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Abstract. We develop gradient schemes for the approximation of the Perona-Malik equa-
tions and nonlinear tensor-diffusion equations. We prove the convergence of these methods
to the weak solutions of the corresponding nonlinear PDEs. A particular gradient scheme
on rectangular meshes is then studied numerically with respect to experimental order of
convergence which shows its second order accuracy. We present also numerical experiments
related to image filtering by time-delayed Perona-Malik and tensor diffusion equations.
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1. INTRODUCTION

A large class of image processing methods is based on the use of approximate
solutions to equations of the following type:

(1.1) ut — div(G(u, z,t)Vu) = r(x,t) for a.e. (x,t) € Q2 x (0,T)
with the initial condition

(1.2) w(z,0) = uipi(x) for a.e. & € Q,

and homogeneous Neumann boundary condition

(1.3) G(u,z,t)Vu(z,t) -nga(x) =0 for a.e. (z,t) € 90 x Ry,
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where the following hypotheses, called Hypotheses (H) in this paper, are considered:

> € is an open bounded polyhedron in R?, d € N*, with boundary 9%,
> T >0, uin; € L2(Q), r € L2(Q x (0,7)),
> the possibly nonlocal function G is such that:

(1.4) G: L*(Q) x Q x (0,T) — L(R?, RY),
G(-,z,t) is continuous for a.e. (z,t) € Q x (0,7,
G(u,-,-) is measurable for all u € L?(Q),
G(u,z,t) is self-adjoint with eigenvalues in (A, ), A >0
for all u € L*(Q) and for a.e. (x,t) € Q x (0,7T),

denoting by £(R%, R9) the set of linear mappings from R? to R9.

In image processing applications, ui,; represents an original noisy image, the so-
lution wu(x,t) represents its filtering which depends on the scale parameter ¢t. The
space dimension d is equal to 2 for 2D image filtering, 3 for 3D image or 2D+time
movie filtering and 4 for 3D+time filtering of spatio-temporal image sequences. The
image processing methods based on approximations of equation (1.1) differ by the
definition of the function G. In this paper, we consider cases where G arises from
some regularization of the Perona-Malik equation [20], which reads

(1.5) Owu — div(g(|Vul)Vu) = 0,

where

(1.6) ()= —> _ VseRt
' I =1 Ks 7P ’

for a given K > 0. Recall that the mapping s — sg¢(s) is not monotonically increasing
on R, and therefore the Perona-Malik equation is an ill-posed parabolic problem
on general initial data.

The convergence of a numerical scheme for the one-dimensional original Perona-
Malik problem (1.5) is proved in [4]. The analysis of a finite element discretization
of a modified Perona-Malik equation is performed in [3]; in this latter work, the
function g depends on the x and y derivatives of u, rather than on the norm of the
full gradient, which is the case considered here.

We first consider a regularization of the example due to Catté, Lions, Morel,
and Coll [6]; this example gives an approximation of the time delayed Perona-Malik
equation, using

(1.7) Opu — div(G(u(-, 1), ) V) = 0
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with

(1.8)  G(u,z) = max <g<

/Qu(y)VGg(a: _y) dyD,a) Yue LNQ),

where a > 0 is a given small value (in [6], although the parameter « is not introduced,
a similar bound as below is obtained) and G, € C*°(R%) is a smoothing kernel, e.g.,
the Gauss function or mollifier with a compact support, for which [ ra Go(z)dr = 1.
Thanks to the convolution properties, the nonlinearity in the diffusion term depends
on the unknown function u, contrary to the original Perona-Malik equation (without
convolution) where it depends on the gradient of the solution. Note that since the
function s — max(g(s), «) is Lipschitz continuous with some constant L,, we get
that for all u,v € L'(Q),

|G(u,z) — G(v,2)| < Ly

[ 4)¥6aa-y) dy‘ -

/ v(y)VGo(z—y)da
Q

< Ly

/Q(U(y) —v(y))VGy(r —y) dy' < Ly || VGollsollu — vl 1),

which shows that (1.8) enters into the framework defined by Hypotheses (H). In the
case of the regularized model, the convergence of classical finite volume schemes was
proved in [19], [17].

Another interesting image processing model with the structure of equation (1.1)
is the so-called nonlinear tensor anisotropic diffusion introduced by Weickert [21].
In that case, the linear mapping G(u, z,t) represents the so-called diffusion tensor
depending on the eigenvalues and eigenvectors of the (regularized) structure tensor
with matrix

(1.9) Jy(Vug) = Gy * (VusVu, '),

where f * g denotes the convolution between the two functions f and g, u, is defined
by

(110) ua(x;t) = (Ga * u(at))(x)

and G, and G, are Gaussian kernels. In computer vision, the matrix J, = (Z i),
which is symmetric and positive semidefinite, is also known as the interest oper-
ator or second moment matrix. We may write a = G, * (1Go x u)?, b = G, *
(01Gy *u)(02G, xu)) and ¢ = G, * (2G4 x u)?. The orthogonal set of eigenvectors
(v, w) of J, corresponding to its eigenvalues (1, p2), p1 > p2, is such that the ori-
entation of the eigenvector w, which corresponds to the smaller eigenvalue po, gives
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the so-called coherence orientation. This orientation has the lowest fluctuations in
image intensity. The diffusion tensor G in equation (1.1) is then designed to steer
a smoothing process so that the filtering is strong along the coherence direction w and
increasing with the coherence defined by the difference of the eigenvalues (1 — u2)?.
To that goal, G must possess the same eigenvectors v = (v1,v2) and w = (—va, v1)
as the structure tensor J,(Vu,) and the eigenvalues of G can be chosen as follows:

(1.11) ki=a, ac(0,1), akl,

«, if H1 = p2,
Ko = _

(1 — p2)?
So, the matrix M¢ of the linear operator G(u,x,t) is finally defined by

a+ (1 —a)exp ( ), C >0 otherwise.

