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Existence of solutions for Navier problems with
degenerate nonlinear elliptic equations

Albo Carlos Cavalheiro

Abstract. In this paper we are interested in the existence and uniqueness
of solutions for the Navier problem associated to the degenerate nonlinear
elliptic equations

n

A(v(@) [Au|T?Au) = Y D [w(@)Aj(z, u, Vu)] = folz) — Z Dj fj(x), in Q

j=1

in the setting of the weighted Sobolev spaces.

1 Introduction

In this paper we prove the existence and uniqueness of (weak) solutions in the
weighted Sobolev space X = W24(Q,v) N Wy*(Q,w) (see Definition [4) for the
Navier problem

Lu(z) = fo(x) — ijl D,fi(z), inQ
u(z) =0, on 09 1)
Au(z) =0, on 0f)
where L is the partial differential operator

Lu(z) = A(v(2) |Aul"?Au) = Y D;[w(x)A;(z, u(z), Vu())]

j=1

where D; = 0/0z;, Q is a bounded open set in R", w and v are two weight
functions, A is the usual Laplacian operator, 1 < p,q < oo and the functions
At QxRxR*" =R (j=1,...,n) satisty the following conditions:
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(H1) =+ Aj(z,n,§) is measurable on  for all (,§) € R x R"
(m,&) — Aj(x,n,§) is continuous on R x R™ for almost all « € 2.

(H2) There exists a constant ; > 0 such that
[A(z,n,8) — Az, 7', &) - (€ = &) > 01]¢ = €')P
whenever &,&" € R", £ £ ¢, where A(x,n,&) = (A1 (x,n,€),..., A (x,n,§))

(where a dot denote here the Euclidean scalar product in R™).
(H3) A(z,n,&) € > A]|€|P, where A; is a positive constant.

(H4) |A(x,n,8)| < Ki(z) + hl(a:)\77|p/p, + h2($)|€|p/p/, where K1,h; and hy are
non-negative functions, with 2; and hy € L=(Q), and K; € L? (Q,w) (with
1/p+1/p =1).

By a weight, we shall mean a locally integrable function w on R"™ such that
w(z) > 0 for a.e. z € R". Every weight w gives rise to a measure on the measurable
subsets on R™ through integration. This measure will be denoted by p. Thus,
p(E) = [, w(x)dx for measurable sets £ C R".

In general, the Sobolev spaces W*P(Q) without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations. For degenerate
partial differential equations, i.e., equations with various types of singularities in
the coefficients, it is natural to look for solutions in weighted Sobolev spaces (see
(1, 2] and [4]).

In various applications, we can meet boundary value problems for elliptic equa-
tions whose ellipticity is disturbed in the sense that some degeneration or sin-
gularity appears. This bad behaviour can be caused by the coefficients of the
corresponding differential operator as well as by the solution itself. The so-called
p-Laplacian is a prototype of such an operator and its character can be interpreted
as a degeneration or as a singularity of the classical (linear) Laplace operator (with
p = 2). There are several very concrete problems from practice which lead to
such differential equations, e.g. from glaceology, non-Newtonian fluid mechanics,
flows through porous media, differential geometry, celestial mechanics, climatology,
petroleum extraction, reaction-diffusion problems, etc.

A class of weights, which is particulary well understood, is the class of Ap-
weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [11]).
These classes have found many useful applications in harmonic analysis (see )
Another reason for studying A,-weights is the fact that powers of distance to sub-
manifolds of R™ often belong to A, (see ) There are, in fact, many interesting
examples of weights (see [J] for p-admissible weights).

In the non-degenerate case (i.e. with v(x) = 1), for all f € LP(Q), the Poisson
equation associated with the Dirichlet problem

—Au= f(z), in
u(x) =0, on 0f)
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is uniquely solvable in W2P(2) N W, (Q) (see |8]), and the nonlinear Dirichlet
problem

—Apu = f(z), inQ
u(z) =0, on 0f)

is uniquely solvable in W, **(Q) (see [3]), where Ayu = div(|Vul|’ >Vu) is the
p- Laplacian operator. In the degenerate case, the weighted p-Biharmonic operator
has been studied by many authors (see [12] and the references therein), and the
degenerated p-Laplacian was studied in [4].

The following theorem will be proved in section 3.

Theorem 1. Assume (H1) — (H4). If

(i) ve Ay, we A, (with1 < p,q < c0),
(i) fi/w e LP(Qw) (j=0,1,...,n),
then the problem has a unique solution u € X = W27(Q,v) N WyP(Q,w).

