Communications in Mathematics

Orhan Gurgun; Sait Halicioglu and Burcu Ungor
A subclass of strongly clean rings

Communications in Mathematics, Vol. 23 (2015), No. 1, 13-31

Persistent URL: http://dml.cz/dmlcz/144356

Terms of use:

© University of Ostrava, 2015

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/144356
http://dml.cz

Communications in Mathematics 23 (2015) 13-31
Copyright © 2015 The University of Ostrava 13

A subclass of strongly clean rings

Orhan Gurgun, Sait Halicioglu and Burcu Ungor

Abstract. In this paper, we introduce a subclass of strongly clean rings. Let
R be a ring with identity, J be the Jacobson radical of R, and let J# denote
the set of all elements of R which are nilpotent in R/J. An element a € R
is called very J#-clean provided that there exists an idempotent e € R such
that ae = ea and a — e or a + e is an element of J#. A ring R is said to
be very J¥-clean in case every element in R is very J%-clean. We prove
that every very J*-clean ring is strongly m-rad clean and has stable range
one. It is shown that for a commutative local ring R, A(z) € Ma(R[[z]])
is very J#-clean if and only if A(0) € Ma(R) is very J#-clean. Various
basic characterizations and properties of these rings are proved. We obtain
a partial answer to the open question whether strongly clean rings have
stable range one.

This paper is dedicated to Professor Abdullah Harmanci on his 70th birthday

1 Introduction

Throughout this paper, all rings are associative with identity unless otherwise
stated. Nicholson in defined clean elements and clean rings, also in Nichol-
son and Zhou introduced strongly clean rings and Chen continued studying strongly
clean rings and introduced strongly J-clean rings in . Other generalizations of
clean notion of rings are investigated by many authors (, @], , ) Let U
denote the set of all invertible elements and J be the Jacobson radical of R. In
this paper, the set of all elements of R which are nilpotent in R/J will be denoted
by J#. Clearly, J C J#. Let a be an element of R. The element a is called clean
provided that there exist e> = ¢ € R and u € U such that a = e + u. The element
a is strongly clean if there exist ¢> = ¢ € R and u € U such that a = e + u and
eu = ue. An element a is called very clean if there exists e2 = e € Rand u € U
such that a = e+ u or a = —e + u and eu = ue. In general, a € R is (strongly or
very) T-clean if and only if there exists an idempotent e € R such that (ae = ea
and) a — e (or potentially a + e for very cleanness) is in the set related to 7. Here,
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T € {Nil, J, J#}, and the corresponding sets are Nil(R) (the set of all nilpotent
elements of R), J and J#, respectively. A ring R is said to have stable range one
if given a,b € R for which aR + bR = R, there exists y € R such that a + by € U.
One of the most important features of stable range one is the cancellation of re-
lated modules from direct sums. We know that stable range one in endomorphism
rings implies cancellation in direct sums, that is, if A, B, C' are modules such that
A® B =A@ C, and End(A) has stable range one, then B = C Theorem 2].
Further, if R is directly finite, i.e., any x,y € R satisfying xy = 1 also satisfy
yxr = 1, then so is M, (R) (for details one can see [6]). But so far it is unknown
whether strongly clean rings have stable range one (see ) This motivates us to
construct a natural subclass of strongly clean rings, namely, very .J#-clean rings,
which have stable range one.

Clearly, every commutative or Artinian strongly nil clean ring is strongly J-
clean. But the converse is not true in general (see [5] or Example. Since Nil(R) C
J# and J C J#, we know that strongly .J-clean rings and strongly nil-clean rings
are strongly J#-clean, and every very nil-clean ring is very J#-clean. Example
is a very J#-clean ring, which is not very nil-clean. Every strongly J#-clean ring
is very J#-clean but Example [3|is very J#-clean, which is not strongly J#-clean.
Any very J#-clean ring is strongly clean (see Theorem but there exists a strongly
clean ring which is not very J#-clean (e.g. Zs). Every strongly clean ring is very
clean. Example[d]is a very clean ring, which is not strongly clean. Now we illustrate
relations between these classes of rings in the following:

Strongly J-clean ——s Strongly J#-clean — Very J#-clean

Strongly nil-clean ——— Very nil-clean Strongly clean

|

Very clean

None of the implications in the diagram are reversible.

The paper is organized as follows: in Section 2, basic properties of very J#-
clean rings are given. We give some examples concerning their relations with clean
rings, strongly clean rings, strongly J#-clean rings. Further, we prove that if R is
very J#-clean, then R has stable range one. In Section 3, we construct several
examples of very J#-clean rings. For instance, if R is an abelian very J#-clean
ring, then the ring R[[z]] of power series over R is very J#-clean. In Section 4,
we characterize the very .J#-cleanness of matrices over commutative local rings.
Further, we consider very J#-clean power series rings over such matrix rings.

In what follows, for a positive integer n, Z,, and N denote the ring of integers
modulo n and the natural numbers, while for a prime integer p, Z,) denotes the
ring of integers localized at the prime ideal (p), and we write M, (R) for the rings
of all n x n matrices over a ring R. We write R|[[z]] and Nil(R) for the ring of power
series over R and the set of all nilpotent elements of R, respectively. Let R denote
the quotient ring R/J.
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2 Elementary results

Recall that a ring R is called local if it has only one maximal left ideal (equivalently,
maximal right ideal). It is well known that a ring R is local if and only if a +b =1
in R implies that either a or b is invertible if and only if R is a division ring. A
ring R is said to be reduced if it has no non-zero nilpotent elements. Now we begin
with the simple result.