(1.12) Mg = ABA™', where A = <v1 —v2> and B = (Hl 0 > .
v U1 0 ko

Thanks to this construction by convolutions, the diffusion matrix (nonlinearly) de-
pends on the solution u and it satisfies smoothness, symmetry and uniform positive
definiteness properties. It is then possible to show that it enters into Hypotheses (H)
by similar computations to those done above and in [9]. The so-called diamond-cell
finite volume schemes for the nonlinear tensor anisotropic diffusion were suggested
and analyzed in [9], [8].

Another type of regularization of the classical Perona-Malik approach is obtained
by considering the gradient information from delayed time ¢ — %, for a given £ > 0.
We call this model the time-delayed Perona-Malik equation: consider (1.1) with
wini € H(Q), and define u(z,t) = uini(z) for x € Q and t < 0. Then, for any k € N,
we define the function G in the time interval (kt, (k + 1)¢), by

(1.13) G(z,t) = max(g(|Vu(z, t — 1)), @),

where o > 0 is again a small parameter. Then problem (1.1) boils down to a standard
linear parabolic problem on (kt, (k + 1)t) (which is included in the framework of
Hypotheses (H)), and, as shown in the numerical part of this paper, it leads to an
efficient approximation of the Perona-Malik equation.

An integral average on a given shifted time interval is used in [2] for regularization
purposes. Our regularization can be understood as a discrete approximation of the
integral average, e.g., by a mid-point rule. Note that the Amann theory holds for
the original integral regularization without numerical integration while our theory
and convergence proofs are valid for the gradient approximation shifted backward in
time.
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We focus in this paper on the use of the family of gradient schemes [14], [13]
for the approximation of the preceding problems. Indeed, this general framework
simultaneously includes conforming finite element methods, with or without mass
lumping, mixed finite elements, nonconforming P! finite elements, and a large va-
riety of more recent methods inspired by finite volume schemes (in particular the
Hybrid Mimetic Mixed family which includes the Mimetic Finite Difference schemes,
the SUSHI scheme and the Mixed Finite Volume scheme, see [10]). The particular
gradient scheme which is used in this paper can be seen as a Multi-Point Flux-
Approximation scheme [1]. The interest of directly studying the convergence of the
family of gradient schemes is that the proofs which are done here apply to the whole
family of discretizations entering into this framework.

This paper is organized as follows. After providing the description of a weak
solution in Section 2, we define the class of gradient schemes for the approximation
of models based on equation (1.1). We then prove their convergence in Section 3.
Then in Section 4, we consider a particular scheme applied to the approximation
of the time-delayed Perona-Malik equation and nonlinear tensor-diffusion equation
for image filtering purposes. Finally, numerical results are presented in Section 5,
exhibiting the accuracy of the proposed method and original applications to image
filtering.

2. THE WEAK FORMULATION

Definition 2.1 (Weak solution to (1.1)—(1.3)). Under Hypotheses (H), a func-
tion u is a weak solution of (1.1)—(1.3) if, for all T > 0,

(1) we L*0,T5 H'(Q)),
(2) the following holds:

(2.1) /0 /Q(—u(x,t)gat(t)w(x) + o(t)G(u, z,t)Vu(z,t) - Vw(x))dedt

—/Quini(x)w(x)ga(O)dx:/o/Qr(a:,t)w(x)ga(t)da:dt
Vwe H'(Q), Vo € C(0,T)),

where we denote by C2°([0,T)) the set of functions of C'°((—o0,T)) restricted
to [0,T).

We have the following standard result [5].
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Theorem 2.1 (Properties of a weak solution u to (1.1)-(1.3)). Under Hypothe-
ses (H), the function u is a weak solution to (1.1)—(1.3) in the sense of Definition 2.1
if and only if

(1) w € L*(0,T; HY()), uy € L?(0,T; H(Q)") (defining the standard continuous
embedding of L?(2) in H'(Q2)), and therefore u € C°([0,T]; L?(2)),

(2) u(z,0) = uini(z) for a.e. x € Q,

(3) the following holds:

T
0 Q
T
= / / r(z, t)o(x,t)dedt Yo € L2(0,T; H()).
0Ja
Then u satisfies the following consequence of the above properties:
1 fo
(2.3) 5/ (u(x,t0)? — uini()?) dx—l—/ G(u,z,t)Vu(x,t) - Vu(z,t)decdt

to
// (x,t)u(z, t)dxdt Vio € [0,T].

