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Abstract. A sufficient condition for the nonexistence of blowing-up solutions to evolution
functional-differential equations in Banach spaces with the Riemann-Liouville integrals in
their right-hand sides is proved. The linear part of such type of equations is an infinitesimal
generator of a strongly continuous semigroup of linear bounded operators. The proof of the
main result is based on a desingularization method applied by the author in his papers on
integral inequalities with weakly singular kernels. The result is illustrated on an example
of a scalar equation with one Riemann-Liouville integral.
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1. INTRODUCTION

The influence of viscous fluids on vibrating systems is often modeled using the
Riemann-Liouville or Caputo fractional derivative. These derivatives play the role of
a damping force called fractional damping. The well known Bagley-Torvik equation
(see [21])

(1.1) u"(t) + A°D®2u(t) = au(t) + o(t),

modelling the motion of a rigid plate immersing in a viscous liquid, is one of the
equations describing the motion with the fractional damping term A°D?/2u(t) with
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the Caputo fractional derivatives. Solutions of the linear fractionally damped oscil-
lator equation with the Caputo derivative are analysed in the paper [12]. Interesting
results concerning boundary value problems for the following generalized Bagley-
Torvik equation

(1.2) u(t) + A°Du(t) = f(t,u(t),” D u(t),u'(t))

and for some fractional differential equations are published in the papers [1], [2], [13]
and [17]. We were motivated by the paper [16], where an existence and uniqueness
result for the initial value problem
N
(1.3) Au” + Y BED* u(t) = f(t,u),
k=1
w0) =ug, v (0)=c1, 0<ar<2 k=12,...,N

is proved. This type of equations can be written as systems of differential equations
with the Riemann-Liouville integrals on their right-hand sides (see Section 2). Some
existence results for the initial value problems corresponding to these equations are
proved in the papers [5] and [7]. In the papers [18]-[20], several existence results
for fractional differential equations are proved. For basic definitions of fractional
calculus and fundamentals of the theory of fractional differential equations see, e.g.,
the monograph [15].
This paper is concerned with the following initial value problem

(1.4) i(t) = Ax(t) + f(t,2(t), 2, I [gra])(t), ..., (T [gmz])(t)), ¢ >0,
(15)  z(t)=®(t), te|-r0,

where > 0, ® € C, := C([-r,0],X), X is a Banach space with the norm |v||,
ve X, z(t)e X,z € C,x(0) :=2(t+0),t> 0,0 € [-r,0], Ais the infinitesimal
generator of a strongly continuous semigroup {S(#)}i>0, S(t) := €4, f: Ry x X x
CrxX™— X X™:=X x...x X (m times) is a continuous map, R = [0, c0),

gi: Ry x X = X, (t,z) = ¢i(t,z), i =1,2,...,m are continuous maps,
1 t
(16) (Mg 0) = s [ 6= 9" Mglsa(e)ds, 0<ai<1
I'(ai) Jo

are the Riemann-Liouville fractional integrals of the function [g;z](t) := ¢ (¢, z(t)) of

order «;.

Definition 1.1. A semigroup {S(t)};>0, S(t) := e of bounded linear operators
on X is called a strongly continuous semigroup of bounded linear operators if

(1.7) lim S(t)zr ==z for every z € X.
t—0+
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Theorem 1.1 ([14], Theorem 2.2). If {S(¢)}:>0 is a strongly continuous semi-
group of bounded linear operators, then there exist constants w > 0 and M > 1 such
that

IS#)|| < Me®t  for all t € [0,00).

Definition 1.2. By a mild solution of the initial value problem (1.4), (1.5) on an
interval [—7,b), b > 0, we mean a continuous mapping = € C([—r,b), X) satisfying

t

(1.8) x(t) :eAt@(O)+/eA(t*S)f(S,x(S)asta(Ial[glx])(s),~~~7(1‘1"” lgm])(5)) ds,
0
t € (0,b),
(1.9) z(t) =®(t), te[-r0].
Definition 1.3. We say that a mild solution y(¢) of the initial value prob-

lem (1.4), (1.5) defined on the interval [0,5), 0 < b < oo, blows-up at a finite time
T € (0,b) if 111%1 ly(t)]] = oo.
t—T=

The main aim of this paper is to prove a sufficient condition for the nonexistence
of blowing-up solutions to the equation (1.4).

Example 1.1 (for ODEs).

(1.10) u'(t) = u*(t), u(0) = up.
Solution:
(1L11)  u(t) = — ! lim [u(t)| =0, T=—

:tuo—lz_t—l/uo’ t—T— U

Example 1.2 (for delay equations).

(1.12) u'(t) = u(t — 2)u(t)?,

(1.13) u(t) = —t+1, te[-2,0]

Solution:

(1.14) w(t) = —2 lim Ju(t) =oc0, T=3—T.

2 —6t+2 T

Some further examples and results on the existence of blowing-up solutions for
delay differential equations can be found in the paper [4].
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Example 1.3 (for delay fractional equations).

(1.15) u/(t) = u(t — 2)u?(t) + (/0 (t —s)"Y2u(s — 2) ds) u?(t),
(1.16) ut) =1, te[-2,0].

Solution:

3

1.1 H=—-—or
(1.17) u(t) 413/2 43t — 3’

t €10,2], tgrjl‘l— [u(t)] = oo,

where T = 22 € (0,1.44), x € (0,1.2) is the unique positive root of the polynomial
P(z) = 2% + 2% — 3 (P(0) = —3, P(1.2) = 3.168).

