p* = NN—E) is the critical

Sobolev exponent, 1 < p < N, 3 is a positive parameter, and h € L (Q), fe
LP(Q), with L + 5 = 1.
Where the functional M verifies,

M : (0,400) — (0,400) is continuous and mgy = g%M(s) > 0, (2)
The problem is called nonlocal because of the presence of the term
M ( fﬂ |VulP dx), so it is not any more a pointwise identity. This leads us to
some mathematical difficulties which makes the study of such a class of problem
particularly interesting.
It is well known that the critical exponent case is often difficult because of the
lack of compactness, so standard arguments cannot be carried out to handle the
problem . As far as we know, very few results have been obtained in elliptic
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problems involving critical exponent, for instance we just quote , , , ,
@, , @, and references therein. However, inspired by these interesting
works, especially by , within which we will borrow some ideas, our goal will
be to generalize some corresponding results partially and extend them to the case
p # 2 with an existence of a perturbation f. We have to mention that could
be considered as the first work dealing with multivalued elliptic problem and the
presence of which involves critical growth in an Orlicz-Sobolev space, where the
nonlinearity can be discontinuous.
From now on, we make the following assumption:

o~

M(t) > M(t)t for t > 0 , with M (t) = /Ot M(s)ds. (3)

Accordingly, we can report our main result,

Theorem 1. Under the hypotheses , and q € (p,p*), there exists 5* > 0,
such that the problem has at least a nontrivial solutions for all 8 > 3*, provided
f is small enough in the norm ||-||. of (Wy?(Q))*.

Throughout this paper, we consider the C!-functional energy

1w ulP dz _8 x)|u|? xfi ulP” dx — r)udz
¢<u>pM</QV|d) 2 [ n@upra p*/ﬂud /Qf()d~

Note that

¢ (u) - v=M(|u|”) /Q |Vu|P~2VuVo dr — B/Qh(x)|u|q72uv dz

7/ |u|p**2uvdxf/f(x)vdx,
Q Q

for all v € W, (Q). Where,
WP (Q) = {u e LP(Q) : /Q IVulP do < 0o, /0 = o}.

By a version of the Mountain Pass Theorem due to Ambrosetti and Rabinowitz
\\ \\ without Palais-Smale condition, there exists a sequence (uy, ), C VVO1 P(Q)
such that

d(un) = cg and  ¢'(uy) — 0,

where

cg = Inf Jnax P(v(t)) >0

with
I'={yeC([0,1], Wy P(Q)) : 7(0) = 0, 6(+(1)) < 0}.
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We recall that u € VVO1 P(Q) is a weak solution of the problem if it verifies

M(||u\|”)/ |Vu|p_2VuVUda:—/Bh(m)|u\q_2uvdx
Q Q
—/ \u|p*_2uvdx—/f(x)vdm=0,
Q Q
for all v € W, (Q).

So the critical points of ¢ are solutions of the problem .

2 Auxiliary results

Let L*(2) be the Lebesgue space equipped with the norm |ul, = ([, |ul®dz)*,
1 < s < oo and let T/V0 P(Q2) be the usual Sobolev space with respect to the norm

Jull = ([ 1vurar)’
Q

Now we can define the best Sobolev constant
Jo IVulPdx
)7*

In the sequel, we are to compare the minimax level cg with a suitable number
which involves the constant S.

ueW1:p(

Lemma 1. There exist o > 0,p > 0 and e € W, *(Q2) with |e|| > p such that
(i) infju)=p d(u) = o > 0;
(ii) ¢(e) <0

Proof. (i) From the Holder’s inequality and the compact embedding theorem, we

have
/‘V’u|pdl‘—*|h|9/ lul?de — — /|u|p da:—/f Yudz

Cﬁ
> Collull? = == hlollull? = —=llull”” = |f1,¢ ul,

ST
C 5 .
> Collull? — === |hlollull? — Callul”” — Cs| £l |l (4)

with 6 = ﬁ and Cp, Cy,Cq,C5 > 0. Since q € (p,p*) then for |lul| = p > 0
small enough, we may find o > 0 such that

inf ¢(u) >0 >0

lull=p

where || ||« be small.
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(ii) Fix v € C3°(Q\ {0}) with v > 0 in © and |jv|| = 1.

p” .
o(tv) < Alt|P — B|t|9/ h(z)v? dz + C — “}l* h(z)v? dx —|t| | f(x)vde,
Q Q Q

with A and C are two positive constants, it follows that
o(tv) - —o0 as |t| = oo. O

Lemma 2. lim cg=0.
B—+400

Proof. Let v the function given by the previous lemma then there is t3 > 0 such
that ¢(tgv) = max ¢(tv), thereafter,

M(ltselP)ylol? = 5t [ m@lotrdo+ 5 [ p" do+ 5 [ faptas
it follows from that there is ¢ > 0, such that
M(s) < cls| forall s >s5>0.
Hence
cthllv||P > ptd /Q h(z)|v]? dz + tg* /Q [u]P” dz + t5 /Q f(x)v* de

and then ¢g is bounded, so there exists a sequence §,, — 400 and t, > 0 with
tg, — t« as n — +oo and thus

M(llts, "), IlvIP < C, Vne€N,
with C is a positive constant, which yields
ﬁntZ/ h(z)|v]? da + 2 / [P dz < C, VneN.
Q Q
Hence, we claim that ¢, = 0, otherwise, ¢, > 0 and then the last inequality becomes
ﬂntg/ h(z)|v]? dx + 2 / [u|P" dz — +oo
Q Q

as n — 400, which is absurd, so t, = 0.
Taking o (t) = te, with v € T, then we get

