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RIEMANNIAN FOLIATIONS WITH PARALLEL
OR HARMONIC BASIC FORMS

FipA EL CHAMI, GEORGES HABIB, AND ROGER NAKAD

ABSTRACT. In this paper, we consider a Riemannian foliation that admits
a nontrivial parallel or harmonic basic form. We estimate the norm of the
O’Neill tensor in terms of the curvature data of the whole manifold. Some
examples are then given.

1. INTRODUCTION

In [3], J. F. Grosjean obtained some non-existence results on minimal submani-
folds carrying parallel or harmonic forms. Indeed, given a Riemannian manifold
(M™, g) admitting a parallel p-form and let (N",h) be a Riemannian manifold
satisfying a certain curvature pinching condition depending on m and p, he proved
that there is no minimal immersion from M into N. His proof is based on compu-
ting the curvature term (which is zero in this case) in the Bochner-Weitzenbock
formula and using the Gauss formula relating the curvatures of M and N. As a
consequence, he deduced various rigidity results when N is the hyperbolic space
H", the Riemannian product H" x S® or the complex hyperbolic space CH".

In the same spirit, he proved that for any compact manifold (M™, g) carrying
a harmonic p-form (or a non-zero pth betti number b,(M)) and isometrically
immersed into a Riemannian manifold (N™, h), there exists at least a point x of
M so that (see also [1])

T () IB@H ) = k) (P2 ) (o = D+ ) ),

and
p—1 m-—p-—1 M - _
m( + )Bac H(x)| > Scal™ () — (m —2)[(m - 1)K; + ),
7 ml()l\()l (@) = ( ) K1+ pil(2)
where |B(z)|, H(z), k(x) and p;(x) denote respectively the norm of the second
fundamental form B, the mean curvature of the immersion, the smallest eigenvalue
of the Ricci curvature of M, the largest eigenvalue of the curvature operator of
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(N™, h) and K (z) is the largest sectional curvature of N. These inequalities come
from a lower bound of the curvature term (which is non-positive at the point )
in the Bochner-Weitzenb6ck formula. Thus, if the manifold (M™, g) is minimally
immersed into (N™, h) and satisfying the pinching condition

mA/i[n(ScalM) > (m—2)((m—1) mj@x(fﬁ) + mj&x(ﬁl)) ,

then (M™, g) is a homology sphere (see also [6]).

In this paper, we investigate the study of foliated manifolds that admits a nontri-
vial particular form. In fact, we consider a Riemannian manifold (M, g) equipped
with a Riemannian foliation F, which roughly speaking, is the decomposition of
M into submanifolds (called leaves) given by local Riemannian submersions to a
base manifold. We assume that the manifold M admits a parallel (resp. harmonic)
basic p-form , with respect to the connection defined in Section [2} This corresponds
locally to the existence of such a form on the base manifold of the submersions.
When shifting the study from immersions to submersions, many objects are replaced
by their dual. In particular, the O’Neill tensor [7] plays the role of the second
fundamental form and thus, we aim to estimate the norm of the O’Neill tensor in
terms of different curvature data of the manifold M. The main tool is to use the
transverse Bochner-Weitzenbock formula for foliations [4]. Recall that this tensor
completely determines the geometry of the foliation. Indeed, it vanishes if and only
if the normal bundle of the foliation is integrable.

The paper is organized as follows. In Section [2] we recall some well-known facts
on differential forms and review some preliminaries on Riemannian foliations. In
Section [3] we treat the case where the manifold admits a parallel basic form. We
compute the curvature term in the transverse Bochner-Weitzenbock formula and
relate it to the curvature of the manifold M using the O’Neill formulas. We then
deduce a lower bound estimate for the O’Neill tensor (see Thm. for p > 1 and
Cor. for a rigidity result when p = 1). In the last section, we study the case
where there exists a harmonic basic form. As before, we deduce a new estimate of
the O’Neill tensor (see Thm. .

