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ON BEST APPROXIMATION IN FUZZY METRIC SPACES

NASER ABBASI AND HAMID MOTTAGHI GOLSHAN

In this paper we introduce the notation of t-best approximatively compact sets, t-best
approximation points, t-proximinal sets, t-boundedly compact sets and t-best proximity pair in
fuzzy metric spaces. The results derived in this paper are more general than the corresponding
results of metric spaces, fuzzy metric spaces, fuzzy normed spaces and probabilistic metric
spaces.
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1. INTRODUCTION AND PRELIMINARIES

The concept of probabilistic metric spaces and probabilistic normed spaces has been
investigated by numerous authors. It is also of fundamental importance in probabilistic
functional analysis and nonlinear analysis and applications, e.g. see [2]. These notions
have been introduced and studied by many authors from different points of view. Fol-
lowing Menger [13], Kramosil and Michélek [12] introduced the fuzzy metric space by
generalizing the concept of probabilistic metric space to the fuzzy situation with the help
of continuous t-norm which was proved to be equivalent |12, Theorem 1] in a certain
sense, to a probabilistic metric space. Later on, in order to construct a Hausdorff topol-
ogy, George and Veeramani [4] modified the concept of fuzzy metric space, introduced
by Kramosil and Michalek and obtained several classical theorems on this new structure.
Actually, this topology is first countable and metrizable [§].

Best approximation has important applications in diverse disciplines of mathematics,
engineering and economics in dealing with problems arising in: Fixed point theory, Ap-
proximation theory, game theory, mathematical economics, best proximity pairs, Equi-
librium pairs, etc. Many authors have studied best approximation and best proximity
pair in the both metric and fuzzy metric spaces (e.g. see [3,11,18-22]). Best proximity
pair theorems in the metric space (X, d) are consider to expound the sufficient conditions
that ensure the existence of x € A such that d(z,Tz) = d(A, B) := inf{d(a,b);a € A,b €
B}, where T : A — 28 is a multifunction defined on suitable subsets A, B of X. Also,
a best proximity pair theorem evolves as a generalization of the problem, considered
by Beer and Pai [1], Sahney and Singh [16], Singer [19] and Xu [22], of exploring the
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sufficient conditions for the non-emptiness of the set
Prox(A, B) = {(a,b) € A x B :d(a,b) = d(A, B)},

where A, B are suitable subsets of metric or linear normed space X. In this paper,
we generalize some notions, definitions and results in [10, 1821] such as set of best
approximation points, proximinal sets and approximatively compact sets for the fuzzy
metric space in the sense of Kramosil and Michélek [12]. In addition, some examples
and applications are presented.

Recall [17] that a continuous t-norm is a binary operation x : [0,1] x [0,1] — [0, 1]
such that ([0,1], <, *) is an ordered Abelian topological monoid with unit 1.

Definition 1.1. (Kramosil and Michdlek [12]) A fuzzy metric space is an ordered triple
(X, M, *) such that X is a (non-empty) set, * is a continuous t-norm and M is a fuzzy
set of X x X X [0, 00) satisfying the following properties, for all z,y,z € X, s,t > 0:

(KM1) M(z,y,0) = 0;

(KM2) M(z,y,t) =1 for all t > 0 if and only if x = y;
(KM3) M(z,y,t) = M(y,z,t);

(KM4) M(z,y,t)* M(y,z,8) < M(z,z,t+ s);

(KM5) M(z,y,-):[0,00) — [0,1] is left continuous.
The following is given in [17].

Definition 1.2. Let x be a point of the fuzzy metric space (X, M,*). The set of all
points in X

Bas(w,rit) = {y € X : M(z,y,t) > 1 -1},
where r € (0,1),¢ > 0 is called a neighborhood of x.

According to this definition, a sequence {z,} in X converges to z, denoted by
lim, o ®, = =, if for every r € (0,1),t > 0, there exists ny € N such that z, €
By (z,r,t) whenever n > ng. Notice that lim,, . x, = z if and ounly if M (z,,z,t) — 1
as n — oo, for each ¢t > 0.