1~
< < -M(th).
0<cp< Jnax P(0(t) < ’ (ts)

Since ]\/Z(tg) — 0 then limg_,o cg = 0. O
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As consequence of the above lemma, there exists * > 0 such that for every

B =B,
cg < <1 - Z;)(moS)ZX.
p
Lemma 3. Let (uy,), C WyP(Q), with ¢(u,) — cg, and ¢ (up) — 0. Then (up)n
is bounded in Wy"*(€2).
Proof. Assume that ¢(u,) — ¢, and ¢'(u,,) — 0, then we have

peg +o(1) + o(D)[Jun| = pd(un) — (& (un) - un)

> i (1= 2o+ Ca 1= 2 )
q p
+0-1) [ fa)und
Q
where § = %, C4,C5 > 0, we infer that (u,), is bounded in W, 7 (Q). O

3 Proof of the main result

Proof. (Theorem (1) As it was previously mentioned, we are to apply a version of
the Mountain Pass theorem without Palais-Smale condition to obtain a sequence
(un)n C Wy P(Q) such that ¢(u,) — ¢z and ¢’ (u,) — 0.
Because (uy,)n is a bounded sequence in I/VOl "P(Q), passing to a subsequence, so
we may find v > 0 with
[unll =,

it follows from the continuity of M that
M([fuall?) = M(7?).
On the other side, we know that u,, — u in W, *(Q), then
U, = uin L7(Q), forl<r <p*

and
un(z) = u(z) ae. x €.

By the Lebesgue Dominated Theorem,

/ h(z)|up|?de — / h(z)|u|?dz.

Q Q

Further,
|[Vu, [P — |VulP + . weak®-sense of measure,
lun|P” — |ulP” +v weak*-sense of measure.

Afterwards, as a consequence of the concentration compactness principle due
to Lion , there is an index set I, which is an at most countable set such that

v = Zuiéi, > Z/Ji(si

icl el
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and

SVf/p* < i,
for any ¢ € I with (u;)s, (vi); C [0,00), &; is the Dirac mass and (p;);, (v;); are
nonatomic positive measures. We claim that I = (), otherwise, we have I # () and
fix i € I. Taking ¢ € C§°(R,[0,1]) such that ¢p = 1 if |z] < 1 and ¢ = 0 when
|z| > 2 with |V¢|o < 2. Putting ,(z) = w(%) for p > 0, noting that (v uy)
is bounded thus ¢ (uy) - (¢¥,pu,) — 0, that is

M(/ Vun|1’>/|vun P=2 Vu, - Vib,u, dz
Q Q

=-M </ |Vun|p)/ Vug, |P ¥, Vu, dz+/ |t |P" 21y, - Py, da
Q Q Q

q—2
48 [ " uunda+ [ @) +0u0)

As it is known that B, (z;) is the support of the functional ¢, and by applying
Holder inequality then we get

‘/ |Vun|p72Vun.prun dm‘ S/ |V, [P~ lun Vb, | dz
Q B

2p(zi)

5 :
< (/szun |Vun\1’)” (/B(I) [ Ve, [P dx)

1

<O T )"

By the Dominated convergence Theorem we entail that
/ lun Vp,|P dz — 0
ng X,

when n — oo and p — 0.
Hence,

lim [lim/ unVun|p2Vun~V1/1p} =0.
Q

p—0| n

On the other hand, we recall that M (]|u,||”) converges to M (+?), so we reach
lim {limMﬂunp) / un|Vunp2Vun.V1/)p:| =0.
p—0| n Q
Similarly,
lim lim [/ h(x)|un|q2un1/)pun} =0,
Q

p—0 n
lim lim { /| f(scmun} 0



On a class of nonlocal problem involving a critical exponent 53

and thus
[ MGy an+0,0) < [ vyan
Tending p to zero we conclude that
vi > M(Y")pi > mopus,
from the definition of v and p we have

v; > (mOS)%

It does not make sense, indeed, let i € I such that

sz

v; > (mpS) 7.
Since (up )y is a (PS)., for the functional ¢, then

pcg = p¢(un) = p(b(un) - ¢I(un) “Up T+ On(l)

> (1 - p) / Vplun P dz 4 0, (1),
p Q

tending n — 400, therefore
p N
peg > | 1— = pr(xi)l 1—— Zl/l— 1——* (moS)™
p icl el

which cannot occur (because limg_,o cg = 0), thereafter I is empty and thereby
U, — u in LP (Q).
On the other hand,

M(||un||p)/ (IVun P2V, — |VulP~2Vu) (Vu, — Vu) dz
= /). (i =)+ 8 [ BT =)o+ [ @)
+/ [t [P 2 (u, — ) daz — M(Huan)/ |Vu|P~2Vu (Vu, — Vu) dz
Q Q

In view of u, — u, a standard argument (similar to those found in [3]) shows
that
Vuy(x) = Vu(z) for ae. xz €,

and
un(z) = u(z) for ae. x €Q,

then

M ([[un ) / (IVun P~V — [Val?"2V0) (Va — V) daz — 0.
Q
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Using the following inequalities Vz,y € RY

|z — " < 27(|z|" P2 — [y ?y) - (z —y) if v > 2,
1

2
_ < -
|z ylfy_1

(el + ly)> (e 2 = [y 2y) - (e —y)  ifl<y<2,

where z - y is the inner product in R, we get

cmo/ IV —VulP dz < M (||un|\p)/ (IVun P2Vt — [V "2V0) (Vi — V) d.
Q Q

Consequently,
|l — ul| — 0,

which will imply that
u, —u  in Wy P(Q).

Thus

o(u) =cs, ¢'(u)=0
and we get the solution w1, it is a mountain pass type. U
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