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Abstract. We consider second order quasilinear evolution equations where also the main
part contains functional dependence on the unknown function. First, existence of solutions
in (0,7) is proved and examples satisfying the assumptions of the existence theorem are
formulated. Then a uniqueness theorem is proved. Finally, existence and some qualitative
properties of the solutions in (0, 00) (boundedness and stabilization as t — oo) are shown.
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1. INTRODUCTION

It is well known the importance of functional differential equations for applications,
thus the theory of functional differential equations in one variable case and the
theory of partial functional equations (evolution equations of first order) have been
intensively studied for several years (see, e.g., [6], [7], [14]). In the field of partial
functional equations the theory of monotone type operators can be applied, too
(see, e.g., [9], [10], [11], [13]). It turned out that by using this theory not only first
order functional evolution equations (parabolic functional equations) but also second
order functional evolution equations can be dealt with, by using arguments similar
to those, which were applied to second order evolution equations (without nonlocal
terms), see, e.g., [4], [15] and [16].

There are several papers on second order semilinear functional equations (semilin-
ear hyperbolic functional equations, see, e.g., [3], [5]).

This work was supported by the Hungarian National Foundation for Scientific Research
under grant OTKA K 81403.
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The aim of this paper is to consider some second order evolution equations of the
form

(L1) () + [Nt/ (1) u', w)](t) + QLu(t)] + [M(t, o' (t);u, w)](t) = f(t)
with the initial condition
(1.2) w(0) = ug, u'(0) = uy,

by using the theory of monotone type operators and ideas of [4], [15], and [16]. Here
1<p<oo,

N: LP(0,T;V) x LP(0,T; V1) x LP(0,T; V1) — L9(0,T; V™),
M: LP(0,T;V) x LP(0,T;V) x LP(0,T;V) — L0, T; V"),

are demicontinuous and bounded nonlinear operators, @: V — V* is a linear and
continuous operator, V', V; are reflexive Banach spaces such that V' C V7, the imbed-
ding is compact, finally, V' C H C V* is an evolution triple.

Conditions will be formulated which imply the existence of solutions for ¢ € (0,7)
and for ¢ € (0,00). Further, the boundedness of ', u for ¢t € (0,00) and the stabi-
lization of u as t — oo will be shown. Several applications will be considered.

In a previous paper a similar equation, basically a particular case of the above
equation was considered, here we shall use analogous arguments.

2. EXISTENCE OF SOLUTIONS FOR t € (0,T)

Let V, V7 be reflexive Banach spaces such that V' C Vi and the imbedding is
compact, V' C H C V* an evolution triple (see, e.g., [15], [16]). Denote by L?(0,T;V)
(1 < p < o0) the Banach space of measurable functions u: (0,7) — V with the norm

T
Iy = | eI .

The dual space of LP(0,T;V) is L9(0,T; V*) where 1/p+1/¢ = 1 and V* is the dual
space of V' (see, e.g., [15], [16]). The duality between V* and V will be denoted by
(-,-) and between L?(0,T;V*) and LP(0,T;V) by [, ].

(i) Assumptions on N:

N: LP(0,T;V) x LP(0,T; V1) x LP(0,T;Vy) — L40,T; V™)
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is demicontinuous (i.e., it maps strongly convergent sequences into weakly convergent
sequences), and there is a constant ¢; such that

(2.1) N (¢, 250, 0)] ()]l < ealzllf

for all t € (0,T), z € V, v,w € LP(0,T;V1). Further, for arbitrary fixed t € (0,7,
zeV,

(2.2) (v,w) — N(t,z;v,w) is continuous

(as an operator LP(0,T;Vy) x LP(0,T;Vy) — L%0,7;V*)). Finally, there exist
constants ¢* > 0 and ¢ > 0 such that * < p—1 and
(2.3) (IN(t, 2150, w)](F) = [N (¢, 2230, w)](t), 21 (t) — 22(1))
Co
o [21(t) — z2(@)[I5,