3. APPROXIMATE GRADIENT SCHEMES FOR PARABOLIC EQUATIONS

3.1. Definition of the scheme

Definition 3.1 (Approximate gradient discretization and gradient scheme). Un-
der Hypotheses (H), an approzimate gradient discretization D is defined by D =
(Xp,p, Vp), where:

(1) the set of discrete unknowns Xp is a finite dimensional vector space on R,
(2) the mapping Ilp: Xp — L?(f) is the reconstruction of the approximate func-
tion,
(3) the mapping Vp: Xp — L%(Q)? is the reconstruction of the gradient of the
function,
(4) l[ullp = (ITpull3aq) + [ Voule )/ is a norm on Xp.
Then the compactness of the discretization is measured by the function Tp: R% —
R, defined by

[Ipv(- + &) — Ilpvl| 2(rae) d
3.1 T = max V¢ e RY,
(3.1) )=, [vllo ¢

where IIpv is set to zero outside of Q. Note that hm Tp(€) =0.

£|—0
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The strong consistency of the discretization is measured by the interpolation error
function Sp: HE(Q) — [0,00), defined by

(82)  Sp(e) = min ([lpv — ¢l Zaq) + [Vov = Velia)? Ve € HY(Q).

The limit conformity of the discretization is measured by the conformity error func-
tion Wp: Haiv,0(2) — [0,4+00) (where Hgiv,0(£2) denotes the set of all elements of
Haiv () with zero normal trace), defined by

1

33 W = max T
( ) D(SO) ueXp\{0} ||u||D

| (Fout@) - (@) + Tpue) div (@) da
Q
VQO S Hdiv,O(Q)-
Definition 3.2 (Space-time discretization). Let the Hypotheses (H) be fulfilled.
We say that (D, 1) is a space-time gradient discretization of Q x (0,7, if

> D = (Xp,IIp, Vp) is an approximate gradient discretization of 2 in the sense
of Definition 3.1,
> there exists Np € N with T'= Np7, where 7 > 0 is the time step.

We then define Xp, = {(u")n=1,...n,,u" € Xp}, and we define the mappings
HD’TZ XD;,— — L2(Q X (O,T)) and VDJ—Z XD;,— — LQ(Q X (O,T))d by

(3.4) Hp ru(z,t) =Ipu"(z) for a.e. x € Q, Vt € (n—1)7,n7], Yn=1,..., Np,
and
(3.5) Vp  ru(z,t) = Vpu"(x) for ae. x € Q, Vt € (n — 1)7,n7], Vn=1,..., Np.

Let (D, 7) be a space-time discretization of 2 x (0,7). We define the following
scheme for the discretization of problem (1.1):

(36) wueXp, dru(z,t)= l(Hypul(x) — uini(z)) for ae. z € Q, YVt e (0,7],

T

oru(z,t) = l(Hpu”(x) —Tlpu"~*(z)) forae. x€Q,
T
Vte ((n—1)1,n7], Vn=2,..., Np,
and
T
(3.7) / / (0;ullp ;v + Gp (IIp ru,x,t)Vp ru - Vp rv) de dt
0J0

T
://rﬂp,ﬂ)dxdt, Vv e Xpr,
0JQ
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(3.8) Gp.r: L*(Q) x Q x (0,T) — L(R?,R?), there exists Cp , >0
with |Gp (v, z,t) — G(v, 2, 1) £(ra,re) < Op,r V]| L2(0),
Yo € L3(Q), for a.e. (z,t) € Q x (0,T),
Gp.-(u,-,-) is measurable for all u € L?(Q x (0,T)),

Gp.r(u,z,t) is self-adjoint with eigenvalues in (), \)
for all u € L*(Q) and for a.e. (x,t) € Q x (0,7T).

We then denote IIp ;u(-,0) = uini, hence defining Ip ru(-,t) for all ¢ € [0, T].

Remark 3.1. Note that assumption (3.8) holds in particular for Gp . = G,
which occurs in some of the numerical applications.

3.2. Properties of the scheme

Lemma 3.1 (L>(0,7;L?*(Q)) and L?*(0,T; H'(2)) estimates and existence of
a discrete solution). Under Hypotheses (H), let (D,7) be a space-time gradient
discretization of 2 x (0,T) in the sense of Definition 3.2. Then there exists at
least one solution to scheme (3.6)—(3.7), which moreover satisfies that there exists
a constant Cy; > 0 such that

(3.9) Mpu™|72q) < Crllluimill72) + Tl Z2@x0r)) Ym=1,...,Nr,

and
(3.10) IV, rull7 < ﬁ(HU' il 220y + Tl7ll7 )
: D,r%IL2(Qx(0,T)d X A inill £L2(Q) L2(Qx(0,T))/*
Proof. Let m=1,..., Ny and let us set v =u" forn=1,...,m and v" =0

forn = m+1,...,Np in (3.7). We obtain, thanks to the equality a(a — b) =
La® + (a— b — 1?),