2 Definitions and basic results
Let w be a locally integrable nonnegative function in R” and assume that
0 < w(z) < oo almost everywhere. We say that w belongs to the Muckenhoupt

class Ay, 1 < p < oo, or that w is an Ap-weight, if there is a positive constant
C = C, ., such that

Q;Lw@m)Q;AyWPmeYASO

for all balls B C R"™, where |-| denotes the n-dimensional Lebesgue measure in
R". If 1 < q < p, then A, C A, (see [7], [9] or for more information about
Ap-weights). The weight w satisfies the doubling condition if there exists a positive
constant C' such that u(B(z;27)) < Cu(B(x;r)), for every ball B = B(z;r) C R™,
where ;(B) = [pw(x)dz. If w € Ay, then 4 is doubling (see Corollary 15.7 in [Eﬁ)

As an example of A,-weight, the function w(x) = |z|*, € R", is in A, if and
only if —n < a < n(p — 1) (see Corollary 4.4, Chapter IX in [13]).

If we Ap, then
P
(21) <o)
Bl #(B)
whenever B is a ball in R” and F is a measurable subset of B (see 15.5 strong
doubling property in [9]). Therefore, if ;1(E) = 0 then |E| = 0.

Definition 1. Let w be a weight, and let 2 C R™ be open. For 0 < p < oo we define
LP(Q,w) as the set of measurable functions f on Q such that

1/p
||fHLP(Q7w) - (A |f(33)\pw(x) dx) < 0.
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Ifwe A, 1 < p < oo, then w™ /@~ is locally integrable and we have
LP(Q,w) C L, () for every open set ) (see Remark 1.2.4 in ) It thus makes
sense to talk about weak derivatives of functions in L?(,w).

Definition 2. Let 2 C R™ be open, 1 < p < o0 and w € A,. We define the
weighted Sobolev space W*P(Q, w) as the set of functions u € LP(§,w) with weak
derivatives D®u € LP(Q,w), 1 < |a| < k. The norm of u in W*?(Q,w) is defined
by

1/p
fulwesia = ( [luelPuar s 3 [ ipru@pataas) . @
@ 1<]al<k 7
We also define Wéc P(Q,w) as the closure of C§°(Q) with respect to the norm
H'Hwk,p(g,w)'

If w € Ay, then WFEP(Q,w) is the closure of C°°({2) with respect to the norm
(2.1) (see Theorem 2.1.4 in ) The spaces W5?(Q,w) and WE*(Q,w) are Ba-
nach spaces and the spaces W*?2(Q,w) and WJ*?(Q,w) are Hilbert spaces.

It is evident that a weight function w which satisfies 0 < ¢; < w(z) < ¢ for
x € Q (where ¢; and ¢ are constants), gives nothing new (the space W’g*’ (Q,w) is
then identical with the classical Sobolev space Wg P(€)). Consequently, we shall
be interested above in all such weight functions w which either vanish somewhere

in QU 0N or increase to infinity (or both).
In this paper we use the following results.

Theorem 2. Let w € Ay, 1 < p < o0, and let 2 be a bounded open set in R™.
If upy,—w in LP(Q,w) then there exist a subsequence {u,, } and a function ® €
LP(Q,w) such that

(i) um, (x) = u(z), mi — oo, p-a.e. on €);

(ii) |tim, (x)] < ®(z), p-a.e. on Q; (where p(E) = [, w(x)dz).

Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in @ (]

Theorem 3. (The weighted Sobolev inequality) Let Q) be an open bounded set in
R™ and w € A, (1 < p < 00). There exist constants Cq and ¢ positive such that
for all u € C§°(Q) and all k satisfying 1 <k <n/(n—1)+9,

”u”LkP(Q,w) < CQHVUHLP(Q,(U)'
Proof. See Theorem 1.3 in . O

Lemma 1. Let 1 < p < co.

(a) There exists a constant ¢, such that

_ _ -2
272~y 2y| < ayla =yl (2] + y)" "y,

for all x,y € R";
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(b) There exist two positive constants (3, vy, such that for every x,y € R"
- -2 -2 -2 2
Bp(lel+ly)P2le—yl* < (|27 eyl y) (e —y) < (el +yl)" e —yl*.
Proof. See 3|, Proposition 17.2 and Proposition 17.3. (|

Definition 3. Let 2 C R™ be a bounded open set and v € A;, w € 4,, 1 < p,q <
c0. We denote by X = W24(Q,v) N Wy P (Q,w) with the norm

ullx = ||VU||Lp(Q,w) + ”Au”Lq(Qv)‘

Definition 4. We say that an element u € X = W29(Q, v) W, (Q,w) is a (weak)
solution of problem if for all ¢ € X we have

/|Au|q—2 AuAgovdm—l—Z/wAj(x,u(x),Vu(x))ngodx
Q oo

:/fogodx—FZ/ijjgodx.
Q =1/

3 Proof of Theorem 1

The basic idea is to reduce the problem to an operator equation Au = T and
apply the theorem below.