T+l eo,rvy + lwllLeo vy

forall t € (0,T), 21,20 € V, v,w € LP(0,T; V).
(ii) Assumptions on Q:

Q@: V — V* is a linear and continuous operator satisfying
(Qz1,22) = (Qz2,21), (Qz,2) 20, z1,20,2€ V.
(iii) Assumptions on M:
M: LP(0,T;V) x LP(0,T;V) x LP(0,T; V) — L40,T; Vy")
is (nonlinear) bounded, demicontinuous and with some nonnegative constants cs and
oc<p—or—1

o+1
(2.4) (M (t, z0,w)](t), 2(8)) = —ea[1 + [0l Logo,rvy + 1wl Lo o.10)] T

Theorem 2.1. Assume (i)—(iii). Then for any f € L9(0,T;V*), up € V and
uy € H there exists u € C([0,T]; V) such that v € LP(0,T;V), v’ € L1(0,T;V*)
and u satisfies (1.1), (1.2).

For the definition of the generalized derivatives u’, u” see, e.g., [15], page 417.

Proof. For simplicity, first consider the case ug = 0, u; = 0. Define an operator
S: LP(0,T;V)— LP(0,T;V) by

(Sv)(t):/o v(s) ds.
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Then S is a linear and continuous operator and u is a solution of (1.1), (1.2) with
ug =0, uy =0 if and only if v = ' € LP(0,T;V) satisfies

(2.5) v'(t) + [N (t,v(t); v, S)](t) + Q[Sv(t)]
+ [M(t, 0(t); 0, 50)|(t) = f(t), t€(0,T), v(0)=0.

Consider the operator A: LP(0,T;V) — L9(0,T;V*) defined by
[A@)I(t) = [N(t, v(t); v, Sv)|(t) + Q[Sv(t)] + [M (¢, v(t); v, Sv)]().

By (i)—(iii), it is not difficult to show that A is bounded and demicontinuous.
Further, by (i)

T e
20) [ (Nt oo S0l o) de >

1+ [[vllzro,7;v) + 1SV Lro, 7))
T
XA lo@IE d — [N (2,00, S Lao.av o 0]l oo,z

]wé|wmmw

Cc2
>
“ [+ vl eo,vy + 1SVl Leo,mv)

> const||v]|7, 0 7.

because

1SV L0, 5v) < const||v]| Lp(o,7;v)-

Thus by (iii)

(2.7) ‘L<mwmmwma

> const|[v[|, {1y — const[l + o]l Lo o) + [10] Logo, v

> const||v|\’£;?()j;v) — const[1 + [[v]| g0, 7)),

which implies that

A<M@www»a=m

[lvllze 0,7;v)—00

since o < p — o* — 1, thus A is coercive.
Now we show that A belongs to (S5)+ with respect to

D(L) ={v e L?(0,T;V): v € LU0, T;V*), v(0) = 0},

142



which means:

(2.8) v; € D(L), (v;) - v weaklyin LP(0,T;V),
(2.9) (vj) =o' weakly in LI(0,T; V"),
(2.10) limsup[A(v;),v; —v] <0

imply

(2.11) (vj) = v strongly in L¥(0,T; V).

To prove that (2.8)—(2.10) imply (2.11), observe that

[QS(v)),vj —v] = [@S(vj = v),vj = v] +[QS(v),v; — ],

where the first term on the right hand side is nonnegative (see, e.g., [15], [16]) and
the second term tends to 0 by (2.9), thus

(2.12) lim inf[@QS(v;),v; —v] > 0.