(3.11) /Q (%(me/(x)‘é’ i (2)?) + A /0 " |VD7Tu(a:,t)|2dt) dz

< / /T(l‘,t)H'Dﬂ_’u,(x"[f) dx dt.
0 Q

Applying the Young inequality to the right-hand side provides

/Q (%(I'Ipum(ft)2 — Uini(7)?) +A/mT Vo u(z, b)) dt) du

mT mT
/ / r(z,t) dxdt—i——/ /HDTu 2dz dt.
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We now give a discrete version of the Gronwall lemma. For a,, = fQ Mpu™ (x)? du,
b= [ tini(z)? dz + 2Tf0 Jo r(z,t)? dz dt, we get

1 m
am < b+ ﬁdm with d,, = TZ Qn,

n=1

which can be written, setting ¢ = 7/2T7 < 1/2 and dy = 0, as

dm — dm-1 < Tb+ cdm

m
This gives dy,, < (dm—1+7b)/(1—c), and therefore d,,, < 7 Z b/(1—c)™ 1", Using
ol

the inequality mc < 1/2, which leads to —log(1 — ¢) 10g(2 /(2m — 1)), we get
! L < < ( = <1
B _gm STy T S g Tt T _2m—1 ’
and therefore 1/(1 — ¢)™ < e. We have
% 1 mtl 1
Z < Y= <= < 2Te,
— 1—cm"‘1 n 1/(1—-¢)—1 7/2T (1 — ¢)™

which gives d,, < 2Teb. Hence, we conclude a,, < (1 + 2e)b, which yields (3.9) and
(3.10). The topological degree argument applied to numerical schemes (see, e.g.,
[15]) allows to conclude to the existence of at least one solution to the scheme. [

Note that the minimal regularity of the initial data corresponding to the framework
of image processing, and the generality of the operator G prevent from obtaining more
regular estimates than those of Lemma 3.1. In particular, multiplying the scheme
with a discrete time derivative does not seem to yield a better estimate.

We may now state the convergence theorem.

Theorem 3.1. Let Hypotheses (H) be fulfilled. Let (D, Tm)men be a sequence
of space-time discretizations of ) x (0,T) in the sense of Definition 3.2 such that
Cp,, r,, (introduced in (3.8)) and 7, > 0 tend to 0 as m — co. We assume that
there exists a function T: R% — Rt with lim T(€) = 0 such that Tp,, < T for all

m € N, and that €1=0

(3.12) Vo e HY(Q), lim Sp, (¢) =0,
and

(3.13) V¢ € Haiv,0(9), hm Wp,, (¢) = 0.

Let, for allm € N, u,,, € Xp be such that (3.6)—(3.7) hold.

m>Tm
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Then there exists a weak solution u to (1.1)—(1.3) in the sense of Definition 2.1 such
that, up to a subsequence, Ilp,, , Uy, tends tou in L*(Q x (0,T)), and Vp, up,, -,
tends to Vu for the weak topology of L?(2 x (0,T))¢. In the case that u is unique,

the whole sequence converges in the same sense.

Proof. Thanks to (3.9)-(3.10), we have the existence of some Cy > 0, indepen-
dent of m, such that

IMp,, 7, tm(- + &) = p,, v Um |l L2(Rax (0,1) < CoT(€).

Let us now prove an estimate on the time translates. Let n € (0,7). We drop the
index m for the simplicity of notation. We consider

A(n) = |Tp ru(, -+ 1) = o rullF2(0x (07— n))-

Denoting by v(t) the integer n such that ¢ € ((n — 1)7,n7], we have A(n) =
v(t4m)

e z( )T(Agl — AD)dt, with
n=v(t
n 1 n n—1 v(t+mn)
Al =— | (Ip u" —Ip ~u" pu”* " da
T Jo
d
o n 1 n n—1 v(t)
2= (IIp ;u"™ — p u"" ) Ipu”t* dz.
Q

Using (3.7) with v = «**+" and v? = 0 for p # n, we get

1 nTtT
A} = —/ /(r(x,s)HDJu”(t"’")(a:)
T Jn-1)r JO
— Gp+(Ip ru, z,8)Vpu"(x) - Vpu’ ™+ (z)) dz ds.
Thus, we obtain applying Young’s inequality that
n 1 n v(t+ n v(t+
A7 < §(A11 + AT 4 ATy + AT,

with

1 nTt —
AY = / /r(m,s)Q dzds, A, z/(HD?Tu")2 dz, AY; = )\/(Vpun)2 dz.
(n—1)7 Ja Q Q

T

A similar inequality holds for A%. Hence, using Lemma 6.1 stated in the Appendix,
and (3.9)—(3.10), we get the existence of C'3, which does not depend on m, such that

A(n) < Csn.
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Thanks to (3.9) which is a L>°(0,7;L?(2)) bound on the approximate solution,
it is easy to extend the time translates from (0,7 — 7)) to R, for the approximate
solution set to 0 outside of © x (0,7). This proves that the time translates of
IIp
extract a subsequence such that Ilp, ,, u, converges in L2(Q2 x (0,T)) to some
function v € L2(Q x (0,T)). Since Vp,, , U is bounded in L?(Q x (0,T))4, it
weakly converges in L2(2 x (0,7))¢, up to a subsequence, to some function G. For
given ¢ € Hgiv,0(Q2) and ¢ € C°((0,T)), we can write, using (3.3),