If (X, M,x) is a fuzzy metric space then the family of {By/(x,r,t) : z € X,r €
(0,1),t > 0} is a base for a topology 7as on X, called topology induced by M. Obviously
the family {Bps(z,r,t) : 7 € (0,1),¢ > 0} is a local base of each € X in the topology
7y, and this topology is Hausdorff. A fuzzy metric space (X, M, *) is called compact
if (X,7y) is a compact topological space. A subset A of X is said to be bounded if
there exist ¢ > 0 and 0 < r < 1 such that M(z,y,t) > 1 —r for all z,y € A. Some
results related to the theory of fuzzy metric spaces can be found in references [4-9,12-
15,17,18,20,21].
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Example 1.3. (Schweizer and Sklar [17]) Let (X, d) be a metric space and G : [0, 00) —
[0,1] a non-decreasing, left-continuous function with G(0) = 0 and lim, G(r) 1,
we define the map M : X x X x [0,00) — [0,1] as

t
G(d(x )>, T #y;
1, rz=y,t >0

then for any choice of t-norm, (X, M, %) is a fuzzy metric space. If the function G is
defined by G(r) = then fuzzy metric space (X, My, *) is called standard fuzzy
metric space [4].

_r_
r+17

In the same way that a classical metric does not take the value co and in order to
obtain a Hausdorff topology, George and Veeramani [4,[5] defined the fuzzy set M on
X x X x (0,00) that satisfies axioms (KM3) and (KM4), and the axioms (KM1), (KM2)
and (KM5) are replaced by the following respectively:

(GV1) M(z,yt

M(
(GV2) M(x,y,t) =11if and only if x = y (see also |7, Remark 1]);
M(

(GV5) x,y,-) : (0,00) — [0, 1] is continuous.

for all x,y € X,s,t > 0.

Example 1.4. Every fuzzy normed space, probabilistic normed space, probabilistic
metric space in a certain sense (see [12, Theorem 1]) and fuzzy metric space in the
senses of George and Veeramani (see [20], [18], |12] and [4], respectively) are fuzzy met-
ric spaces.

Remark 1.5. (Grabiec [6]) In a fuzzy metric space (X, M, %), M (x,y,-) is non-decreas-
ing for all z,y € X.

Remark 1.6. (George and Veeramani [4]) In a GV-fuzzy metric space (X, M, ) for
each zin X, 0 <r < 1 and t > 0, the set Bys[x,r,t] defined as

BM[Ivrvt] = {y S X M(I7y7t) 2 1 77"}7
is a closed set.

Remark 1.7. (Rodriguez-Lépez and Romaguera [14], see also Corollary 7 of Grabiec
[6]) Let (X, M, x*) be a fuzzy metric space such that the axiom (GV5) holds then M is
a continuous function on X x X x (0, 00).

Example 1.8. Let X = R. For every z,y € X,t > 0 define the metric d; on X x X by
di(z,y) = min{| x — y |,t}, and the map M : R? x [0,00) — [0,1] by M (z,y,0) = 0 and

t

M(I yat) t—f—dt(l‘ y)
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then (X, M, ) is a fuzzy metric space, wherein - is the product t-norm. We only show
the axiom (KM4) of Definition For any z,y,z € X,t,s > 0 we have

<1 + 1) di(z,y) + (1 + i) ds(y, 2) > digs(z, 2),

SO

dt(mvy) + ds(yaz) > dt+s(xaz)
t s - t+s

Y

consequently we have

W 0 ) ()

_ dt(xay> ds(yvz) 1
=1+ ==+ =+ —di(z,)ds(y, 2)
2 1 + dHS(x,z)
t+s
B 1
M(z,z,t+s)’

2. BEST APPROXIMATION

We begin this section with the concept of t-best approximation points in fuzzy metric
spaces introduced by Veeramani [21] and we some known results in this spaces. Our
reference for best approximation in metric spaces is [19].

Definition 2.1. Let A be a non-empty subset of fuzzy metric space (X, M, *). For each
z € X and t > 0, define

M(A, z,t) = sup{M(z,y,t) : y € A}.
An element yg € A is said to be a t-best approximation point to = from A if
M(yo,x,t) = M (A, z,t).

We denote by P! (z,t) the set of t-best approximation points to x. For ¢ > 0 a subset
A of a fuzzy metric space (X, M, *) is called t-proximinal if for every point z € X,
PM(z,t) # 0.