Theorem 4. Let A : X—X™* be a monotone, coercive and hemicontinuous operator
on the real, separable, reflexive Banach space X. Then for each T € X* the
equation Au = T has a solution u € X.

Proof. See Theorem 26.A in |16]. O

To prove the existence of solutions, we define B, By,B2: X x X — R and
T: X - Rby

B(”?@) = Bl(“v‘?) + BQ(“; ‘p)a

Bi(u, ) = Z/QwAj(x,u,Vu)ngodx = /QwA(x,u,Vu) -Vede,
j=1

Bg(u,go):/Q|Au|q_2AuA<pvdx,

T(@):/Qfowdwr;/gfjl)wdw

Then u € X is a (weak) solution to problem (|1 if
B(u,¢) = B1(u,p) + Ba(u,p) =T(p), forall p € X.
Step 1. For j =1,...,n we define the operator F;: X — LP' (Q,w) by
(Fyu)(z) = Aj(z, u(z), Vu(z)).

We now show that operator I is bounded and continuous.
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(i) Using (H4) we obtain

||Fj“H1£p'(Q,w) :/Q|Fju(ac)|pwd33=/Q|Aj(x,u,Vu)\pwdx
’ ’ p,
§/ (K1+h1u|p/p +h2|Vu|p/p> wdz
Q
<, / {(Kf/ +h’1’/|up+h§’/|Vu|p)w} do
Q
:C’p[/ Kf/wdm—i—/ h’l’,|u|pwdx+/ h’2’/|Vu|pwdac}7 (3)
Q Q Q
where the constant C,, depends only on p. We have, by Theorem
WY JulP wdz < ||ha|? uf” wdz
Q @ Jo
< Gl [ V0P waa
< anhl“gw(g)”quo
and
[ 19upds < sl [ 190 ds < hall gl

Therefore, in we obtain

| Fyull 1 gy < cp(|f<|m,w> - (OBl ey + el ey l3? )
and hence the boundedness.

(ii) Let uy, — v in X as m — oo. We need to show that Fju, — Fju in
LP' (Q,w). We will apply the Lebesgue Dominated Convergence Theorem. If
Um — w in X, then u, — v in LP(Q,w) and |Vuy,| — |Vu| in LP(Q,w).
Using Theorem there exist a subsequence {u,,, } and functions ®; and P
in LP(,w) such that
U, () = u(x), p1- a.e. in Q,
| < ®y(x), p1 - ae. in §,
|
|

)| <
[V, ()] = |Vu(z)|, p1 - ae in Q,
)| < ®o(z), p1 - ae. in Q.



Existence of solutions for Navier problems with degenerate nonlinear elliptic equations 39

where i (E) = [, w(z) dz. Hence, using (H4), we obtain
”Fjumk - Fju“iv’(ﬂ,w) - /Q ‘Fju"lk (z) — Fju(l‘)|p wdz
:/Q|Aj(a?,umk,Vumk) fAj(:z:,u,Vu)|p,wdz
</ (Am,umk,wmm/ + |Aj<x,u,vu>lp’>“dx
’ , p/
< G| [ (804 il P74 1l )
! ’ p/
+/ (Kl —|—h1|u|p/p +h2Vu|p/p) wdw}
Q
’ ’ p/
< 2cp/ (K1 + h ®PP h2<1>§/”> wdz
Q
<20, / KV wdz + / WY P da + / h]s’@gwdx}
Q Q
<20, |\K1||Lp (Qw)+Hh1||I£m(Q)/Q<I>’1’wdx

el e [ @oe]

<26 | 1K 1 g0 + [N @ 117000

sl 1220

By condition (H1), we have
Fjup () = Aj (2, um (), Vup (2)) = Aj(z, u(z), Vu(z)) = Fju(z),

as m — 4o00. Therefore, by the Dominated Convergence Theorem, we obtain
[ Fjum, — Fjull o o) — 0, that is, Fjuy, — Fjuin L (Q,w). By the
Convergence principle in Banach spaces (see Proposition 10.13 in ) we
have

Fjup, — Fjuin LY (Q,w). (4)

Step 2. We define the operator G: X — Lq,(Q,v) by

(Gu)(z) = |Au(@)|""* Au(x).