2. PRELIMINARIES

Let (M, g) be a Riemannian manifold of dimension n and V* be the Levi-Civita
connection associated with the metric g. In all the paper, we make the following
notations for the curvatures: RM(X,Y) = Vf‘;f(’y] — [V¥,V¥] and RY, . =
g(RM(X,Y)Z, W) for any X,Y,Z, W € I'(TM). We will denote respectively by
K}M(x) and KM (x) the smallest and the largest sectional curvature and by p)! ()
and pM (z) the smallest and largest eigenvalue of the curvature operator p™ (X A
Y, ZAW) = g(RM(X,Y)Z,W) at a point x € M. Thus, we have the following
inequalities

(2.1) po' () < Ky () < K (2) < p1 ().
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Now, let us recall some definitions on forms. The inner product of any two p-forms
« and O is defined as

1
<Oé,ﬁ>:*' Z a(ei17e’i27"‘7eip)/8(ei17ei27"‘aeip)7

1< iy <n

where {e1,...,e,} is an orthonormal frame of T'M. The interior product of a p-form
« with a vector field X is a (p — 1)-form defined by

(XJCY)(Xl, . -;prl) = a(X, Xl, N ,prl) .

More generally, the interior product of « with s vector fields X1, Xo,..., X is a
(p — s)-form which is defined as the following

((X1 AR /\XS)JOZ)(Yl,...7Yp_S) = Oé(XS,...,X17Y1,...7Yp_s).

As a consequence from the definition, we get the rule X s(w A ) = (Xw) A6 +
(=1)Pw A (X 10), where p is the degree of w. If the manifold is orientable, the Hodge
operator * defined on a p-form « satisfies the following property:

(2.2) Xa(xa) = (-1)Px (X" ANa).

Assume now that (M™, g) is endowed with a Riemannian foliation F of codimension
q. That means F is given by an integrable subbundle L of TM of rank n — ¢ such
that the metric g satisfies the holonomy-invariance condition on the normal vector
bundle Q = TM/L; that is Lxg|g = 0 for all X € I'(L), where £ denotes the Lie
derivative [9]. We call g a bundle-like metric. This latter condition gives rise to a
transverse Levi-Civita connection on @ defined by [10]

rX,Y], i XeDl(L),
VY =
VYY), i XeTl(Q),

where m: T'M — (@ is the projection. A fundamental property of the connection V
is that it is flat along the leaves, that is X JRY = 0 for any X € I'(L). Thus, we
can associate to V all the curvature data such as the transverse Ricci curvature
RicV and transverse scalar curvature ScalV. A basic form o on M is a differential
form which depends locally on the transverse variables; that is satisfying the rules
Xia = 0 and Xida = 0 for any X € T'(L). Tt is easy to see that the exterior
derivative d preserves the set of basic forms, and its restriction to this set will be
denoted by dj,. We let §, the formal adjoint of d;, with respect to the L2-product.
Then we have

db:iei/\vei, 5b:—iepvei+/€b4,

i=1 i=1
where {e;}i=1,.. 4 is a local orthonormal frame of @) and &, is the basic component
of the mean curvature field of the foliation x = niq W(VyVS) Here {Vs}s=1,....n—q
is a local orthonormal frame of L. The basic Laplgzilan is defined as Ay = dpdp +dpdp.

,,,,,
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Recall that when the foliation is transversally orientable, the basic Hodge operator
xp, is defined on the set of basic p-forms as being

*pQL = (_1)(n—q)(q—z)) « (A XxF),

where xr is the volume form of the leaves. The operator *;, preserves the basic
forms and satisfies the same property as . In [4], the authors define a new
twisted exterior derivative Jb =dy — %mb/\ and prove that the associated twisted
Laplacian Ay := dydp + dpd), commutes with the basic Hodge operator. In particular,
this shows that the twisted cohomology group (i.e. the one associated with dp)
satisfies the Poincaré duality. Here 8y = O — %:‘{b_l denotes the L2?-adjoint of dp.
Moreover, they state the transverse Bochner-Weitzenbock formula for Ay

. 1
Ay = V*Va + 1|/@b|2a + R(a),

J
product of R(«) by « gives after the use of the first Bianchi identity that

(R(a),0) = Z RicZ(ei_na,ejJa)
1<i,j<q

(2.3) - % Z Rzkl«ej Ae;)ae, (e Aey)aar) .