Uy, uniformly tend to 0. Then, thanks to Kolmogorov’s theorem, we may

myTm

mo Tm

T
t / / ©(t)(Vp,, rntim - +p, - U dive)dzdt
0Ja

p,, dt.

m

< / W, ()0(t) [t ()]

Letting m — oo in the above inequality (which is possible thanks to the bounds of
the right-hand side due to (3.9)—(3.10)) and using (3.13), we find that

T
Ve e C2((0,T)), ¥ € Han o), // ()G - o+ u dive)drdt =0,
0JQ

This shows that u € L2(0,T; H*(Q)) and that G(z,t) = Vu(z,t) for a.e. (z,t) €
Q% (0,7).
Let us now prove that u is a weak solution to (1.1)—(1.3) in the sense of Defini-
tion 2.1.
Let ¢ € C°([0,T)), and w € H'(Q2) be given. We denote by
o . 2 2 1/2
W = argmm(HHDmU - w||L2(Q) +(Vp,,v— VwHL2(Q)d) :
vEXD,,

Using (3.12), we have that Ilp, w,, converges to w in L%(Q) and that Vp, wy,

m m

converges to Vw in L?(2)%. Then we set v = p((n — 1)7)w,, in (3.7), and denote
by @m(t) the value p((n — 1)7) for all t € ((n — 1)7,n7]. We get T{" + To™ = T3",
with
T
Tlm = / / 5T7,LUHD,,,meSOm (t) dz dt,
0Jo

T
TQWL = / Qﬁm (t) / GDmﬂ'm (HDmﬂ'mu7 Zz, t)vDWuTmu : VDM W, dl‘ dt’
0 Q

and -
13" = / gom(t)/ rp,, wp, de dt.
0 Q
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We can rewrite T7" as

Nt
" = — / Uinillp,, wme(0) dx — Z / Ip,, u" p,, wm(pnr) —e((n —1)7)) dz dt,
Q —Ja
which gives

T
" = —/ Uinillp,, Wme(0) dz — / / Ip,, r,uIlp,, wye(t) dz dt.
Q 0Jao

Hence, we get that

T
lim 77" = —/uiniw @(O)dm—//uwmgot(t)da:dt.
Q 0Jao

m—o0

Thanks to assumption (3.8), we have, for a.e. (x,t) € Q x (0,7T):

|GD7me (HD'rerT'rrLu7 x, t) - G(ua z, t)|
<Cp Op,, 7 u(- )|z + G

myTm 7n77—7nu’x’t) _G(uaxat”'

Thanks to the assumption that Cp,, -, tends to 0 as m — oo, and thanks to the
rmt(syt) to u(-,t) in L?(Q) for a.e. t € (0,T), we obtain that

(IIp,, 7, u, x,t) converges to G(u,x,t) for a.e. (x,t) € Q x (0,T). Noticing

convergence of Ilp

GDm ,Tm
that

/ Gop,, r (Up,, 7,8, 2,t)VD,, 7,4 VD, Wy dz
Q
= / (GDm,Tm (HDmmnua z, t) - G(Uv z, t))va,Tmu - Vp,, wp dx
Q
+ / G(u,z,t)Vp,, .t Vp,, Wy dz,
Q

we get by dominated convergence for the first term and weak-strong convergence for
the second term that

T
lim TQm:/ ga(t)/ G(u,z,t)Vu - Vw dz dt.
0 Q

m—r oo

Finally, we also have

T
lim Tg”:/ ga(t)/ r wdazdt.

This achieves the proof that u is a weak solution to (1.1)—(1.3) in the sense of
Definition 2.1. O
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Theorem 3.2. Under the hypotheses of Theorem 3.1, let (D, Trn)men be a sub-
sequence satisfying the properties stated in the conclusions of Theorem 3.1. Then
p,, +,, Um (-, t) tends to u(t) in L?(Q) for all t € [0,T], and Vp,, up
Vu in L?(Q x (0,7))%. In the case that u is unique, the whole sequence converges

tends to

m Tm m,Tm

in the same sense.
Proof. Let w € H'(Q2) and let

W, = arg min(|Ilp,, v — w||2L2(Q) +IVp,,v— Vw|\%2(n)d)1/2

vEXD,,

Let us consider, for s < ¢ € [0,T],

B(s,t) = / (IIp,, 7 tim (2, t) — p,, r Um(x, s))p,, W, (x) d.
Q

We find that
v(t+s)T
B(s,t) = / / 07, umIlp, wp,(x) dx
(v(t)—1)7
v(t+s)T

/ (rllp,, wm — Gp,, v, Up,, 7, Um, 2, )V, 7 -V, wy,)dzdt.
(v()—1)T

Thanks to the Cauchy-Schwarz inequality, we get the existence of Cy, independent

of m and w, such that

B(s,t) < (w(t+s)T7 — (v(t) — 1)7’)1/204 <(t—s+ 27’m)1/2C’4meHDm.