Example 2.2. (Veeramani [21]) Let X = N, define a x b = ab for all a,b € [0,1], let M
be a fuzzy set on X x X x (0,00) as follows

T+t
y+1

M(z,y,t) =
y+t
x4+t -
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for all z,y € X and t > 0, then (X, M, %) is a fuzzy metric space. Let A = {2,4,6,...},
we conclude

M(3’ 4) t)7

24+t 3+t 3+t
M(A,3,t):max{ a a }— R

3+t 4+t 4+t

Hence, for each t > 0, 4 is t-best approximation point to 3 from A. As M(3,4,t) >
M(2,3,t), 2 is not a t-best approximation point to 3, so P (3,t) = {4}.

Definition 2.3. (Veeramani [21]) For ¢ > 0, a non-empty subset A of a fuzzy metric
space (X, M, x) is said to be t-approximatively compact if for each x in X and each
sequence ¥, in A with M (y,,z,t) — M(A,z,t), there exists a subsequence yy,, of y,
converging to an element g in A.

Definition 2.4. (Veeramani [21]) For ¢ > 0, a non-empty closed subset A of a fuzzy
metric space (X, M, x) is said to be t-boundedly compact if for each z in X and 0 < r < 1,
the set Blz,r,t] N A is a compact subset of X.

Remark 2.5. (Veeramani [21]) Let (X,d) be a metric space and A C X, then A is a
approximatively compact set in the metric space (X, d) if and only if for any ¢ > 0, A is
a t-approximatively compact set in the induced fuzzy metric space (X, My, *) .

Veeramani proved that every non-empty t-approximatively compact subset of a fuzzy
metric space is t-proximinal and every t-boundedly compact subset is t-approximatively
compact in GV-fuzzy metric space |21, Theorem 2.10 and Theorem 2.16, respectively].

Remark 2.6. Let (X,d) be a metric space and A a non-empty subset of M, then the
following are equivalent.

(a) yo € A is a best approximation point to « € X in the metric space (X, d).

(b) yo € A is a t-best approximation point to z € X in the induced fuzzy metric space
(X, Md, *)

By a slight modification in the definitions and the results in [20,/18}[21] we can extend
those results to the fuzzy metric spaces, e.g., the following is given for fuzzy normed
spaces in [|20].

Definition 2.7. Let A be a non-empty subset of a fuzzy metric space (X, M, ). An
element yy € A is said to be an F-best approximation of z € X from A if it is a t-
best approximation of z from A, for every ¢ > 0. The set of all elements of F-best
approximations of X from A is denoted by

FPY(z)= (| P¥(x1).
te(0,00)

If each z € X has at least one F-best approximation in A, then A is called a F-proximinal
set.
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Remark 2.8. Let (X, My, *) be a standard fuzzy metric space in Example and
A C X and = € X, then for every t1,ta > 0, P (z,t;) = P} (z,t5), thus, FPY (z) =
PM(z,t;) = PY(x,1). Also this property holds for Example and Example 2.15
of [20] and other known examples in the literature, the following shows that the above
property is not true in general and the definition of best approximation point in fuzzy
metric spaces is related to parameter t in its definition, so it is different from the classical
theory of metric spaces.

Example 2.9. Consider Example take A = [0,1] and yo = 2 then one can easily
shows that if ¢ > 1 then Py (yo,t) = {1} and if 0 < ¢ < 1 then P} (yo,t) = A.

3. GENERALIZATION

Following the approach of Kainen [10] we introduce a new definition to generalize t-ap-
proximatively compact set, then, we introduce t-best approximation point, t-proximinal
set and t-boundedly compact set relative to set in fuzzy metric spaces.

Definition 3.1. Let (X, M, %) be a fuzzy metric space and A, B are non-empty subsets
of X and ¢t > 0, let

M(A, B,t) =sup{M/(a,b,t);a € A,b € B}.
We say a sequence x,, € A, t-converges in distance to B if
M(zn, B,t) — M(A, B,t).

If B = {b} is singleton then we use b instead of {b}. Let B denote the family of non-
empty subsets of X, we say the subset A is t-approximatively compact relative to 95 if
for every B € B and every sequence z, € A which converges in distance to B, then
there exists a subsequence y,, of y, and yo € A such that y,, — yo. If B = {B} is
singleton then we use B instead of {B}.