1<i4,,k,1<q

q
where R(a) = — >~ ej A (e;oRY (e;,ej)a). As for ordinary manifolds [3], the scalar
=1

On the other hand, the geometry of a Riemannian foliation can be interpreted in
terms of the so-called the O’Neill tensor [7]. It is a 2-tensor field given for all X,
Y eT(TM) by

AxY =7+ (VT]‘FJ(X)W(Y)) + W(V%X)WL(Y)) ,

where 7+ denotes the projection of TM onto L. By the bundle-like condition,
the O’Neill tensor is a skew-symmetric tensor with respect to the vector fields Y,
Z € T(Q) and it is equal to AyZ = Lx*([Y, Z]) and for any V € T'(L) we have
g(AyV,Z) = —g(V, Ay Z). Thus we deduce that the normal bundle is integrable if
and only if the O’Neill tensor vanishes. If moreover the bundle L is totally geodesic,
the foliation is isometric to a local product.

We point out that the curvature of M can be related to the one on the normal
bundle @ via the O’Neill tensor by the formula [7]

(24) Ry 2w = RSy 7w — 20(AxY, AzW) + g(Ay Z, Ax W) + g(Az X, Ay W),
where X, Y, Z, W are vector fields in T'(Q). One can easily see by (2.4]) that the

norm of the O'Neill tensor |A]? := Z |A.,V5|? can be bounded at any point
1<i<gq
1<s<n—q
by

Scal¥ — q(q — 1) KM < 3|AJ* < Scal¥ — q(q — 1) K",
In particular, if the transversal scalar curvature does not belong to the interval
[q(q — VKM, q(g — 1) KM], the normal bundle cannot be integrable.
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3. FOLIATIONS WITH PARALLEL BASIC FORMS

In this section, we discuss the case where a Riemannian manifold endowed with
a Riemannian foliation admits a parallel basic form. That is a basic p-form «
satisfying Va = 0.

Proposition 3.1. Let (M,g,F) be a Riemannian manifold with a Riemannian
foliation F of codimension q. Assume that there exists a nontrivial parallel basic
p-form «. Then we have

1
0<— Z R%j(epa, ejoa) + 5 Z Rf\;fkl«ej Aei)aa, (e) A eg)aa)
1<i,j,1<q 1<i,j,k,l1<q
n—q g

(3.1) +Z{\ (A V, Ae; Ja‘ —2Z|A Vol
1

= i
where {e;}i=1,...q and {Vs}s=1,. n—q are local orthonormal frames of Q and L,
respectively.

Proof. From Equation (2.4]), we have the following formulas
(3'2) Rzgkl Rzg\]/’lkl + 29(A€iej7 Aek el) - g(Aej €k Aeiel) - g(Aekei’ Aej 61)7
and that,

q

(3.3) Ricivj = Z {R%j +29(Ac €5, Acyej) — g(Ac,er, Acyej) — g(Acier, Aciej) }
1=1

The existence of a parallel basic form « implies that (R(a), «) = 0. Thus plugging

these last two equations into (2.3)), we get that

0= Z R%j<e“a,ej4a> + 39(Ae, €5, Ac ) (€500, €5 000)
1<i,5,l<q

1
X Z { - §Rf\fkl<(ej Ae;)aa, (e A eg) o)
1<i,j,k,l1<q
— g(Ac,ej, Ace)){(ej A ei)aa, (e A eg)aar)

1
+ §g(Aejek,Aeiel)<(ej Ae;)aa, e A €kJO{>

(3.4) + %g(Aekei,Aejel)«ej Ae;)aa, (e A ek)4a>} )