We also have that the operator G is continuous and bounded. In fact,
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(i) We have
HGquL/q’(Qv) :/’|Au|q_2Au|q/vdx
: )
:/ \Au|(q_2)q/|Au|q/vdx
)
= [ 18ultde <

’
Hence, [|Gull Ly g,y < [[ull ¥

(ii) If uy — w in X then Awu,, — Aw in L9(Q,v). By Theorem [2] there exist a
subsequence {u,,, } and a function ®3 € L(f2,v) such that

At () = Au(z), p2 - ae. in Q
| Aty ()] < P3(x), po - a.e. in Q.

where pi2(E) = [, v(x)dz. Hence, using Lemma 1(a), we obtain, if ¢ # 2

|Gt — Gutl|? y= / |Gy, — Gu\qlv dx
Q

L (Qv
/,
!’

q
g/ [anumk—Au|(|Aumk+|Au|)(q_2)] vdz
Q

’

q
vdx

|Aumk|q72Aumk — |Au|q72Au

< ag// |[Aty,, — Au|q/(2¢>3)(q_2)qlv dz
Q

, , q'/q
< af 20~ </ | Ay, — Au|Tv dx)
Q

, , (a—4")/a
y (/ pla—2as /(q—q)vdx)
Q

< a8 2609 |y, —ul|D|%,8, ),
since (¢ —2)qq'/(q—¢') = q if ¢ # 2. If ¢ = 2, we have
2 2 2
|Gty — Gl 0 = /Q Aty — Auffodz < Jum, — ull%

Therefore (for 1 < g < o0), by the Dominated Convergence Theorem, we
obtain
HGumk - GuHLq’(Q,v) =0,

that is, Gu,,, — Gu in LY (Q,v). By the Convergence principle in Banach
spaces (see Proposition 10.13 in [15]), we have

Guy — Gu in LY (Q,v). (5)
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Step 3. We have, by Theorem
1) < [ Ifallelde+ S [ 11Dyl dz
Q puilie
:/@|@\wdx+2/@|Djap|wdx
0 w = o W
<l fo/wll p @i 1l Loy + D Fi/9l 1o .0 1P Lo (2.0

j=1

< (Calfo/wllo ) + 33/l ) Il

j=1
Moreover, using (H4) and the Holder inequality, we also have

[B(u, )| < |B1(u, 9)| + [ Ba(u, ¢)|

< Z/ |Aj(z,u, Vu)||Djp|wde +/ | Au|?7? Aul|Aplvdz.  (6)
j=1"79 Q
In @ we have

/|A(w,u,Vu)||V<p|wdx§/ (K1+h1|u|1’/p’+h2|Vu|P/p/>V¢|wdx
Q Q

= ||K1HLp’(Q,w)”V@”Lp(Q,w) + ||h1||Loo(Q)||UH%IZQ,W)||V<PHLP(Q,W)

+ (12l oo e IVl ) IV 2N o0

< (Klnm/m,w) (O il gy + 1l o) L7 ) lollx.
and

/|Au|q72|AuHA<p|vdx:/ |Au|? | Ap|v da
Q Q

< (/Q \Au\qux)l/q/ (/Q |A<’p|qux)1/q

< % Nl x-

Hence, in @ we obtain, for all u,p € X
1B, 9)] < (1K1l () + CE Nl ey lul 37
12l o gy 15+ el 44l -

Since B(u,-) is linear, for each u € X, there exists a linear and continuous
operator A: X — X* such that (Au, ) = B(u,¢), for all u,p € X (where (f,z)
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denotes the value of the linear functional f at the point z) and
| Aull, < 1K1l o g0y + OB 0l o oy lul 57
o 1Azl e g Il + a7
Consequently, problem is equivalent to the operator equation
Au=T, wueX.
Step 4. Using condition (H2) and Lemma 1(b), we have
(Auy — Aug,ug — ug) = Blug,u; —ug) — B(ug, u1 — ug)

= /QWA(:U,ul,Vul).V(ul — ug)dz + /Q | Aug|? 2 Aur Aug — ug)v da

- /QMA(x,UQ,vUQ) -V (ug — ug) da — /Q | Auy|"? AugAuy — ug) vdz
= /QW(A(ac,ul,Vul) - A(x,UQ,VUQ)) -V(ug —ug)dz

+ /Q(\Auﬂq_zAul — |Aug |72 Aug) Auy — ug)v de
> 6, /Qw|V(u1 —ug)|" dz + B, /Q(\ Aug| + | Aus|) | Ay — Aus*v da
>0, /Qw |V (ur — u2)|” dz + B4 /Q(|Au1 — Auz\)q_2|Au1 — Aug*vdx