This continuity property is sufficient to apply Theorem 6.1 (given in the Appendix),
proving that for all ¢t € [0,T], IIp
L?(Q). In the same way as in the proof of Lemma 3.1, we have the property, for

m(t) tends to u(t) for the weak topology of

m T U

a given tg € [0,7T] (dropping the indices m),
(3.14)

1 v(to)T
/Q <§(HD,TU($7tO)2 — uini(2)?) + /O Gp - (Up,7u, 2,0)Vp u- Vp ru dt) dw

v(to)T
S/ /r(x,t)HDJu(x,t)da:dt.
0 Q

Passing to the limit in the above inequality, we arrive at
1 v(to)T
lim sup (5 / I_ID,Tu(x,to)2 —|—/ Gp,(IIp ru,x,t)Vp  u-Vp ru dt) dx
Q 0

m—r0o0
1 fo
< —/uini(x)Q dx—f—/ /r(m,t)u(x,t)dxdt.
2 Ja 0 Ja
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Since u satisfies (2.3), we have

1 to to
2/ u(zx, to) dx—l—/ G(u,z,t)Vu - Vudz dt = / Uini) dx—i—//rudxdt
Q

The weak convergence of IIp ~u(-, %) to u(-,tp) and of Vp -u to Vu implies that

1 1
1iminf—/ HD_Tu(JU,ﬁQ)2 > —/u(x,to)Q dz,
2), P 2

m—00 Q
v(to)T

to
lim inf Gp . (IIp ;u,z,t)Vp ;u-Vp rudtde > / / G(u,z,t)Vu - Vudz dt.
Q

m—r oo 0

Therefore, we obtain

1 1

v(to)T to
lim Gp-Up u,z,t)Vp  u- Vp ;udtde = / / G(u,z,t)Vu - Vudz dt,
hence concluding the proof of the strong convergence. O

4. A PARTICULAR GRADIENT SCHEME

In order to describe the scheme, we now introduce some notation for the space
discretization. Let now €2 be a rectangular domain as is standard in image processing.

(1) A rectangular discretization of € is defined by the increasing sequences a; =
xéz) <a:§l) <... <a:§f(),;> =b,i=1,...,d.
(2) We denote by
(d) (d)
{( z<1>v z<1>+1) XX (xi(d)axi(d)_,’_l);
0<ﬂ”<nm,”wo<ﬂ@<n@}

the set of control volumes. The elements of M are denoted p, q, ... We denote
by @, the center of p. For any p € M, let 9p =D\ p be the boundary of p; let
|p| > 0 denote the measure of p, h, denote the diameter of p and hp denote the
maximum value of (hy)pem-

(3) We denote by E, the set of all faces of p € M (it has 2d elements), by E the
union of all E,, and for every o € E, we denote by |o| its (d — 1)-dimensional
measure. For any o € E, we define the set M, = {p € M,o € E,} (which has
therefore one or two elements) and by x, we denote the center of 0. We then
denote by d,e = |x, — xp| the orthogonal distance between ,, and o € E, and
by n, , the normal vector to o, outward to p.
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Figure 1. Notation for the meshes.

(4) We denote by V, the set of all vertices of p € M (it has 2¢ elements), by V the
union of all V,, p € M. For y € V,, we denote by K, , the rectangle whose
faces are parallel to those of p, and whose set of vertices contains x, and y. We
denote by V, the set of all vertices of 0 € E (it has 2¢71 elements), and by E,,
the set of all 0 € E, such that y € V, (it has d elements).

(5) We define the set Xp of all u = ((up)pem, (Us,y)ocE,yev, )-

(6) We denote, for all u € Xp, by llpu € L?(Q) the function defined by the constant
value u, a.e. in p € M.

(7) For u € Xp, p€ M and y € V,, we denote by

2 Ugy — U
(4.1) Vpyt = m Z |o|(tey — tup)np,e = Z U’Z 1y,
Do

o€Ep,y o0€Ep,y

and by Vpu the function defined a.e. on 2 by V, ,u on K, ,,.
We then have the following result.

Lemma 4.1. Let Q = (ay,b1) X ... X (aq,bq) be an open rectangle in R%. Let
D = (Xp,p, Vp) be a rectangular discretization as described above. Then D is an
approximate gradient discretization in the sense of Definition 3.1, such that under
the regularity con~d1't1'on (a:l(.(]})ﬂ —ngj)) )/(a:i(.fk)>+1 —xg(kk))) <C, 4, k= 1,~27 ...,d, we get
the existence of T: R? — R with lgm T(¢) = 0 such that Tp < T independently

—0

of hp, and that

(4.2) Voe HY(Q), lim Sp(p) =0,
hD—>0
and
(4.3) Ve Hdiv,O(Q), lim Wp(ep) = 0.
hD—>0
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Proof. Let us recall the result, proved in [12]: for such a rectangular discretiza-
tion D, the expression |lu|lp, defined by

= S b2+ 3 S % C';’—'m w)? Vue Xo,

pEM pEMoEE, yeV,

is a norm on Xp such that (4.2) holds, where C only depends on the bound on 6.
The limit conformity property (4.3) is proved in the same way as in [12]. We then
remark that ||u||% controls the semi-norm |-|;,7 as defined in [11], Definition 10.2,
page 795. We can therefore follow the proof of [11], Theorem 10.3, page 810 using the
discrete trace inequality [11], Lemma 10.5, page 807 in the case of the homogeneous
Neumann boundary conditions, which proves the existence of T as given in this
statement (hence proceeding in the same way as in [9]). O

Remark 4.1. The equations obtained, for a given y € V, defining v € Xp
for a given o € Ey by v,, = 1 and all other degrees of freedom null, constitute
a local invertible linear system, allowing for expressing all (us,y)ocp, With respect
to all (up,y)pem,- This leads to a nine-point stencil on rectangular meshes in 2D,
and a 27-point stencil in 3D (this property is the basis of the MPFA O-scheme [1]).