Lemma 1. For a ring R we have that R is reduced if and only if J#* = J. In
particular, J# = J if R is commutative or local or R is the direct sum of division
rings.

It is clear from Lemma |If that if R is a commutative or local ring, then a € R
is strongly J#-clean if and only if a € R is strongly J-clean. Recall that a ring R
is called uniquely clean if every element can be written uniquely as the sum of an
idempotent and a unit (see [L§]).

Lemma 2. Let R be a direct sum of division rings. Then the following are equiv-
alent.

(1) R is strongly J¥-clean.
(2) R is a direct sum of two-element fields.

Proof. Note that if R is a direct sum of division rings (every local ring or commu-
tative Artinian ring has this property), then R is (strongly, very) J#-clean if and
only if R is (strongly, very, respectively) J-clean, because, by Lemma |1} we have
J# = J. Let IF,, denote the field with n elements.

(1) = (2) Since R is strongly J-clean, we have R is Boolean, and so R & ©F;
because R is a direct sum of division rings.

(2) = (1) Assume that R is a direct sum of two-element fields. Then R is
uniquely clean by Corollary 16]. This implies that R is abelian (that is, all
idempotents in R are central) and for all a € R there exists a unique idempotent
e € R such that e —a € J by Theorem 20]. Thus R is strongly J-clean. (]

One may suspect that if R is a direct sum of two- or three-element fields, then
R is very J#-clean. The following example shows that this is not true in general.

Example 1. Let R denote the ring Zg @ Zy. Then we have R = Zs @ Z3 and the
only idempotents of the ring R are (0,0), (1,0), (0,1), (1,1). Further, note that
J# = J. Hence (2,4) € R is not (strongly) very J#-clean.

(Strongly) Nil-clean elements (rings) are introduced by Diesl in [9], [10]. Clearly,
every strongly nil-clean element (ring) is a strongly J#-clean element (ring). But
there exists a strongly J#-clean element (ring) which is not strongly nil-clean ele-
ment (ring) as the following example shows (see [5]).

Example 2. Let R = ][] Zon. For each n € N, Zyn is a local ring with the

n=1

maximal ideal 2Zon. Then Zon /2Zan = Z5. Hence R is strongly J-clean, and so R
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is strongly J#-clean (and very J#-clean). Since the element r = (0,2,2,...) € R
is not strongly nil-clean (and not very nil-clean), R is not strongly nil-clean (and
not very nil-clean).

Every strongly J#-clean (strongly J-clean) ring is very J#-clean (very .J-clean)
but there exists a very J#-clean (very .J-clean) ring which is not strongly J#-clean
(strongly J-clean) as the following example shows.

Example 3. The ring Z3 is very J#-clean which is not strongly J#-clean.

Proof. Let R = Z3. Note that R is strongly (or very) J#-clean if and only if R
is strongly (or very) .J-clean because R is commutative, and we have J = J# = 0
by Lemma Since R is not Boolean, R is not strongly J#-clean, but R is very
J#-clean. O

Very clean elements (rings) are introduced by Chen et al. in . Thus any very
J#-clean ring is very clean. But the converse need not be true in general as shown
below.

Example 4. Z3) N Zs) is a very clean ring which is not very J#-clean.

Proof. Set R = Z3yNZ). If R is very J#-clean, then, by Theorem it is strongly
clean, but it is not strongly clean by [8) Theorem 3.5] or by [2| Example 17]. O

The next result shows that for an element of a ring, being very J#-clean and
strongly J#-clean coincide under some conditions.

Proposition 1. Let R be a ring, 2 € .J, and a € R. Then a is very J#-clean if and
only if it is strongly J#-clean.

Proof. If a € R is strongly J#-clean, then it is very J#-clean. Conversely, assume
that a € R is very J#-clean. Then there exist an idempotent e € R and v € J#

such that ae = ea and a = e4+v or a = —e4wv. If a = —e+wv, then a = e+ (v—2e).
As 2 € J, it easy to verify that v — 2e € J#, hence a € R is strongly J#-clean.
This completes the proof. O

Remark 1. If u is invertible, v € J# and uv = vu, then we have that u + v and
u — v is invertible.

Proof. Since v € J* if and only if —v € J#, we only need to prove one of u+v € U
and u—v € U. We prove that u—v € U. Now, we have v™ € J, thus 1—u~"v" € U.
Now

l—u ™" =1—(u")" =1 —uo)(I+u o+ -+ (u o))" ).

1

Hence 1 — u~1v is invertible, and so u — v = u(1 — u~'v) € U, because u € U. [

By the following result, we determine the set of all invertible elements of a very
J#-clean ring.
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Proposition 2. If R is a very J#-clean ring, then
U={ucR|u—1eJ? orut+1eJ?}.

Proof. Let u € U. Since R is very J#-clean, there exist an idempotent e € R and
v € J# such that ue = ew and u = e + v or u = —e + v. Assume that u = e + v.
Then u —v = e € U implies that e = 1 and so u = v+ 1. Assume that u = —e + v.
Then v — u = e € U implies that e =1 and so u = v — 1.