Further, since V is compactly imbedded in Vi, by the compact imbedding theorem
(see [8]), (2.8), (2.9) imply that

(2.13) (v;) = v in LP(0,T; V1)

for a subsequence (again denoted by (v;), for simplicity), hence

(2.14) / (Mt vy (2); 03, S0,)](8), 03(£) — () dt — 0

because the first term in (2.14) is bounded in L%(0,T; V;*) since M is a bounded
operator. (2.10), (2.12), (2.14) imply that (for a subsequence)

(2.15) 1imsup/ (IN(t, v5(t); 05, Sv)I(t), v (t) — v(t)) dt < 0.
0
Observe that

(2.16)  ([N(t;0(t); 05, Sv7)](1), v;(t) — v(t))
= ([N (t, 05 (1); vj, S)I(8) = [N (&, 0(); 05, 505)](8), v (E) = v(#))
+ (N v(t); 05, .507)1(E) = [N (&, 0(t); 0, Sv)](#), v () — (1))
+ (N v(t); 0, S0)](E), 05 (1) = v(t))-
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By (2.2), (2.13), (2.8) the second and third terms on the right hand side of (2.16)
converge to 0. Thus (2.8), (2.15), (2.16) and (2.3) imply (2.11).

So we have shown that A is bounded, demicontinuous, coercive and belongs
to (9)+. Consequently (see, e.g., [2]), there is a solution of (2.5), and thus there
is a solution of (1.1), (1.2) in the case ug = 0, uy = 0. The case up € V, u; € H can
be easily reduced to the case ug = 0, u; = 0. (See, e.g., [11].) O

3. EXAMPLES

Example 3.1. Let V be a closed linear subspace of the Sobolev space W17 (Q)
containing C§°(Q2), Vi = LP(Q) where Q is a bounded domain with sufficiently
smooth boundary, see [1]. The following examples satisfy the assumptions of Theo-
rem 2.1:

([N (t, 2(t); v, w)] (1), y(1))

= /Qb(t, z: [HW)|(t, ), [H (v)](t, %)) (D;z)|Dz|P~2 Dy da

+ / bo(t, x; [Ho (v)](t, z), [Ho (v)](t, 2))z|z|P~2y da
Q

where b, by are Carathéodory functions satisfying with some positive constants
C2

L+ 01]7" + 1601

H,H,Hy, Hy: LP(Qr) — LP(Qr) are continuous linear operators.

|o’* < b7 bo(t7x;91792) g C3,

Further,

n

(Qu,v) = / [Z ap DpuDyv + douv | do
QL =1

where ay;, do € LOO(Q), ap; = ag, klzn_:l ag (x)fkfl >0,dy > 0.
M(t, z;0,w) = go(t, 2(t, @), [Fi (v, Dv)](t, x), [Fa(w, Dw)|(t, z))
+ g(t, z(t, x), [F53(v, Dv)](t, x), [Fa(w, Dw)|(t, a:))

where
90,9: (0, T)XRxRxR—R

are Carathéodory functions satisfying
go(f,, (91, 92, 93)91 2 O7 |g0(t, (91, 92, 93)| < COIlSt|91|p_17
|9(t,01,02,65)| < const[1 + |61] + |6 + 165]]7;  Fj: [LP(Qr)]"*! — LP(Qr)

are continuous linear operators.
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Remark 3.1. In this case the solution of (1.1) can be viewed as a weak solution
of the partial functional differential equation

Diu =3 Difb(t, i [H ()t ), L (w))(t,2)) [ D[~ Dia')

+ bo(t, 25 [Ho(u)](t, @), [Ho(u)](t, ) [u'[P~20' = > Di(arDyu) + dou
Jok=1

+ go(t,u, [Fy(u', Du)|(t, z), [Fa(u, Du)](t, x))
+ g(tv ulv [F?)(u/a Du,)](ta (E), [F4(ua Du)](tv CL')) = f(ta (E),

in the case V = WO1 P(Q2) with homogeneous Dirichlet boundary condition and in the
case V = W1P(Q) with homogeneous Neumann type boundary condition.

Example 3.2. Similarly, let V' be a closed linear subspace of the Sobolev space
WmP(Q) (m = 1), V4 = Wm=bP(Q), H = L?(Q). Then Q may be an analogous 2m
order linear symmetric elliptic differential operator, NV and M may be higher order
nonlinear partial functional differential operators.