The last two summations in the above equality are in fact equal. Indeed, using
that the O’Neill tensor is antisymmetric, we find

Z g(Ae, €, A, el)<(ej Ae;)aa, (e A ek)4a>

1<i,jg,k,1<q

= — Z g(Ae,er, A, el)<(ej Ae;)aa, (e A ek)4a>

1<i,g,k,l1<q
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=— Z 9(Ae, e, Ac, ek)<(ej A e;)oaa, (eg A 6[)JOZ>

1<i4,5,k,1<q

= Z g(Ac,er, Acyer){(ej A ei)aa, (e A eg)aar) .

1<i,5,k,1<q
On the other hand, we have

Z g(Ae, e, Ae,, el)<(ej Aei)aa, (ef A Ek)J(X>
1<4,5,k,l<q

= Z 9(Ae,e5,Vs)g(Aeper, VS)<(ej A e;)aa, (ep A ek)_na>

1<i,j,k,l1<q
1<s<n—q

= Z g(Aei‘/:'“ ej)g(AekVS’ el)<(ej A ei)JO‘, (el A ek)—‘a>

1<i,5,k,1<q
1<s<n—q

—q

Z<(g AVone)) (Z AoV ne) )

n—q

(3.5) Z

(3 eveneo)af
(A, Vs Ne; .
i=1
Also we have that
Z g(Ae e, A ej) (€00, ej0a) = Z g(Ae e, Vi)g(Ae €5, Vi){eiua, ejuar)

1<i4,5,1<q 1<4,5,1<q
1<s<n—q
= Z 9(Ae, Vs, €i)g(Ae, Vs, €5) (i, ejacx)
1<4,5,1<q
1<s<n—q
(3.6) = Z (Ae, Vsoa, A, Vi) = Z |Ael%Ja|2 .
1<i<q 1<i<q
1<s<n—q 1<s<n—q
In order to estimate the last term in (3.4)), we introduce the p-tensor
q
B (a)(X1,..., Xp) = Y (eina AA)(X1,..., Xp),
i=1

for any Xq,...,X, € I'(Q). We now proceed the computation as in [3]. The norm
of the tensor BT () is equal to

1
Bra)f == Y (oA A, iy (2 A A)ir i)

1<ia, e ip, 1,5 <q

1
_ _1)r+t ) ) R R
= E (=1 g(Aei,e'Lr7Aeje'Lt)aiil,..47’L'7‘,4..7ipaj’Lj,...,it,..A,’L'p
1<iy,..0ip,1,5<q
r,t
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1
= E: 9(AeiCivs Ay €0 )0, G i Qi iy

T 1<i1,enipi,5<q

r=t
+l (1) g(A.,ei , Ae.ei, ) . @ .
o I\WAe; Cips Ae; Ciy ) Qi iy Vin o insnsip
1<i,..,0p,%,7<q
r<t

1
r+t . . R R
+ = § (=1) g(Aeielr’Aejelt)aiil7...,i,«,...,ipoéji1,...,it,...,i,}

|

P 1<iy, ,ip,i,j<q

r>t
1
= (p— 1) E g(AeiekaAejek)aiil,‘..,ip,lajil,‘..,ip,l
C1<ineip—1,6,5.k<q
2 E A A
- H g( e; €iry ejeit)O‘iitil,...,ir,...,%t,...,ipajiril,...,%T,...,it,...,ip'

1<i,..ip,1,5<q
r<t

Since we can choose p(p2—1) numbers r, ¢t with » < ¢ from the set {1,--- ,p}, the
last equality can be reduced to

1
B* (o) = ] > 9(Ae,er, Ac€r) ity iy Wiy
T 1<y, ipo1,0,0,k<q
1
- m Z g(Aeiek7 Aej el)ailil,...,z‘p,2ag‘ki1,....,ip,z
T 1<y 2,6,0, k1< q