On the other hand, suppose that ©w = v — 1 where v € J#. Then we can find
some n € N such that v € J. Hence 1 — av™ € U for any a € R. If 1 — o™ € U,
then 1 — v € U because

I—v"=(1-v)(1+v+---F+0"1),

and so u € U. Suppose that v = v+ 1 where v € J#. Then we can find some n € N
such that v™ € J. Therefore 1 — av™ € U for any a € R. If 1 + (—=1)""1v" € U,
then 1 4+ v € U because

L+ (=D " =1 4+v) (1 —v4-+ (=)t ),
and so u € U. Hence
U={ueR|u—1eJ*oru+1eJ#}
as required. .

Every very nil-clean ring is very J#-clean, but there exists a very J#-clean ring
which is not very nil-clean (see Example . Clearly, if J is nil, then a € R is very
J#-clean if and only if a € R is very nil-clean.

Now we give the relations among strongly cleanness, very nil-cleanness and very
J#-cleanness for the rings.

Theorem 1. Let R be a ring. If R is very J #_clean, then R is strongly clean and
R is very nil-clean. If R is strongly clean, R is very nil-clean and 2 € J#, then R is
very J¥-clean.

Proof. Suppose that R is very J#-clean, and let a € R. Then there exist an
idempotent ¢ € R and v € J# such that ae = ea and a = e + v or a = —e + v.
This implies that a = (1 —¢) + (2e —1+v)ora=1—e+v—1. Asev = ve
and (2¢ —1)7' = 2e — 1, we get 2¢ — 1 +v € U or v — 1 € U by Remark [I] and
Proposition |2 Hence a € R is strongly clean because 1 — e is an idempotent. Thus
R is strongly clean. Further, @ = €+ % or @ = —€ + ¥ where 9" = 0 for some n € N.
Therefore R is very nil-clean.

Assume that R is strongly clean, R is very nil-clean, 2 € J# and let a € R.
Then there exists an idempotent e € R such that a = e + v and ea = ae where
uw € U. As R is very nil-clean, we can find an idempotent f € R such that af = fu
and @ = f+w or & = — f +w where w € R is nilpotent. Further, f = 4—w € U(R)
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or f:u_)fﬂeU(R),andthenf:I. Henceu=14+w-+roru=—1+w+r for
some r € J. Therefore

a=et+u=e+l+w+r=_1—-e)+(2e4+w+r)

or
a=etu=e—1l4+w+r=—1—-e)+ (w+r).

Obviously, (w+7r)™ € J or (2e+w+r)™ € J for some m € N. Consequently, R is
very J#-clean. O

Recall that an element a € R is called strongly w-rad clean provided that there
exists an idempotent e € R such that ae = ea and a — e € U and (eae)™ = ea”e €
J(eRe) for some integer n > 1. A ring R is said to be strongly w-rad clean in case
every element in R is strongly 7-rad clean (see ﬂgﬂ) For instance, if R is local, then
it is strongly 7-rad clean. It is well known that eJe = J(eRe) for any e = e € R
(see Theorem 1.3.3]).

Theorem 2. If a ring R is very J#-clean, then it is strongly m-rad clean.

Proof. Let R be a very J#-clean ring and a € R. Then there exist an idempotent
e € Rand v € J# such that ae = ea and @ = ¢ + v or a = —e + v. Assume that
a = e+v where v™ € J for some n € N. This implies that a = (1—e¢)+ (2e —1+4v).
As ev = ve and (2¢ — 1)1 = 2e — 1, it is easy to verify that 2¢ — 1+ v € U by
Remark [1] Hence a(1—¢)=(1—e)a and a — (1 —e€) € U and

[(1I—ea(l—e)]"=[1-evl—-e)]"=(1—-ep"(1—e)ec(l—e)J(l—e¢)

for some n € N. Assume that a = —e + v where v € J for some m € N.
This implies that « = (1 —e) + (v — 1). By Proposition [2, v —1 € U. Thus
a(l—e)=(1—e)aand a— (1 —e) € U and

(1—ea(l—e)"=[1-ew(l-e)]"=(1-ep™(1—e)e(l—e)J(l—c¢)
for some m € N. Therefore R is strongly n-rad clean, as asserted. O
The converse of Theorem [2] need not be true as the following example shows.

Example 5. Since Zs is a local ring, it is strongly m-rad clean, but not very J#-
clean. Because 2 € Zs is not very J#-clean as J# (Zs) = J(Zs) = 0.

It is an open question that whether strongly clean rings have stable range one
(see Question 1]). In the next result, we obtain that very J#-clean rings have
this property. So by Theorem [3] we can give a partial answer to the open question.
We know from [19] that a ring R has stable range one if and only if R has stable
range one. Recall that an element a of a ring R is called strongly m-regular if there
exist a positive integer n and = € R such that a™ = a"*'2. A ring R is said to be
strongly w-regular if every element of R is strongly m-regular. Ara showed that if
R is strongly m-regular, then R has stable range one (see [3], Theorem 4]).



A subclass of strongly clean rings 19

Theorem 3. Let R be a very J#-clean ring. Then R is strongly m-regular, hence
R has stable range one.

Proof. Let R be a very J#-clean ring and a € R. Then there exist an idempotent
e € R and v € J# such that ae = ea and a = e + v or a = —e + v. Assume that
a = e+wv where v™ € J for some n € N. This implies that a™(1—e) =v"(1—e) € J
and a = (1 —e) + (2e = 1 +v). As ev = ve and (2e — 1)7! = 2e — 1, we get
u = 2e—1+v € U by Remark[l] Hence " = @"¢ = @"¢and a"*! = a"t'e = a"tle
in R. This gives a" = a"*!(u)~! = (a)~'a"*!, that is, @ € R is strongly m-regular.
Suppose that a = —e+v where v"™ € J for some m € N. Write a = (1—e¢)+(v—1).
This implies that a™(1 —e) =v™(1 —e) € J and

ae = (ae)™ = ((v— 1)e)m =(v—1)"e.