= 91/ w|V(u; — u2)|” dz + ﬁq/ |Aup — Aus|"vdz
- Q Q
Therefore, the operator A is monotone. Moreover, using (H3), we obtain
(Au,u) = B(u,u) = By (u,u) + Ba(u,u)

:/wA(x,u,Vu).Vudx—I—/ | Au|"? AuAuvdz
Q Q

2//\1|Vu|pwdx—|—/ | Au|?vdz
Q Q

=M IVullTo o0 + 18Ul 700,
Hence, since 1 < p,q < oo, we have

(Au, u)
[[ullx

— 400, as ||ullx = +o0,

. . P + s
(using lim
t+s—oo t+ s
Step 5. We need to show that the operator A is continuous.

= 00) that is, A is coercive.
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Let up—w in X as m — oo. We have,

|B1(tm, ) — Bi(u, )| < Z/QIAj(x,umVum) — Aj(z,u, Vu)||Djplwdz
j=1

n

= Z/Q |Fjtm, — Fju||Djplwdz
j=1
n

< S 1Etm — Fyull o oy 1056l o1
j=1

n
< D IEjum — Fyull g g ) llollx
j=1

and

|BQ(Um7 90) - BQ(U7 (P)| =

/|Aum|q_2AumA<pvdx—/ | Au|"? Au Apu dz
Q Q
S/‘|Aum|q72Aum—|Au|q72Au‘|A<p|vdm

Q

:/ |G, — Gul|Ap|vdx
Q

< | Gum — GUHLQ’(Q,U)”A‘PHLq(Qm
< Gum = Gull 1o g, ll€llx -
for all ¢ € X. Hence,
|B(tm, ) — B(u,9)| < |Bi(um,¢) — Bi(u,9)| + |Ba(tum, ) — Ba2(u, ¢)|

n

< [ It = Fyull gy + |Gt = Gl .0 Il -

j=1

Then we obtain

n
||Aum — A’LLH* < Z ||F]Um - Fju“LPl(Q?w) + HGUm - Gu”Lq/(Q,v) :
j=1

Therefore, using (4) and (5) we have ||Au,, — Aul|, — 0 as m — +oo, that is, A is
continuous (and this implies that A is hemicontinuous).

Therefore, by Theorem [4] the operator equation Au = T has a solution u € X
and it is a solution for problem (.
Step 6. Let us now prove the uniqueness of the solution. Suppose that uy,us € X
are two solutions of problem . Then,

/Q|Aui|q*2 Au; A<pvdx+Z/Qw.Aj(x,ui(x),Vui(x))ngodx
j=1

:/fogodm—i—Z/ijjgodx,
Q Pt
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for all p € X, and 7 = 1,2. Hence, we obtain
/ (|Au1|q_2Au1 — |Au2|q_2Au2) Apvdx
Q
+ / w(.A(a:,ul(a:), Vui(x)) — Az, ue (), VuQ(J:))) -Vepdx=0.
Q

In particular, for ¢ = u; — uz € X we have, by (H2) and Lemma 1(b) (analogous
to Step 4),

0= / w(,A(m,ul, Vuy) — Az, us, Vug)) -V(ug —ug)dx
Q
+ / (|Au1 |7 ? Aug — |Aug|T > Aug) Aug — ug)v da
Q
> 91/ IV (uy — uQ)|pwdx—|—Bq/ |A(uy — ug)| v de.
Q Q

Hence, |[V(u1 — u2)|l sy = 0 and [[A(ur — u2)|[ 140, = 0. Since ui,uz € X,
then u; = uy 1-a.e. Therefore, since w € A,, we obtain that u; = us a.e.

Example 1. Consider Q = {(z,y) € R? : 22 + y*> < 1}, the weight functions
w(z,y) = (22 +y*)~/? and v(z,y) = (2® +3?)"?/® (w € Az and v € Ay, p = 3,
q = 2), and the function
A Qx R? - R?
A((xay)vnag) = h?(xay)|§|£’
where h(z,y) = 2e(@*+¥”) . Let us consider the partial differential operator
Lu(w,y) = A((@® + y?) "2 AulAu) — div((@? +y2) "2 A, y), 0, V)

Therefore, by Theorem |1} the problem

_ cos(zy) O ( sin(zy) \ 0 ( sin(zy) o
o= 2 - (erey) ~ m(arem) mo
u(x) =0, on 0f)
Au(z) =0, on 0

has a unique solution v € X = W22(Q,v) N Wy (Q,w).
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