= Z g(AeiekaAejek)<eiJO[,6j_|0[>

1<4,5,k<q

— > gAcer Age)((en e, (ex Aey) )

1<i,5,k,1<q

- Z 9(Acyeis Aee5)(€ina, eja)
1<i,j,k<q

(3.7) + Z G(Ae,er, Acjer)((ej A ei)aa, (er A ex)ac) .
1<i,j,kl<q

Returning back to the Equation (3.4) and after plugging Equations (3.5)), (3.6) and
(13.7), we get the following

1
0= Z R%j<ei_na, ejuo) — B Z R%@l«ej A€i)aa, (e A eg) o)

1<4,5,l<q 1<i,j,k,1<q

B @P+2 Y AL Veal - Z (Z AV, /\ez) ‘ .
1<i<q s=1 =1
1<s<n—q

Finally using the fact that |[B*(a)|? > 0, we deduce the desired inequality. O
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For p = 1, we find by (3.1)) that the lowest sectional curvature K}? should be
non-positive. Hence we have

Corollary 3.2. Let (M,g,F) be a Riemannian manifold with positive sectional
curvature and endowed with a Riemannian foliation F. Then M does not admit a
parallel basic 1-form.

In the following, we will treat the case p > 2. For that, we aim to estimate
each term in inequality (3.1). As in [3], we define the basic 2-form g#1:t—2 =

% Z Qijiy,...ip_o€i/\€j. Thus the second term of inequality (3.1) can be bounded
1<i,j<q
from above by
1

3 Z Ri‘fkl ((ej N ei)aa, (e Aeg)ac)
1<i,5,k,1<q
2 M (gitseeip—s ityeesip—2
= Z pM (g7 ir=2 ginsin-z)
(p 2). 1<ia, - yip—2<q
2 i1y
(3.8) <ot X P e - Detlep.

1<iy,..,ip—2<q

Using the Cauchy-Schwarz inequality and the fact that |v A woa| < |v| |Jwoa| for
any vectors v, w, the last term in (3.1)) is bounded by

q 9 q q
(3.9) ‘ S (A Vi A ei)Ja‘ <Y (A Vi Ned)aal® < a3 A Visal.
i=1 i=1 i=1

Now we state our main result:

Theorem 3.3. Let (M, g,F) be a Riemannian manifold with a Riemannian folia-
tion F of codimension q > 4. Assume that the manifold admits a nontrivial parallel
basic p-form a with 2 < p < q — 2. Then we have

(¢=2)|AP > Kg'qg —1) = (plp = 1) + (¢ = p)a—p = 1))p1".
Proof. Plugging the estimates in (3.8) and (3.9) into inequality (3.1)), we get that
0<— Y RM(eima,eja) + p(p — 1)p} |of?

1<i,j,l<q
(3.10) +(q—2) > A Visal.
1<i<q
1<s<n—q

Since « is a parallel basic p-form, the (g—p)-form *,« is also parallel. Thus replacing
a by xpa in (3.10)), we find the inequality

0<— Y Rij{eis(a),eja(x0)) + (¢ = p)g—p— 1)p’|of?
1<4,5,l<q

(3.11) +@—=2) > |A,Vinal’.
1<i<q
1<s<n—q
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In the last term of (3.11)), we use the equality for the basic Hodge operator.
Now the sum of inequalities (3.10)) and (3.11]) gives the desired inequality after the
use of

Z R%j(<ei4a, eja) + (e;1(xpev), 6j_1(*b0£)>)

1<i,5,l<q
= Z R%j((ei_na, ejua) + (e; A, ej A a))
1<i,j,l<q
= Z R%j«ei_na, ejoa) + (ejo(e; Aa),a))
1<i,j,l<q
= Z R%j«ei_nm ejua) + 6ijlal® — (ejoa, ejuar))
1<i,j,l<q
(3.12) = > Rpplel?,
1<i,l<q
which is greater than K q(q —1)|af?. O