Definition 3.2. For ¢t > 0, an element yy € A is said to be a t-best approximation point
to B from A if

M (yo, B,t) = M (A, B,t).
We denote by PA!(B,t) the set of t-best approximation points to B. A subset A is

called t-proximinal relative to B if for every B € B, PY(B,t) # 0 and A is called
t-quasi Chebyshev relative to B if for every B € B, P}/(B,t) be a compact set.

Next examples illustrate the last definition.
Example 3.3. Consider Example
(1) T A={2,4,...} and B={1,3,...} then

min{m,n} +t

M(A, B,t) =
(4, B,1) Sup{mam{m,n}+t7

meA,neB}:L
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also for any m € A, we have

M(m,B,t):sup{mm{m7n}+t' c }_ m+t

max{m,n} +t’ S omA 14t
thus, P} (B,t) = 0.
(2) f A={2,4,...} and B = {1, 3} then

min{m,n} +t

M(A,B,t)sup{ mGA,nEB}3+t

max{m,n} +t’ A+t

and yo = 4 is the only element in A such that M(yo, B,t) = (3 +1t)/(4 +t), thus,
PY(B.t) = {4}.

Let (X, M,%) be a fuzzy metric spaces. In the sequel for arbitrary ¢ > 0, let
C(X), A(X) and B(X) denote the set of compact, t-approximatively compact and t-
boundedly compact subsets of X respectively. Also we denote by (A(X), %) the set of
t-approximatively compact subsets of X relative to B and for non-empty subsets A, B
of X, denote by Prox(A, B,t) the set of t-best proximity pairs, i.e. (a,b) € A x B such
that M(a,b,t) = M(A, B,t).

Remark 3.4. If A be a subset of fuzzy metric space (X, M, ), then A is t-approximativ-
ely compact if and only if A is t-approximatively compact relative to z, for all x € X.

The following main result shows that the notion of t-approximatively compact set
can be applied to compact sets.

Theorem 3.5. Let t > 0. A and B be non-empty subsets of a fuzzy metric space
(X,M,x). If Ae A(X) and B € C(X) then A € (A(X), B).

Proof. The case M(A, B,t) = 0 is trivial. Suppose M (A, B,t) > 0. Let =, € A be
any sequence converges in distance to B, so for any t > 0,

M(zp, B,t) — M(A, B,t).
Let sequence y,, € B satisfy
M(In? yn7 t) - M(A7 B7 t)'

Since B is compact, there exists a subsequence y,, of y, such that converges to an
element yo in B. For every 0 < e < M (A, B,t), there exists K € N such that for every
k> K

M(ynkay07(t_5)/2) >1—e€

and
M(gjnk7y7lk7t) > M(A,B,t) —¢€

where 0 < § < t, so by triangular inequality we have

M(A, B,t) > M(2n,,Y0,t) = M(@n,, Yny, (t+6)/2) % M(Yn,, Yo, (t —6)/2)
> M (T, Yn,, (E+0)/2) x (1 —¢),



On best approximation in fuzzy metric spaces 381

by taking § — ¢t~ for each k > K we have
M(A,B,t) > M(zy, ,y0,t) > (M(A,B,t) — €)% (1 —¢),

thus
M(zp,,y0,t) — M(A, B,t).

Consequently for every € > 0, there exists kg > 0 such that for every k > ko,
M(A7y07t) — € S M(A7B7t) —€ S M(mnkaymt) S M(A7y0at)7
this shows
]\4($n;C » Yo, t) - M(A7 Yo, t)

Since A is t-approximatively compact, so there exists a subsequence of z,, such that
converges to an element zy € A, thus x, converges subsequently to an element of A,
that is, A is t-approximatively compact relative to B. O

Corollary 3.6. If A be a subset of fuzzy metric space (X, M, %) then A € A(X) if and
only if A € (A(X),C(X)).

Since every t-boundedly compact set is t-approximatively compact set we have the
following result.

Corollary 3.7. Let A and B be non-empty subsets of a fuzzy metric space (X, M, *).
If Ae B(X) and B € C(X), then A € (A(X), B).

Theorem 3.8. Let A and B be non-empty subsets of a fuzzy metric space (X, M, x).
If A€ A(X) and bounded and B € B(X) then A € (A(X), B).