Since v € J, we have v — 1 € U. Hence @™ = a@"é=v — 1 € and

_ _ - 1_
m+1:am+lezv_1ﬂ+ e

a
in R. This gives
am = a,m+1(1ﬁ)—1 — (m)—lam—kl,
that is, @ € R is strongly 7-regular, and so R is strongly 7-regular. Thus R has
stable range one from Theorem 4]. By the remark above, R has stable range
one. O

Let R be a ring and a € R. Set
ann(a) ={r € R|ra =0}
and
ann,(a) = {r € R | ar = 0}.

Then we have the following lemma.

Lemma 3. Let R be aring and a = e+v or a = —e+v very J#-clean decomposition
of a in R. Then ann;(a) C ann;(e) and ann,(a) C ann,(e).

Proof. Let r € ann;(a). Then ra = 0. Since ev = ve, we have re = rv or re = —rv,
and so re = rve = rev or re = —rve = —rev. It follows that re(l1 —v) = 0 or
re(l+wv) = 0, and so re = 0 because 1 + v, 1 —v € U. That is, r € ann(e).
Therefore ann;(a) C ann;(e). Similarly, we can prove that ann,(a) C ann,.(e). O

Theorem 4. Let R be a ring and f € R be an idempotent. Then a € fRf is very
J#-clean in R if and only if a is very J#-clean in fRf.

Proof. Suppose a = e+ v, €2 =e € fRf, v € J*(fRf), and ev = ve. Obviously,
v € J# because v" € J(fRf) = fJf C J for some n € N. Hence a € fRf is
very J#-clean in R. Similarly, one can show that if a = —e + v, €2 = e € fRf,
v € J¥(fRf), and ev = ve, then a € fRf is very J#-clean in R.



20 Orhan Gurgun, Sait Halicioglu and Burcu Ungor

Conversely, suppose that a = —e 4+ v, 2 = e € R, v € J#, and ev = ve. As
a € fRf, we see that

1 — f € ann;(a) Nann,(a) C ann;(e) Nann,(e).

Hence (1 — f)u=0=v(1— f) and fv=wvf =wv. We observe that a = fef + fuvf,
(fef)? = fef, and

(fof)™ =v™ e fIf = J(fRf) C J*(fRf)

for some m € N. Furthermore,

(fef)(fvf) = fevf = foef = (fof)(fef).

Similarly, one can prove that a € fRf is very J#-clean in fRf where a = e + v,

e2=e€ R, v € J¥, and ev = ve. Therefore the proof is completed. O

Corollary 1. A ring R is very J#-clean if and only if eRe is very J#-clean for any
idempotent e € R.

Proof. Let a € eRe. Since R is very J#-clean, we see that a € eRe is very J#-clean
in R. According to Theorem |4, a € eRe is very J#-clean in eRe. The converse is
clear by using e = 1. O

As is well known, every homomorphic image of a (strongly) clean ring is
(strongly) clean (see [12], [I6], [I7]). Analogously, we can give the following re-
sult.

Proposition 3. Every homomorphic image of very J#-clean rings is very J#-clean.

Proof. Let R be a very J#-clean ring and ¢: R — S a surjective ring homomor-
phism. Then for any b € S, there exists a € R such that ¢(a) = b. Since R is very
J#-clean, we can find an idempotent ¢ € R and v € J# such that ae = ea and
a=e+vora=—e+v. Assume that a = —e+v and v™ € J for some n € N. Then
p(a) = —p(e) + ¢(v) and p(a)p(e) = ¢(e)p(a). Obviously, (v(e))® = ¢(e) € S.
Since ¢(J) C J(S), we have p(v") = p(v)" € J(S) and so ¢(v) € J#(S). Similarly,
one can show that p(a) = p(e) + p(v) € S is very J#-clean in S where a = e + v
and v € J7. O

If I is a left ideal of a ring R, idempotents lift modulo I if, given a € R with
a®? — a € I, there exists e = ¢ € R such that a — e € I (see ) Note that R is
a clean ring if and only if R/.J is a clean ring and idempotents lift modulo .J (see
Proposition 6]). Recall that a ring R is called abelian if every idempotent is
central.

Theorem 5. Let I be an ideal of an abelian ring R with I C J. Then R is very
J#-clean if and only if R/I is very J#-clean and idempotents lift modulo I.
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Proof. Assume that R is very J#”-clean. Then R/I is very J#-clean by Propo-
sition Further, by Theorem R is strongly clean, and so idempotents lift
modulo I by Proposition 6].

Conversely, suppose that R/I is very J#-clean and idempotents lift modulo I
and let ¢ € R. By assumption, for a € R/I, there exists an idempotent € € R/I
such that @é¢ = €a and @ — € or @ + € is an element of J#(R/I). Assume that
@ = —é + v where v € J#(R/I). Then we can find some ¢t € N such that ¥' €
J(R/I) = J/I and so v € J#. Since idempotents lift modulo I, we may assume
that e? =e. Hencea+e—v €I C Jandsoais a very J#_clean element because
e is central. Similarly, one can prove that if @ = € + ¥ and © € J#(R/I), then a is
a very J7-clean element. O

3 Examples

The purpose of this section is to construct several examples for very J#-clean rings.
Let R be a ring and o be an endomorphism of R. Let R[[z,0]] be the set of all

o0 ) o0 )
power series over the ring R. For any > a;z%, Y b2’ € R[[z, 0]], we define

i=0 i=0
o0 o] o0
Z a; " + Z bzt = Z(ai + b))z,
i=0 i=0 i=0

and

( Z aixi) ( Z bixi) = Z et
i=0 i=0 i=0

where ¢; = Y a0”(b;—;). Then R[[z,0]] is a ring under the preceding addition
k=0

and multiplication. Clearly, R][[x, ¢]] is R[[z]] only when o is the identity morphism.