We point out that the theorem is of interest only if

EK'ala=1) = (pp—1) + (g = p)(a —p = 1)p’ >0,
which means by (2.1 that the manifold M is of positive sectional curvature.
Example. Let us consider the round sphere S?™~! equiped with the standard

metric of constant curvature 1. We denote by F the 1-dimensional Riemannian
fibers given by the action [2]

2t _ 21wt 2imhst 21Ot
e N 21y oy zm) = (€2 2y ¥ 2 20 L S I 2 ),

with 0 < 61 < 6y < .-+ < 6,, < 1. These foliations are Seifert fibrations (i.e.
the fibers are compact) if and only if all #s are rational and the Hopf fibration
corresponds to the case where 6; = 05 = --- = 0,,, = 1. In the following, we will
compute the O’Neill tensor of the foliation F and study the optimality of the
estimate in Theorem Without loss of generality, we can assume that 6; = 1.
The vector X that generates F is given by

X = (izl, i(9222, . ,i9mzm) .

For an integer [ € {1,...,m—1} and p € {1,...,m—2}, we define the vector fields
Y, and W, on the tangent space of S*™~! by the following [5]

m
le = (07 e 707 _( Z ‘Zk|2)zl7 ‘Zl|22l+17 ey |Zl|2Zm) 9
k=l+1

and,

m
Wy =(0,...,0,—( > 0F|zkl?)izp, 0p0ps1|2p|*izps1, - -, O] 2| *i2m) -
k=p+1
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We also denote by W,,_; the vector field on T'S?*™~! by

Wm—l = (07 e 707 70m|zm|2izm—17 9m—1|z7n—1|2izm) .

It is easy to see that the set {X,Y;, W),, W,,_1} is an orthogonal frame of the tangent
space of the sphere for any [ and p. Recall now that given an orthonormal frame
{X/|X|,e; = Z;/|Z;|} of the tangent space of the round sphere fori =1,...,2m—2,
the norm of O’Neill tensor can be computed as follows

2 2 2
|A| Z|A616J| 4Z|7T elae] )‘ 2|X|2 Z |Z‘ IZ |2 ([ZlaZ] X)|

1,J

where 7+: TM — RX is the projection. On the one hand, a straightforward
computation of the norms yields to

m
X2 = |+ 30 63l
k=2

Moreover, for any [ and p, we have

MR = a3 P ().

k=l+1

W = (30 621al) (021l
s=p

t=p+1
Also we find that,

|Wm—1|2 = (an\ZmF + 93n—1|zm—1|2)‘2m|2|zm—1|2 .

On the other hand, the computation of the Lie brackets yields for any [ to

(W X) = —20 (30 1) (3 k).

s=l+1 k=l
and for [ > p,
(Vi W], X) = 21202 0p|20* D (67 — 07) |z
k=l4+1

Also, we have that
(Vone1, Win 1], X) = —=2fzm—1*|2m[*Om—10m (|2m—1]* + [2m*) -
The other Lie brackets are all equal to zero. Thus the O’Neill tensor is equal to

AP =

2 {92 102, (|zm—11* + [2m|?) mie? T 022D (s 2l
| X2 _1lzm—1? + 05, [2m[?) — s=j HENE )(ZZI:]‘JA |21 ]?)

+

~ ”f |2l 25 * (ki (67 — 0F) 126 [*)? }
Sy (1 O 1P (2L 03126 1P) (ki 126 ) (2 |26 ?)

j=11
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We will now prove that the norm is constant if only if all #.s are equal to 1.
Indeed, if we evaluate this norm when it corresponds to the cases where |z,,| — 1,
|zi] = 04 # m and |z;m—1] — 1, 2] = 0, i # m — 1, we find after identifying
that 6,,_1 = 6,, = 6. The value of the O’Neill tensor corresponding to the case
21 = |2m|? — &, [25] — 0,2 < i < m—1 gives that § = 1. The same computation
can be done successively to prove that 6.s are equal to one for i # m,m — 1 when
considering the case |2|? = |z,|* — 3, [2;] — 0. Comparing the lower bound of
the inequality in Theorem [3.3] with the norm of the O’Neill tensor which is equal
to 2(m — 1), we find that the optimality is realized for S°.