Proof. Lett >0 and x, € A be any sequence converges in distance to B and let the
sequence ¥y, € B satisfy
M(mnaynat) - M(Avat)'

As x,, is bounded, so y, is bounded. Since B is boundedly compact, there exists subse-
quence y,, of y, converges to an element y, in B, continue as in the proof of Theorem
3.5 O

Remark 3.9. In Theorems and we need only A is t-approximatively compact
relative to all z in the closure of B and closure of B is compact.

Theorem 3.10. Let A and B be non-empty subsets of a fuzzy metric space (X, M, *).
If A is closed and t-boundedly compact and B is bounded, then A € (A(X), B).

Proof. Lett >0 and x, converges in distance to B and choose y,, in B such that
M(xp, Yn,t) — M(A, B,t).

As w, is bounded, so is y, and hence there is subsequence y,,, of y, converges to an
element yo in B, continue as in the proof of Theorem [3.5 O
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Theorem 3.11. Let A and B be non-empty subsets of a metric space (X, M,x). If
A € B(X) and B € C(X), then Prox(A, B, t) # 0, for every ¢ > 0.

Proof. Suppose t > 0 and y,, be a sequence that satisfies M (A, y,,t) — M(A, B,t).
By compactness of B, there is a subsequence yy, of y, such that y,, converges to an
element yo in B. So M(A4,yo,t) = M(A, B,t). Now since A is t-boundedly compact
then A is t-proximinal, so we can choose 2y € A such that M (x,yo,t) = M (A, yo,t). O

Theorem 3.12. Let A and B be non-empty subsets of a fuzzy metric space (X, M, *).
If A,B € B(X), A is bounded and B is closed, then Prox(A4, B,t) # ), for every t > 0.

Proof. Supposet > 0 and y, be a sequence that satisfies M (A, y,,t) — M(A, B,t).
Since A is bounded, y, must also be bounded, so there is a subsequence y,, of y, such
that y,,, converges to an element yo in B = B, continue as in the proof of Theorem
O

4. OPERATIONS PRESERVING COMPACTNESS

In the following, using the results of the previous section we introduce some actions that
preserve compactness. First, we define product of two fuzzy metric spaces.

Definition 4.1. Let (X, M;, *) and (X2, Ms, *) be fuzzy metric spaces. We define the
product fuzzy metric space (X1 X Xo, My X Ma, *), where the fuzzy set My x My on
X1 X X5 x [0,00) is given by

My x My((z,y), (2, y),t) = Ma(w,a',t) « Ma(y,y/, 1),
for all (x,y), (¢/,y") € X1 x Xo,¢ > 0. Also, in this space we define
My x Ma(A x B, (x,y),t) = sup{M; x Ma((a,b), (z,y),t); (a,b) € A x B}.
One can easily see
My x My(A x B, (x,y),t) = M1(4, z,t) * My(B,y,t),
for all (x,y) € X1 x Xo,t>0.

For obtain the next theorem we need replace the axiom (KM1) in Definition [1.1] by
the following

(KM1)» M(z,y,t)=0iff t = 0.

Note that the fuzzy metric space that induced by a GV-fuzzy metric space is satisfied
the above condition.
The following investigates the above notions for product of fuzzy metric spaces.

Theorem 4.2. Let A and B be non-empty subsets of a fuzzy metric space (X1, My, *)
and (Xs, Mo, *), respectively. Suppose B € C(X3), if A € B(X;) or A € A(X;) then
Ax B e B(X; x Xp) or Ax B e A(X; x Xa), respectively.
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Proof. Lett > 0 and A € B(X;). We will show every bounded sequence (ay,by,) in
A x B has a convergent subsequence. By definition of product fuzzy metric space, a,
is bounded and since A is boundedly compact, there exist subsequence a,, of a, and
ag € A such that a,, — ao. By compactness of B there exist subsequence bnkl of by, and
bo € A such that bn,, — bo, hence, (ankl,bnkl) — (ag,bp) € A x B. That is, A x B is t-
boundedly compact. Suppose A € A(X7), let (a,b) € X1 x Xs and (ay,, by,) is a sequence
in A x B which converges in distance to (a,b), that is, My x Ms((an,bn), (a,b),t) —
M x M3(A x B,(a,b),t), by compactness of B, there exist subsequence by, of b, and
bo € B such that b,, — bp, hence,

Ml(ank,a,t) * Mg(bo,b,t) — Ml(A7(Z,t) * MQ(B,Z), t),

so L = lim M;i(an,,a,t) exists and

k—oo
) . My (b abat
L= klinolo Ml(a,nk’a, t) Z kh_)r[;o Ml (a’nkyavt) * ]\M
MQ(Bvb7t)
et 3 B by - Al

Since M1 (y,a,t) < Mi(A,a,t) for all y € A, we have

L= klim M (an,,a,t) = M1(A,a,t),

hence, a,, converges in distance to a and since A is t-approximatively compact, there
exists subsequence an, of an, and a9 € A such that an, — ao, thus, (an, b, ) —
(ao,bp) € A x B. That is, A x B is t-approximatively compact set.