5. NUMERICAL EXPERIMENTS

Example 5.1. This example is devoted to a 1D illustration of the time-delayed
regularization of the Perona-Malik equation, as described by (1.13) in the introduc-
tion of this paper. We consider the case Q@ = (0,1), uini(z) = 22, and a = 1/101
in (1.13). We then apply the scheme presented in Section 4 (it then resumes to
a standard 3-point finite volume scheme), using various values of ¢. We then show in
Figure 5 the results computed at the final time T = 50, for & = 1/500 for ¢ = 0.2 and
t =0.5and 7 = 0.01. We see that although the problem is regularized, the numerical
solution shows discontinuities resulting from the ill-posedness of the Perona-Malik
equation. Turning to the values f = 1 and = 5, with 7 = 0.1, we observe in Figure 5
that the regularity of the numerical solution is significantly increased.

Example 5.2. In this example we present results of numerical computations for
the regularized Perona-Malik equation in 2D, where the regularization is again of
the type (1.13). We assume that Q = [0, 1] x [0, 1], and we chose the right hand side r
such that u(x,y,t) = C((2? +y?)/2 — (23 +3®)/3)t is an exact strong solution of the
problem (1.1)—(1.3). Two test cases, with different time delays ¢, final times 7" and
coefficients C, are presented. The errors in Lo ((0,7'), L2(€2)) and Lo ((0,T), L2(£2))
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Figure 2. T = 0.2, 7 = 0.01 (left), 7 = 0.5, 7 = 0.01 (right).
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Figure 3. t =1, 7 = 0.01 (left), # = 5, 7 = 0.1 (right).

for the solution u (denoted by Es, E,) and for its gradient (denoted by EG2, EG)
together with the experimental order of convergence (EOC) are presented in Table 1
for the case t = 0.0625, T = 0.625 and C = 1, and in Table 2 for the case t = 0.625,
T = 6.25 and C = ¢/T = 0.1. These numerical results indicate that the method is
second order accurate, both in solution and gradient approximation.

n T Es EOC E, EOC EG; EOC EG, EOC
4 0.0625 4.771e-4 - 1.022e-3 - 7.184e-3 -~ 1.450e-2 -

8 0.015625 1.172e-4 1.429 2.692e-4 1.925 1.707e-3 2.073 3.615e-3 2.004
16 0.00390625  2.913e-5 2.604 6.812e-5 1.982 4.213e-4 2.019 9.031e-4 2.001
32 0.0009765625 7.270e-6 2.002 1.708e-5 1.996 1.050e-4 2.004 2.257e-4 2.000
64 0.000244140625 1.815e-6 2.001 4.273e-6 1.999 2.624e-5 2.000 5.643e-5 1.999

Table 1. Example 5.2, = 0.0625, T = 0.625, C' = 1.

Example 5.3. Image filtering by the time-delayed Perona-Malik model. In this
experiment, we show the results obtained when filtering a noisy image, using the time-
delay regularization of the Perona-Malik equation as given by (1.13). The original
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n T E; EOC E, EOC EG, EOC EG, EOC
4 0.0625 1.778e-3 - 1.209e-3 - 2.032e-2 -~ 1.400e-2 -

0.015625 4.594e-4 1.952 3.173e-4 1.930 5.034e-3 2.031 3.478e-3 2.001
16 0.00390625  1.158e-4 1.988 8.021e-5 1.984 1.255e-3 2.004 8.680e-4 2.002
32 0.0009765625 2.898e-5 1.998 2.011e-5 1.996 3.137e-4 2.000 2.169e-4 2.001
64 0.000244140625 7.248e-6 1.999 5.030e-6 1.999 7.842e-5 2.000 5.422e-5 2.000

Table 2. Example 5.2, f = 0.625, T = 6.25, C = 4 = 0.1.

o g}

image (Figure 5 left top) is damaged by 40 percent additive noise (Figure 5 right
top). In the bottom row of Figure 5 we present the 1st, 10th and 25th denoising steps
which show a correct reconstruction of the original figure. The following parameters
are used in the computations: n(Y) = n® =200, h = 0.1, 7 = 0.1, = 0.1. In the
nonlinear function g defined by (1.6), we use the value of parameter K = 100. We
observe that the denoised image does not show any significant alteration after 25
steps, compared to the initial one.

Figure 4. Example 5.3, the original image (left top), the noisy image (right top) and the
results after 1, 10, 25 time steps (bottom, from left to right) of filtering.