Next, we will get another pinching condition which doesn’t require the positivity
of the sectional curvature. We have

Theorem 3.4. Under the same condition as in Theorem we have
(¢—2)|A* > Scal” = KM(n—q)(n+q—1)— (p(p—1) + (¢ —p)(g—p—1)pi" .
Proof. The proof is a direct consequence from the fact that

Z RM.>Scalyy — KM(n—q)(n+q—1).

1<i,l1<q

The inequality in Theorem [3.4]is of interest if
K (n—q)(n+q—1)+ (p(p—1) + (¢ —p)(g —p — 1))pi" < Scal™
which with the use of Scal™ < KMn(n — 1) gives that KM > 0.

Remark 1. The computations in Proposition [3.1} Theorems [3.3] and [3.4] are local.
Therefore, if there is one point at which the estimates do not hold, then there is no
locally defined parallel p-form for any Riemannian foliation near that point.

4. FOLIATIONS WITH HARMONIC BASIC FORMS

In this section, we study the case where a Riemannian manifold endowed with a
Riemannian foliation admits a basic harmonic form. That is a basic p-form « such
that Ay = 0.

Proposition 4.1. Let (M, g, F) be a Riemannian manifold endowing with a Rie-
mannian foliation. Then, we have

- —1
2<R(a),a>2—pT7 Z RiCZ—<€iJC¥,€jJa>+pT Z R%j<ei4a,ej4a>

1<i,j<q 1<id,j,1<q

— Z Rf\;fkl<(ej Aei)aa, (e A eg)aa)

1<i,j,k,l<q

(4.1) fS{i|AeiVSJa|2+2|i(A@iVS/\ei)JOz‘z},
s=1 =1 =1

for any basic p-form a.
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Proof. For p = 1, the inequality is clearly satisfied by (2.3]). In order to prove the
inequality for p > 2, we introduce as in [3] the operator

_ 1
B a= TED] Z ((eiNei N Neiy, ) aa NAg) @€ N Nef .
p D i1, ip—2
The norm of the tensor B~ « is being defined as the sum
_ 1 _
B~al® = v —2)! Z |(B™a)ktiy..ipy ?
kylyig,e.ip—2
Therefore, we compute
=2 . 1 _
5 1BTal =3 > B @iyl
k,l,il,...,ip_g
1
b > (((ei Aeiy AweNeiy y)aa A A i (65 Aeiy AvesAeg, ,)aor A A ra)
B15eylip—2
i,k
1
=z Z (Qiiy iy ok Aei €1 = Qi oy g1 A, €y Oy iy ok Ae; €1 — Qjiy iy g1 Ae; €k)
N

E Qikiy..ip—o Uk ...ip_2 (A, €1, Ae; €1) = Qikiyovviyy_2 Vjliy iy 2 9 (A, €1, Ac€1)

U1,e0y0p—2
i,,k,1

(p - 1)' Z <€i4aa ej—‘a>g(Aei€l7 Aej €l)

1<4,5,l<q
—(p—2)! Z ((er A ei)aa, (er Aej)aa)g(Aeer, A er) .
1<i,j,k,1<q
Thus we deduce that
Lo 12
§|B al=(p-1) Z (eiacr, ej000)g(Ae, 1, Aeje1)

1<4,5,1<q

- Z <(ej A ei)Jaa (el A ek)4a>g(Aeqzela A(ikej) .
1<4,5,k,l<q

Plugging now Equations (3.2)) and (3.3)) into the above one, we find that

1 -1
5\[3_042:%{ Z RiCZ<€i_IOé,€j_1a>— Z R%j<€i_104,€j_la>}

1<i,5<q 1<i,5,1<q

+ Z { _R'Z'kl +R7J;\]/'[kl +29(Aei6j7Aek€l)
1<i,5,k,1<q
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g(Ac e Acyer) H{(ej A eg) oy, (e Aeg) )