The following generalizes |18 Theorem 2.19] and shows that the metric projection
P (z,t) also preserves compactness.

Theorem 4.3. Let A and B be non-empty subsets of a fuzzy metric space (X, M, ).
Suppose B € C(X), if A € B(X) or A € A(X) then A is t-quasi Chebyshev relative
to B.

Proof. Since B(X) C A(X), we only need prove assertion for A € A(X). For t > 0,
we show C = {x € A;3b € B,M(a,b,t) = M(A,b,t)} is compact. Suppose y, be
a sequence in C, for every n € N define ¢, on B by ¢,(b) = M(yy,,b,t), since B is
compact, there exists a b, in B such that maximizes ,,, so we have

M (Yn,bn,t) = M (A, by, t).

Since B is compact, there exists a subsequence b,, of b, such that converges to an
element by in B. Suppose M (A, bg,t) > 0. For every 0 < e < M(A,byg,t), there exists
K € N such that for every k > K,

M(by,, bo, (t—8)/2) >1—¢
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and
M(A, by, ,t) > M(A,by,t) —
where 0 < § < t, therefore

M(Av b07t) > M(y’rlk7bOv t) (ynk’bnk? (t + 5)/2) * M(b"k’bo’ (t - 5)/2)

> M
> M (Yn s by, (E+06)/2) * (L =€),

S

by taking § — ¢t~ we conclude

M(AvbOvt)ZM(ynkab07t)2 (Z/nk, Ny ) (1_6)
M(A by, ,t)* (1 —¢€)
7( (Avb()?)_e)*(l_e)v

so
M(ynka b07 t) - M(Aa bO; t)

Since A is in A(X), yn, converges subsequently. So when B € C(X) and A € A(X), it

follows Py (B,t) = {z € A; M (x, B,t) = M(A, B,t)} is compact. In case M (A, by, t) =

0, the latter limit holds for every sequence ¥, in A, so the same result is derived. [

Remark 4.4. Another actions preserve compactness are adding a compact set in prob-
abilistic normed spaces and acting a compact set in fuzzy metric groups (see [18] and [15]
for definitions, respectively) i.e. if A is t-approximatively compact and B is compact
then A+ B and AB are t-approximatively compact in probabilistic normed spaces and
fuzzy metric groups, respectively.

5. CONCLUSION AND PERSPECTIVE

Best approximation and its related subjects is widely used in mathematical fields (see
e.g. [3,10,11,18-22]). We have tried to unify the matter which is scarcely discussed in
the literature. Then we have examined its use in fuzzy metric spaces, this can be of
much benefit in a variety of fields. Also the concept of probabilistic metric spaces and
probabilistic normed spaces and fuzzy metric spaces has been investigated by numerous
authors (see e.g. [2,|9]). Best approximation and its related subjects can be applied
in probabilistic metric and normed spaces, fuzzy metric spaces, fixed point theory, etc.
Based on its importance, in this paper we generalized the theory of best approximation
point and some related notions in metric spaces and unified some results in [10,[18}20,
21,/19] to fuzzy metric spaces in the sense of Kramosil and Michélek [12]. Example
shows the notion of best approximation is related to parameter the ¢ and is different
from the classical theory of metric spaces. In view of Remarks [2.5 and [2.6] the results
obtained in this paper are applicable to in the both metric spaces and fuzzy metric spaces.
We concluded that each of the following properties in fuzzy metric spaces implies the
next one: compact, t-boundedly compact, t-approximatively compact relative to C(X),
t-proximinal relative to C(X) and closed.

Finally, these notions in fuzzy metric spaces can constitute the start of a theory in
which the best approximation and its related topics must play an important role in best
proximity pair, neural network approximation.

(Received August 12, 2013)
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