Furthermore, J(R[[z,0]]) = J 4+ 2R[[z, 0]] (see Ex. 5.6)).

Lemma 4. If R[[z,0]] is abelian, then o(e) = e for every idempotent e € R.

Proof. Since R|[[z,c]] is abelian, we have ze = ex for every idempotent e € R.
Hence we get ze = ex = o(e)z, and so o(e) = e, as asserted. O

Proposition 4. Let R[[z,c]] be an abelian ring. Then the following are equivalent.
(1) R is very J#-clean.
(2) R[[x,0]] is very J#-clean.

Proof. (1) = (2) Let a(x) € R[[z,0]]. Then we can find an idempotent e € R and
v € J¥ such that a(0) = e + v or a(0) = —e + v. Assume that a(0) = e + v. Then
a(z) = e +v(x) where v(z) = a(z) — e = v+ a12 + azx® + ---. Since o(e) = e
for any idempotent e € R by Lemma [4] we see that ev(x) = v(x)e. Further, we
conclude that v(z) € J# (R[[z, 0]]) because v € J# and

J(R[[z,0]]) = J + zR[[z, 7]
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This implies that a(x) € R[[z,0]] is very J#-clean. Assume that a(0) = —e + v.
Similarly, we can show that a(x) € R[[z,0]] is very J#-clean. Thus R[[z, o]] is very
J#-clean.

(2) = (1) Let @ € R. Then we can find an idempotent e(z) € R[[z,0]] and
v(z) € J#(R][[z,0]]) such that ae(x) = e(z)a and a = e(x) + v(z) or a = —e(z) +
v(z). Obviously, e(0) € R is an idempotent and v(0) € J#. Since a = e(0) + v(0)

or a = —e(0) +v(0) and ae(0) = e(0)a, we obtain that a € R is very J#-clean, and
therefore R is very J#-clean. (]

Remark 2. As in the proof of |1} Lemma 2.18], we can show that the idempotents
of R[[z,o]] belong to R. Hence if R is abelian, then so is R[[z, o]].

The next result is a characterization of being very J#-clean for abelian rings.

Theorem 6. Let R be an abelian ring. Then the following conditions are equiva-
lent.

(1) R is very J#-clean.

(2) R|[z]]/(z™) is very J#-clean for all n > 2.
(3) Rl[z]]/(x?) is very J#-clean.

(4) Rlz]/(z?) is very J#-clean.

Proof. (1) = (2) If Ris very J#-clean, then R[[z]] is very J#-clean by Prop051t10nl
and so R[[z]]/(z") is very J#-clean by Proposition |3 I 3| for all n > 2.

(2) = (3) It is clear.

(3) = (1) Since R is abelian, so is R[[z]] by Remark [2] Note that J(R[[z]]) =
J + xR[[x]]. Then (z?) C J(R[[z]]), and so R is very J#-clean by Theorem

(3) < (4) Since R[z]/{x?) = R[[z]]/(x?), there is nothing to show. O

Let R be a ring and o: R — R be an endomorphism. Set

nino-{(3 )

addition and multiplication are defined as follows:
a b n c d\ _f(a+c b+d\.
0 a 0 ¢/  \ 0 a+c¢)’
a b\ [(c d\ _(ac ad+bo(c)
0 a/\0O ¢/  \O ac ‘
Then D5(R,0) is a ring with the identity (1) (1) . Denote Dy(R,1g) by Dy(R),

where 1p: R — R, r — r. Further, it can be verified that

J(Ds(R,0)) = {(8 2)

a,beR},

aEJ,bER}.
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Proposition 5. Let R be an abelian ring and 0: R — R be an endomorphism.
Then the following are equivalent.

(1) R is very J#-clean.
(2) Da(R, o) is very J#-clean.
Proof. Note that since R is abelian, o(e) = e for every idempotent ¢ € R by

Lemma [] and Remark Pl

(1) = (2) Let A := (“ b

0 a) € Dy(R,0). Then there exists an idempotent

e € R such that ae = ea and v :=a—e € J# or v := a + e € J#. Assume that

v ;;) € J(Da(R, )

v:i=a—e € J# and v" € J for some n € N. Since V" = (0

where V' = (U b),
0 v

A (8 g) —V € J#(Dy(R. ).

As R is abelian and o(e) = e, we see that FA = AFE where E? = F = 8 2

(because EA = AFE if and only if eb = bo(e) = be). Therefore A € Dy(R, 0) is very
J#-clean. Assume that v := a + e € J#. Similar to the preceding discussion, it
can be shown that A € Dy(R, o) is very J#-clean, as required.