:%1{ Z RiCZ(eiJOK,CjJOé>— Z R%ﬂepa,ey@}

1<i,j<q 1<i,jl<q

+2(R(a), ) — 2 Z RiCZ<€iJO¢,€jJO{>
1<4,j<q

+ Z le'\j/'[kl«ej Ae;)aa, (e) A eg) o)
1<id,j,k,1<q

n—q q
+2) 1O (A, Vi Aei))aal?
s=1 =1

- Z 9(Ac, e, Ac,er)((ej A eg)aa, (e Aer)aar) .

1<4,5,k,1<q

We used in the last equality Equations (2.3)) and (3.5)). Interchanging now the
indice k to [ and vice versa in the last expression, we get

[P
§|B ol = T{ Z RIC” e, ej ) — Z RM] e; o, 6]_|Oz>}

1<4,5<q 1<4,5,1<q
+ 2(R(a), ) — 2 Z Riciv;(ei_:oz, ejua) + Z Rf‘;fkl«ej Aei)aa, (e) A eg)aa)

1<i,j<q 1<id,5,k,1<q

+2 Z ‘ (Z(Aeivs A ei))_:oz Z g(Ac er, Acjer)((ej A eg)aa, (e Aeg)aa).
s=1 )

i=1 1<i,j,k,1<q

Finally, after the use of Equation (3.7, we find with the help of (3.6) that

1 -7 . -1
§|B_cz|2 + |BTal? = pT Z RICZ-<€Z'_IOZ,€]‘_|0¢> - pT Z R%j (ejua, €jaar)
1<i,j<q 1<4,5,1<q

+2(R(a),a) + > RM((e Aei)aa, (e Aer) )
1<i,j,k,1<q

+Z{Z|A VJa|2+2‘( S (AeVinen) ‘2}

Since the Lh.s. of the equality above is non—negatlve, we finish the proof of the
proposition. O

We now investigate the case where the form « is a harmonic basic form. We
have

Theorem 4.2. Let (M, g,F) be a compact Riemannian manifold endowed with
a Riemannian foliation of codimension q. Assume that the manifold admits a



64 F. EL CHAMI, G. HABIB AND R. NAKAD

harmonic basic p-form, there exists at least a point x € M such that

g+ DIAPE) 2 - P2 seal¥ (@) + (25 )ala - DY (@)

—2(p(p—1)+ (g—p)a—p—1)p}(2),
where 2 < p < q— 2.

Proof. As in the proof of Theorem we use Inequality (3.9) in order to deduce
that

7 -1
2(R(), ) > —L Z RICU eiJa, eja) + pT Z R%j (ejaa, €10
1<i,7<q 1<i,5,1<q
_ Z Rf\;[kl«ej A€i)aa, (e Ae)aa) — (2q + 1) Z |Ae, Vioal?
1<i,j,k,l<q 1<i<q

1<s<n—q
for any basic p-form a. Applying the above inequality for the (¢ — p)-form *,a and
then summing the two equations, we get by using and ( -

p

2((R(e),0) + (RO, 5a) =~ Seal” ol + iq(q ~ DK jaf?

—2(p—1)+(¢—p)g—p—1)p)|af
— (2¢+ 1)[AP|af?.
If the basic form « 1s now harmonic, i.e. dya = §pa = 0, then the twisted derivative

is equal to dyar = —7,% A « and its adjoint is dyor = —%Fua Thus

N . ~ 1
/ (Apa, v, = / (Idbal? + Fpaf?)o, = - / v,
M M 4 M

This implies by the transverse Bochner-Weitzenbdck formula, that [, (R(a), a)vg <
0. Since the basic Hodge operator commutes with the twisted Laplacian [4], the
same inequality holds for x,«. Thus, we get the required inequality. O
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