4. UNIQUENESS OF THE SOLUTION

Theorem 4.1. Assume that the conditions of Theorem 2.1 are fulfilled so that
N does not depend on v and w, M does not depend on w and M is Lipschitz in the
following sense:

t t
/ M (ryon(7);01) — M (r,vn(r); v2) | dr < const / o1 (r) — va(r) 3 dr
0 0

for arbitrary vi,ve € LP(0,T;V), t € (0,T).
Then for arbitrary solutions uy, ug of (1.1) with f = f1 and f = fo we have

(4.1) luy (8) = us(O 1 + ealluy = ubll oo,
< const e [[luy (0) = ua ()7 + /1 = foll Lo,

Remark 4.1. The inequality (4.1) implies the uniqueness of the solution of (1.1),

(1.2).

Further, from (4.1) one obtains estimates for u; — us where u; is the solution of
(1.1), (1.2) with up = ugj, w1 = w1y, f = fj, j = 1,2, since u;(t) = uo; —l—fo s)ds.
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Proof of Theorem 4.1. Define v; by v;(¢ fo s)ds = Su Then v; satisfies
(2.5) with f = f;. Apply the difference of these equatlons to v1 — v2. By using the
arguments in the proof of Theorem 2.1, we obtain

(2 Sl - wOlh - 50 - o)k

+ [ HA@)I) ~ Al 0a(r) = valr) dr
- / (1(7) = o)y 01(7) = va()) dr
1/p
[/ 117 = fa(P)L. dT] [/ lon(r) — va() | dr
<egflvr — U2||Lp(o,t;v) +CE)fr— f2||Lq(07t;v*)

for arbitrary € > 0.

The assumptions of our theorem and the Cauchy-Schwarz inequality imply
(4.3) /0 ([A(v)](7) = [A(v2))(7), v1(7) — v2(7)) dT
> eallor = 0all 0 ) + (@) @1)](E)
— [(QS)(v2)](t), v1(t) — va(t)) — Const/ [o1(7) = v2(7) || dr.
0

Since the second term on the right hand side of (4.3) is nonnegative (see the proof
of Theorem 2.1), choosing € > 0 sufficiently small, we obtain from (4.2), (4.3)

o1 (8) = v2 ()| F + callvi = vall 70 1y

< [Jv1(0) — v2(0) 17 + esllfr — foll T, vy

¢
+const/ [|v1(7) —Uz(T)H%{dT
0

with some positive constants, which implies by Gronwall’s lemma

(4.4) [o1.() = v2 ()17 + c2llvr = vallT0 g 10r)
< const €' [[|v1(0) = v2(0) 177 + 11 = Fall Lo o o))

Since v; = u’;, from (4.4) one obtains (4.1). O
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5. BOUNDEDNESS AND STABILIZATION

Now we formulate an existence theorem for ¢ € (0, 00) which can be obtained from
Theorem 2.1, by using a diagonal process and the Volterra property of N and M (see,
e.g. [11], [12]). Denote by L (0, 00; V') the set of functions u: (0,00) — V such that

for each fixed finite 7' > 0, for the restriction of u to (0,T), ul,1) € LP(0,T;V).

Theorem 5.1. Assume that Q: V — V* satisfies (ii). Let

N: LY (0,T;V) x L}, (0,T; Vi) x LY (0,T;V1) — L _(0,T;V™),
M: LfOC(O,T; V) x LfOC(O,T; V) x LfOC(O,T; V) — L?OC(O,T; Vi)

be operators of Volterra type (i.e., for all t > 0 their restrictions to v,w € LP(0,t; V1)
and LP(0,t; V'), respectively, depend only on v 1), w|(o,+)) and assume that for each
finite T' > 0 their restrictions to (0,T') satisfy (i) and (iii).