(2) = (1) Let @ € R. Then A := (8 0
e b
0 e

€ Ds(R,0). By hypothesis, there

exists an idempotent E := ( ) € Dy(R,0) such that AE = EA and

A+ E € J#(Dy(R,0))

or A—F e J# (DQ(R, a)). As E is an idempotent, we have e = e2. Further, we
get ea = ae, and that a —e € J# or a + e € J#. Therefore R is very J#-clean. [J

Let R be a ring and V an R-R-bimodule which is a general ring (possibly with
no unity) in which (vw)r = v(wr), (vr)w = v(rw) and (rv)w = r(vw) hold for
all v,w € V and r € R. Then ideal-extension (it is also called Dorroh extension)
I(R;V) of R by V is defined to be the additive abelian group I(R;V) = R®V

with multiplication (r,v)(s,w) = (rs,rw + vs + vw).

Proposition 6. An ideal-extension S = I(R;V) is very J#-clean if the following
conditions are satisfied.

(1) R is very J¥-clean;
(2) If e = e € R, then ev = ve for allv € V;
(3) If v € V, then v+ w + vw = 0 for some w € V.

Furthermore, if S is very J#-clean, then R is very J#-clean.
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Proof. Suppose that (1), (2) and (3) are satisfied. Let s = (r,w) € S and (by (1)
writer = e4+vorr = —e+v, e =e, v € J¥ and re = er. Assume that r = —e+v
and v € J for some n € N. Then s = —(e,0) + (v,w) and (e,0)? = (e,0) € S.
Note that (0,V) C J(S) if and only if (3) holds (see [15]). Since (v, w)™ = (v",*

it suffices to show that (v™,0) € J(S). For any (p,q) € S,

(1,0) = (0", 0)(p,q) = (1 — v"p, —v"q) € U(S)

) 7

because
(1—v"p,—v"q) = (1 —v"p,0)(1, (1 —v"p) "' (—v"q))
and
(1,(1 = v"p)~H(=v"g)) = (1,0) + (0, (1 = v"p) " (~v"q)) € U(S)

by (0,V) C J(S). Thus (v, 0) € J(S) and so (v, w) € J#(S). By (2), (r,w)(e,0) =
(e,0)(r,w). The case where r = e + v can be similarly handled.

On the other hand, suppose that S is very J#-clean and let ¢ € R. Then
(a,0) = (e,t) + (v,w) or (a,0) = —(e,t) + (v,w), (e,t)? = (e,t), (v,w) € J#(S)
and (a,0)(e,t) = (e, t)(a,0). Assume that (a,0) = (e, t)+ (v, w) and (v, w)™ € J(S5)
for some m € N. Since (v,w)™ € J(9), (e,t)? = (e,t) and (a,0)(e,t) = (e,t)(a,0),
we get a =e+ v, v"™ € J, e =e € R, and ae = ea. Hence a is strongly J#-clean.
Suppose (a,0) = —(e,t) + (v,w) and (v, w)"™ € J(S) for some n € N. Similarly, it
can be shown that —a is strongly J#-clean and so R is very J#-clean. U

Example 6. Let R be an abelian very J#-clean ring, n a positive integer and

a a2 -+ Qin
0 a crc Q2n

S = . . X . a, a;j; ER(Z<])
0 0 ce a

Then S is very J#-clean and noncommutative if n > 3.

Proof. Let
0 ap - a,
0 0 - as,
V= . . ai; € R(i < j)
0 0 --- 0

Then S = I(R; V). By applying Proposition [6} (1) is clear; (2) holds because R is
abelian and (3) follows because of V' C J(5). O

4 Very J#-clean 2 X 2 matrices

Let f,g € R|x] be polynomials over a commutative ring R and let (f,g) denote
the ideal generated by f,g. A polynomial f(z) € R[z] is a monic polynomial of
degree n if f(z) = 2" + a,_12" ' + -+ + a1x + ag where a,,_1,...,a1,a0 € R. If
¢ € M, (R), we use x(¢) to stand for the characteristic polynomial det(zI,, — ).



A subclass of strongly clean rings 25

The aim of this section is to characterize a single very J#-clean 2 x 2 matrix
over a commutative local ring by means of the factorization of its characteristic
polynomial.

We begin with the following result from ﬂﬂ], and give the proof of it for the sake
of completeness.

Lemma 5. Let R be a commutative ring and ¢ € My (R). Then the following are
equivalent.

(1) ¢ € J#(M,(R)).

(2) x(¢) ==" (mod J).

(3) There exists a monic polynomial h € R[z] such that h = x3°¢" (mod J) for
which h(yp) = 0.

Proof. Note that .J(M,(R)) = M, (J) and M, (R)/J (M,(R)) = M,(R). Further-
more, since R is commutative, we have that Nil(R) C J.

(1) = (2) If ¢ € J#(M,(R)), then ¢ is nilpotent in M, (R). According to
Proposition 3.5.4], we get x(¢) = 2™ (mod Nil(R)). So x(¢) = 2™ (mod J)
because Nil(R) C J.

(2) = (3) Set h = x(¢). Then h = 24" (mod J). By Cayley-Hamilton
Theorem, h(yp) = 0.

(3) = (1) Assume that h = 2" + a,_12" ' + -+ + a1z + ag where
a; € Jfor 0 <i<n-—1 Then h = 2" (mod Nil(R)) and h(p) = 0. Again,
by |4} Proposition 3.5.4], ¢ is nilpotent in M, (R). This gives ¢ € J#(M,(R)). O

Definition 1. [7] Definition 2.4] For r € R, define
J. = {f € R[z] | f is monic, and f = (z — )¢S (mod J#)}.

Remark 3. If R is commutative, then J# is simply the Jacobson radical. So we
get
J. ={f € R[z] | f is monic, and f = (z — )4/ (mod J)}.