Example 5.4. Image filtering by the nonlinear tensor diffusion. In this example
we present image denoising by the so-called coherence enhancing tensor diffusion [21],
that means the case, where the diffusion coefficient is given by a matrix. The math-
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ematical model is given in the introduction of this paper by (1.9)—(1.10) and (1.11)-
(1.12). In this experiment we use the following parameters: nM = n® = 250,
h = 0.001, ¢ = 0.000001, 7 = 0.000001. The chosen parameters in the convolution
operators are defined by o = 0.0001 and ¢ = 0.01, and the parameters in (1.11) are
a = 0.0001, C = 1. The convolution is realized in both cases by computing heat
equation for time o and g, respectively, in similar way as in [18]. The scheme uses
explicit values for (G, which leads to the definition of a semi-implicit scheme for the
nonlinear tensor diffusion model as in [9], [8]. In Figure 5, one can see the original
image with three crackling lines, and the results after 2 and 5 time steps, showing
that the coherence of the line structures has been improved.

Figure 5. Example 5.4, the original image (left), the results after 2 (middle) and 5 (right)
time steps.

6. CONCLUSION

Gradient schemes have recently been shown to be efficient for the discretization
of elliptic problems and steady state coupled problems. The present paper shows
that the mathematical framework of the Gradient Scheme also applies to the discrete
analysis of parabolic problems involved in some practical applications. The particular
gradient scheme used in this paper for image processing applications leads to a 9-point
stencil finite volume type scheme, which is unconditionally coercive and convergent.
In the image processing problem under consideration, structural (pixel, voxel) grids
are mainly used; however, other important data processing applications [7] rely on
general triangulated grids (also on surfaces), for which the gradient scheme may still
be used. Its use in further applications will be studied in future works, as well as its
comparison with other schemes [19], [9].
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APPENDIX

Lemma 6.1. Let T > 0 be given, and let T = T/Np, for Ny € N*. For all
t € [0,T], we denote by v(t) the element n € N such that t € ((n — 1)7,n7]). Let
(@™)n=1,....,N; be a family of nonnegative real values. Then

'T_?7 l/(t-’rﬁ) NT
(6.1) / > (ra™)dt=n) (ra") VYne(0,T)
0 n=v(t) n=1

and

T—n v(t+mn) Nr
(6.2) / ( Z T) a9 dt < Z(Ta") Vne (0,T), Vse (0,n).
0

n=v(t)+1 n=1

The proof of the above lemma follows that of [11], Proof of Lemma 18.6, page 855.

Theorem 6.1. Let Q be an open bounded subset of R?, a < b € R and (um,)men
be a sequence of functions from [a,b] to L*(2), such that there exists C; > 0 with

(6.3) [t ()| 22 < C1 Ym €N, Vt € [a,b].

We also assume that there exists (Tyn)men With 7, = 0 and lim 7, = 0 and a dense
m—00

subset R of L?(Q) such that for all ¢ € R, there exists C, > 0 such that

(6.4) [(um (t2) = um(t), ©) 120y 12(0)| < Cyp(ta — t1 + 27,) "2
VmGN, Va <t <ty <b.

Then there exists u € L*(a,b; L?(Q)) with u € Cy([a,b], L?(2)) (where we denote
by Cy([a,b], L*(Q)) the set of functions from [a,b] to L?(£)), continuous for the weak
topology of L?(Q2)) and a subsequence of (tn, )men, again denoted by (tm, )men, such
that for all t € [a,b], uy,(t) converges to u(t) for the weak topology of L*(Q).

Proof. The proof follows that of Ascoli’s theorem, and we provide it only for
completeness (a similar proof is also provided in [16] in the framework of the weak star
topology of Radon measures). Let (t,),en be a sequence of real numbers, dense in
[a,b]. Due to (6.3), for each p € N, we may extract from (um,(tp))men a subsequence
which is convergent to some element of L?(f2) for the weak topology of L?(Q). Using
the diagonal method, we can choose a subsequence, again denoted by (tm, )men, such
that (um,(t,))men is weakly convergent for all p € N. For any ¢ € [a,b] and v € L?(Q),
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we then prove that the sequence ((wum(t),v)r2(q),12(Q))men is a Cauchy sequence.
Indeed, let € > 0 be given. We first choose ¢ € R such that |[¢ —v||12(q) < . Then,
we choose p € N such that [t —¢,| < (¢/Cy)?. Since ((um(tp), @) 12(0),02(2))men 18

a Cauchy sequence, we choose ng € N such that for k,1 > ny,

[(ur(tp) —wi(ty), ©) 2 (0),2()| <&,

and such that 75,7 < (¢/C,)?. We then get, using (6.4),

[k () = w(t), 9) 2205, 22| < Cp (1t = tpl +2m) 2 + (1t = 1] +27)1?) + e,

which gives

[(ur(t) — wi(t), ©) r2(), 20| < 2 3% +e.

We then get, using (6.3),

[(ur(t) — w(t),v) 20, r2o)| < 2C1e +2 3% +e.

This proves that the sequence ((um(t),v)r2(q),12(0))meN converges. Since

[(wm (), v) 12(0),22(0)| < C1l|v| L2(0),

we get the existence of u(t) € L*(Q) such that (um,(t))men converges to u(t) for the
weak topology of L?(2). Then u € Cy([a,b], L*(Q)) is obtained by passing to the

limit m — oo in (6.4), and by using the density of R in L2(). d
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