Then for arbitrary f € Li (0,00;V*), ug € V, u; € H there exists u such that

loc
u € C([0,00); V), v/ € LY (0,00;V), u” € L _(0,00; V*); further, u satisfies (1.1)

loc
for t € (0,00) and the initial condition (1.2).

Now we formulate a theorem on the boundedness of the solutions of (1.1), (1.2)
for t € (0, 00).

Theorem 5.2. Let the assumptions of Theorem 5.1 be satisfied (with the same
constants for all T > 0) such that instead of (2.4)

([M(t,230,w)](1), 2(8)) = —const[1 + [vl| Lo(o,)] 7

holds and f € L(0, 00; V*).
Then for a solution u of (1.1), (1.2), in (0, 00)

(5.1) |lu'(t)||r is bounded for t € (0, 00),
u € LP(0,00; V) and (Q[u(t)],u(t)) is bounded fort € (0,00).

Further, if
(5.2) (Qz,2) > ¢||2||3, forzeV
with some constant ¢ > 0 then

(5.3) u € L>(0,00; V).
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Proof. Applying both sides of (1.1) to u’ we obtain

(5.4) (" (2),u' (1)) + ([N (& ' (£); u', w)](8), ' (1)) + (QLu(B)], w' (1))
+ (M ' (0); u', w)](8), ' (£)) = (f(2), (1))

Integrating over (0,t), we find by (2.6), (2.4) and the equality

| Qura (7)) dt = SQMu(e)u(v) - 3(Qu(0)).u(o))
(see, e.g., [11], [15], [16]) that
(5:5) <l O% — Sl )% + constle/ |50 7.y, + 5 (QLu(®)], u(®)
. 9 H 9 H L?(0,T;V) ) )
— {QU(0)] u(0)) — const[1 + [ oo 7))

<l ey + CEI N
with some positive constants for arbitrary € > 0, where ¢* is defined by

1 1 . p—o*
- +—=1, e, q*:i*.
p—o q p—or—1

Choosing € > 0 sufficiently small, from (5.5) we obtain (5.1), since p — o* > o + 1.
Finally, (5.2) and (5.5) imply (5.3). O

Now we prove a theorem on the stabilization of the solution as t — co.

Theorem 5.3. Assume that the assumptions of Theorem 5.2 are satisfied so that
for allt >0

(5.6) ([M(t, 250, w)](t),2(t)) = &llz(t)|F — const[L + [0l Lr(o,e11)] 7™, € (0,00)
with some constant ¢ > 0, and there exists a > 0 such that

-1
(5.7) M (t, 250, w)](8) vy < const[[|z]lv + 01|70y 1] -

Further, let there exist fo, € V* such that (f — fs) € L?(0,T; H).
Then for a solution u of (1.1), (1.2) in (0, 00) we have

(5.8) v (t)|| g < const e ¢ € (0, 00).
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Further, there exists wg € V such that
(5.9) lu(t) — wollg < const e, ¢ € (0,00),
and wy satisfies the equation

Proof. Since @Q: V — V™ is linear, continuous, uniformly monotone, there exists
a unique solution uy, € V' of

(5.11) Quoo = foo
(see, e.g., [15], [16]). By (5.3) and (5.11) we obtain for w = u — U

(w" (1), w' (£)) + ([N (¢, u'(8); 0/, w)](8), v’ (1) + (QLw(B)], w'(¢))
H M ()0, w)](8),u' (1) = (f(8) = foor (1))
since w'(t) = u/(t), w”(t) = u”(t); hence, integrating over (0,7') with respect to t,
we find by (5.6)
(512) Sl (D)~ 5w O)13 + constlh 17 7.0,
+ Q)] w(T)) 3 (@Lw(0)], w(0))

T
e [0 Byt = constl1 + o 7
0
T
2 2
<e / e ()12t + CEIf — fool 20200

with some positive constants. Choosing ¢ > 0 sufficiently small, we obtain from
inequality (5.12)