By f = (z — )%/ (mod J), we mean f — (x — )48/ € J[z]. Furthermore, it is
well known that

X(@) =2 —tr(p)z +det(p) and  x(—p) = 2” + tr(p)z + det(y)

because tr(—p) = —tr(p) and det(p) = det(—yp) for ¢ € M3(R). In general, note
that

X(=¢)(z) = det (21, — (=) = (=1)" det ((—2) I + ¢) = (=1)"x(p)(~z)
and det(—¢) = (—1)" det(y) for ¢ € M,,(R).

For an easy reference, we mention the following lemmas without proofs. Re-
call that a commutative ring R is called projective-free if every finitely generated
projective R-module is free. Any commutative local ring is projective-free.
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Lemma 6. [/| Lemma 2.5] Let R be a projective-free ring and h € R[z] a monic
polynomial of degree n, let o € My, (R). If h(p) = 0 and there exists a factorization
h = hohi such that hg € Jg and hy € J1, then ¢ is strongly J#-clean.

Lemma 7. []| Theorem 2.6] Let R be a projective-free ring and h € R[z] a monic
polynomial of degree n. Then the following are equivalent.

(1) Every p € M, (R) with x(p) = h is strongly J#-clean.
(2) There exists a factorization h = hohy such that hg € Jo and hy € J;.

In the proof of Lemma[§] and Theorem [7] we refer to Lemma [ and Lemma [7]

Lemma 8. Let R be a commutative local ring and h € R[z] a monic polynomial
of degree n, let ¢ € M, (R). If h(¢) = 0 and there exists a factorization h = hohy
such that hg € Jg and hy € J; UJ_1, then ¢ is very J#-clean.

Proof. By hypothesis, there exists a factorization h = hghy such that hy € Jy and
hy € JyUJ_y. If hy € Jy, then ¢ is strongly J#-clean by Lemma @, and so ¢ is
very J#-clean. Hence we assume that hg € Jo and hy € J_;. Then
ho = z38"0)  (mod J) and hy = (z — (—1))%&")  (mod J).
Set t := —x and g(t) := (—1)3€(Mh(—t). Then g(t) factors as g = gog1, where
golt) = (—1)%=)g(—) and gy () = (~1) DRy (—1).

Note that deg(go) = deg(ho) and deg(g1) = deg(hy). Since hg = z9¢(h0) (mod .J),
we see that

go(t) = (_1)deg(h0)h0(_t) = (_1>deg(hg)xdeg(ho) = ¢deg(g0) (mod J)’
and so go € Jo. Further, as hy = (z — (—1))%&(") (mod J), we have

g1(t) = (=1)% B hy (<) = (—1) 280 (¢ — (—1)) s
(t —1)4ee)  (mod J),

and so g; € J;. We observe that g(—¢) = 0 because h(p) = 0. In view of
Lemma @, —@ € M,(R) is strongly J#-clean. That is, ¢ is very J#-clean. The
proof is completed. O

Theorem 7. Let R be a commutative local ring and h € R[z] a monic polynomial
of degree n. Then the following are equivalent.

(1) Every ¢ € M, (R) with x(¢) = h is very J#-clean.

(2) There exists a factorization h = hohy such that hg € Jo and hy € J; UJ_;4.
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Proof. (1) = (2) Since ¢ is very J#-clean, ¢ or —¢ is strongly J#-clean. If ¢ is
strongly J#-clean, then there exists a factorization h = hoh; such that hy € Jo and
hy € J; by Lemma @ Suppose —¢ is strongly J#-clean. It follows by Lemma
that g(t) := x(—¢) factors as g = gog1 where go € Jo and g1 € J;. This implies

h(z) = x(p) = (~1)* M g(—z) = (~1)** M go(~2)g1 ().
Set ho(z) = (—1)9°80) go(—z) and hy(x) = (—1)%8@) g (—z). Then h = hoh;.
Since go(t) = t4€(90) (mod .J), we get
ho(e) = (1) 0gy(—2) = 250 (mod ),
hence hg € Jo. In addition, as g1 () = (t — 1)38(91) (mod .J), we see that
h(x) = (=1)%@ gy (=) = (& + 1)*5@) (mod J).

This gives hy € J_1. That is, hg € Jp and h; € J; UJ_1, as asserted.
(2) = (1) For any ¢ € M(R) with x(¢) = h, we have h(p) = 0 by the
Cayley-Hamilton Theorem. In light of Lemma [8} ¢ is very J#-clean. O

Corollary 2. [} Corollary 2.8] Let R be a commutative local ring and ¢ € Ms(R).
Then ¢ is strongly J#-clean if and only if

(1) x(¢) = 2? (mod J); or
(2) x(¢) = (z —1)? (mod J); or

(3) x(¥) has a root in J and a root in 1+ J.
In analogy with Corollary [2] we have the following result.

Corollary 3. Let R be a commutative local ring and ¢ € My(R). Then —¢p is
strongly J#-clean if and only if

(1) x(¢) = 22 (mod J); or
(2) x(¢) = (z+1)? (mod J); or
(3) x(¥) has a root in J and a root in —1 4 J.

Proof. Suppose that —¢ is strongly J#-clean. As in the proof of Theoremlﬂ, there
exists a factorization x(yp) = hoh; such that hy € Jo and h; € J_;. Consider the
following cases:

Case 1. deg(hg) = 2 and deg(h1) = 0. Then hg = x(p) = 2% — tr(p)z + det(y)
and hy = 1. As hy € Jo, it follows from Lemma [5| that ¢ € J#(M2(R)) or
equivalently, x () = 22 (mod J).

Case II. deg(hg) = 0 and deg(h;) = 2. Then hyi(z) = x(¢) = (z+1)? (mod J)
because hy € J_1.

Case III. deg(hg) = 1 and deg(hy) = 1. Then hg =  — a and h; = = — f.
Since hg € Jo, we see that hg = 2 (mod J), and then o € J. As hy € J_1, we have
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hi = x4+ 1 (mod J), and so B € —1 + J. Therefore x(¢) has a root in J and a
root in —1 4 J.

For the reverse implication, if (1) or (2) is valid, then —¢ € J#(M(R)) or
I, + ¢ € J#(Mz(R)). This implies that —¢ is strongly J#-clean. Suppose that
x(¢) has a root in J and a root in —1 + J and —¢, I + ¢ ¢ J(M2(R)). By
Remark [3 we know that x(¢)(—z) = x(—¢)(z). In this case, x(¢) has a root in .J
and a root in 1+ J. According to @ Theorem 16.4.31], ¢ is strongly J-clean, and
therefore it is strongly J#-clean. O

0 7
8 1
x(p) =22 +2+7=(x+1)%2+6x+6. Hence x(¢) = (v + 1)? (mod J(Zy)), and
S0 ¢ € My(Zg) is very J#-clean by Corollary

In the next, we investigate very J#-clean matrices over power series rings.

For instance, choose ¢ = € M3(Zgy). Note that J(Zg) = 3Zg. Then

Theorem 8. Let R be a commutative local ring. Then the following are equivalent.
(1) A(z) € My(R[[z]]) is very J#-clean.
(2) A(0) € My(R) is very J#-clean.
Proof. (1) = (2) Since A(z) is very J#-clean in M, (R[[z]]), there exist an
E(x) = E*(z) € M2(R[[z]]) and V(z) € J* (Ma(R[[])))
such that E(z)V (z) = V(z)E(z), and
Az) = E(z) +V(z) or A(z)=—E(z)+ V().
This implies that £(0)V(0) = V(0)E(0) and
A(0) = E(0)+ V(0) or A(0) =—E(0)+ V(0),
where E(0) = E2(0) € M»(R) and V(0) € J#(Mx(R)). Hence A(0) is very J#-
clean in Ma(R).
that(Qz zo()lzsssgf)i ggx}] ﬁﬁﬂﬂhﬁf“ and R is local, R[[z]] is local. Assume
o —A(0) € J#(M2(R));
o or I + A(0) € J#(Mx(R));

e or the characteristic polynomial x(A(O)) =y?—py+Ahasaroota € —1+J
and a root B € J.

If —A(0) € J#(Ms(R)), then

—A(z) € J# (My(R[[z]])) -
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If I + A(0) € J# (My(R)), then
I + A(z) € J# (Ma(R[[z]])) .
Otherwise, we write y = io: b;x* and
i=0
X(=A(z)) = y* — p(x)y + A=) .

[es) . 7
Then y? = 3 c;x' where ¢; = > bib;_. Let
i=0 k=0

p(x) = ', Mz) = Nz’ € Rl[z]]
=0 1=0

where po = p and A\g = A\. Then

y* = )y + Az) =0
holds in R][z]] if the following equations are satisfied:

b(Q) — bopo + Ao = 0;
(boby + b1bo) — (bopr + b1p1o) + A1 = 0;
(boba + bT + babg) — (bopz + brpu + bapig) + A2 = 0;

Obviously, up = a+ € U and o — 8 € U. Let by = . Since R is commutative
and 2bg — po = 2o — pp = a — (3, there exists some b; € R such that

b1(2bo — o) = boptr — A1
Further, there exists some by € R such that
b2(2b0 — ‘LL()) = bo/LQ -+ blﬂll — b% — AQ.

By iteration of this process, we get b3, by,.... Then y? — p(x)y + A(z) = 0 has
a root yo(z) € =1+ J(R[[z]]). If by = B € J, analogously, we can show that
y? — p(z)y + A(z) = 0 has a root y; () € J(R[[z]]). In light of Corollary |3, —A(z)
is strongly J#-clean. Similarly, we can prove that if A(0) is strongly J#-clean,
then A(z) is strongly J#-clean by Corollary [2, Therefore A(z) is very J#-clean in
My (R[[z]]). U

Example 7. Let R = Zg[[z]] and

02— S (1+45)n
A(l‘) = nol S MQ(R)

I 1- Y (1+7)2"
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Then

=1 =
DO NI

)Y

where (é (1)> is an idempotent and

G g) € J#(Ma(Zy))

G §>2 B @ g) € J(Mz(Zy)) .

Thus A(z) is very J#-clean by Theorem |8} Note that A(0) is not strongly J-clean.

because

Corollary 4. Let R be a commutative local ring and A(z) € Ma(R[[z]]/(z™))
(m > 1). Then the following are equivalent.

(1) A(z) € Ma(R[[z]]/(z™)) is very J#-clean.
(2) A(0) € My(R) is very J#-clean.

Proof. (1) = (2) is obvious.
(2) = (1) Let ¢: R[[z]] — RJ[[z]]/(z™) denote the natural homomorphism.
Then ) induces the surjective ring homomorphism

V' My (Rl[z]]) — Ma(R[[])/(=™)) -

Then there exists B(x) € M;(R[[x]]) such that ¢* (B(z)) = A(z). Then Theorem
completes the proof. O
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