T
(5.13) lw/ (T3 + 25/ |lw'(T)||3 dt < const, for all T > 0
0

since |[u/[|zr(o,r;v) is bounded for all ' > 0. The constant ¢ is positive, thus by
Gronwall’s lemma
|l (T3 < cfe™ T, T >0

with some constant ¢*, i.e. we have (5.8).
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The inequality (5.8) implies (5.9) since for any Ty, Ty (T3 > T1)
u(T3) — (Tl = (u(T2), u(T3) — w(T0) it — (u(T1), ulTs) — u(T1)n
—ﬁfwmmam—wﬂ»w—ﬁfwmmaw—ME»mﬂ
<waw—wnnHLfmmew
hence

T
(5.14) |\U(T2)—U(T1)HH</T [/ ()| dt,

which implies
|lu(T2) — w(T)||lg — 0 as Ty, T — .

Consequently, there exists wy € H such that
(5.15) |lu(T) — wollg =0 asT — oo
and by (5.14)
oo
1u(T) — wollir < / e/ (£)] dt < const e~
i.e., we have (5.9). Since u € L*°(0, 007; V),
(5.16) w(Ty) = wy weakly in V, wj € V
for some sequence (T}), lim(T%) = oo. Clearly, (5.16) implies
u(Ty) — wi  weakly in H,

thus by (5.15) wo = w§ € V and (5.16) holds for an arbitrary sequence (7}) converg-
ing to oo.
Finally, we show (5.10). Consider an arbitrary fixed v € V' and

1
Xr(t) = x(t =) where x € CF% suppx < (0.1, [ x()dt =1,
0

Applying (1.1) to v € V, multiplying by xr(t) and integrating over (0,00) with
respect to ¢, we obtain

[ee] [ee]
(5.17) / (u”(t), v)xr(t) dt+/ ([N (t,u' (); u, w)](t), v)xr () dt
0 0

oo

+A<QmeMﬂﬂ&+A<MWW@MMW®wMﬂﬂ&
:A<ﬂmmwmwa.

150



Let (T%) be an arbitrary sequence converging to co. For the first term on the left
hand side of (5.17) (with T" = T}) we have by (5.8)

(5.18) /()m(u"(t),v}xT,c (t)dt = — /Ooo<u'(t),v>xlTk (t)dt -0 ask — oo,

further by (ii), (5.16) and Lebesgue’s dominated convergence theorem

519) | QU] o)y (1) dt = / " Quan(t)) e (1) d

1 1
- / (Qu, u(Ty + 7))x(r) dr = / (Qu, wo)x(r) dr = (Qu, wo) = (Quo, v)
0 0

as k — oo.

For the second term on the left hand side of (5.17) we have by (5.1)

(5.20)

/ N (0 w8, v (8) dt\

/0 (N (T + 7ol (5 + 7'y )] (T + 1), 0)x(r) dr

1
< Const/ |/ (T + T)||");1 dr - |lv]ly = 0 as k — oo.
0
For the fourth term on the left hand side of (5.17) we have by (5.7), (5.1)

(5.21)

/0 D (0)s o)) (8), v, () d

1
/0 (M(Ti + 7 (b + 7y )] (T + 7). w)x(r) dr

1
<00nst|\v||v1/ M (Ty + 7/ (Th + 7);u', w)) (T + 7)llvy d7
0

1
—1
< const||v||v, /0 [Hu'(Tk +7)|lv + ||u'||’£p(Tk+T_a;Tk+T;V)} dr =0

as k — oo.

Finally, for the right hand side of (5.17) we obtain, by using (f — foo) € L?(0, 00; H)
and the Cauchy-Schwarz inequality

(5.22) / T U0 b (1) de = / (PO, v (1) dt

= / <f(Tk+T),U>X(T)dT—>/ (foos V)X(T) AT = (foo, V).
0 0
From (5.17)—(5.22) one obtains (5.10) as k — oo. O
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Remark 5.1. By using examples in Section 3 it is not difficult to formulate

exa
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mples satisfying the assumptions of Theorems 5.1-5.3.
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