2. FRACTIONALLY DAMPED PENDULUM

Fractionally damped pendulums or oscillators are studied, e.g., in the papers [12],
and [16], where also some further papers devoted to this type of equations can be
found in the list of references.

The equation

() F XD a(t) ..+ X DPma(t) + A (t) + wia(t) = g(x), t >0,
is a fractional perturbation of the ordinary damped pendulum equation
2 (t) + ' (t) + wx(t) = g(xy), t>0,
with the damping term Az'(t), where

cpBiy :71 t — &) Pz (s)ds
Dalt) = = [ (=9 ()

is the Caputo derivative of the function x(t) of order 5; € (0,1) and fractional
damping terms
N DPx(t), ..., XS, DPmal(t).

The external force can be, e.g., the delay feedback g(x¢) = h(zi(—7)) = h(z(t—1)),
or the functional feedback of the form g(x;) = fi)r h(x4(©))dO = fi)r h(z(t+©))de,
or a more general functional feedback.

We can write this equation as the system

2'(t) = Az(t) — M BI* [2](t) — ... — A\ BI*™[2](t)
—ABz(t) + F(z), a;i=1-=p0;,i=1,2,...,m,
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where

() ()

This equation is of the form (1.4).
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3. MAIN RESULT

A sufficient condition for the nonexistence of blowing-up solutions of the initial
value problem

(3.1) W (t) = Ax(t) + f(t,u(t), u, (IPg(- ul),u))(t), >0,
(3.2) u(t) = ®(t), te[-r0],
where

(33) (Iﬁg(vu()vu))(t) = A (t - S)Bilg(sa (E(S),:L’S) dsv 6 € (Oa 1)7

is proved in the paper [6]. The equation (3.1) contains one fractional integral only.
In the papers [5] and [7], existence results for some abstract evolution equations with
fractional derivatives in the nonlinearities are proved.
We will study the problem for the fractional equation with several fractional inte-
grals.
We assume that the mapping f (¢, u,v,v1,. ..,y ) satisfies the following condition:
(H1) There exist continuous nonnegative functions F(¢), Fa(t), F3(t), ..., Finta(t),
t > 0 and continuous nonnegative nondecreasing functions wy (), we(x), > 0,
positive for ¢t > 0, such that

(& w000, o) || < Fi(B)wi(([ul]) + Fa(Hwz([[v]lc)
+ Es@)[[orll + - + Fpz () om]l
forallt > 0, u,v1,...,0m € X, v € Cp, ||-|| is the norm on X and ||v| ¢, :=
sup_,.<g [[v(0)]| is the norm on C;..
We assume the condition:

(H2) There exist continuous nonnegative functions Gs(t), G4(t),...,Gm42(t), t=0
and continuous nonnegative and nondecreasing functions ws(y),ws(y),. ..,
Wm+2(y), y = 0, positive for y > 0, such that

lg; (&)l < G (H)w;(lyl]) forallt >0, z€ X, j=3,4,...,m+2.

591



Theorem 3.1. Let the conditions (H1) and (H2) be satisfied. Let p1 > 1, p >
1,..., pm > 1 be such that 1+p1(a1—1) > 0, 1+ p2(aa—1) >0, ..., I1+pm(@m—1) >
0, a; € (0,1),i=1,2,...,m and let the integral condition

(H3) /°° o9l do C
vo wi(0)7+w2(0)T+ . Fwa(0)?

be satisfied, where ¢ = q1qa . . . qm, ¢ = pi/(pi — 1), i =1,2,...,m. Then the initial
value problem (1.4) and (1.5) does not have blowing-up mild solutions for any initial
value ® € C,.

Proof. Let z: [0,7) — X be a mild solution of the initial value problem (1.4),
(1.5) with 0 < T' < oo, lim,_,p— ||z(t)|| = co. Using the inequality [e?!|| < Me~?,
t > 0 from Theorem 1.1 and the conditions (H1) and (H2) we obtain for ¢ € [0,T")

le@] < a(T)+K(T)/O Fi(s)wa([[z(s)]c.) ds

m—+2

D ; /0/0(8 — 1) Gy(m)wi([|(7)]]) d7 ds

for some positive constants a(T"), K(T'), L(T) depending on the fixed . We may as-
sume without loss of generality that the constant a(7T') is so large that M||®(0) ||~ <
Mo
gested in the paper [11] (this method is also applied in the papers [8]-[10]):

c,e“T < a(T). Now we apply the following desingularization method sug-

/08 (s = ) ' Gi(nwi(||(7)]) dr

s 1/pi s 1/q;
< (/ (s — T)Pilai=Depit dT) (/ e UG ()% w;(||z(7)|) e dT)
0 0

1/qi

<Qere( [ ereimraiemlar)

where
r(1 +pifa; — 1))
pl"l‘pi(ai_l)

Q=

, 1=1,2,...,m.

We have used there the inequality
S
/ (s — T)p"(a"'_l)ep” dr € QP s> 0,
0

proved in the paper [11].
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Therefore we obtain the following estimate:

t

lz@)] < (T)+L1/ wi(flz(r )||)<1T+Lz/O wa([[zs]lc,) ds

m+2

$3or (/G Yewi(lla(r >||>q’dr)1/qi,

where M = M(T), L; = L;j(T), j = 1,2,...,m + 2 are some positive constants.

¢ = q1q2 . . . ¢m, then

eyl < & + Ex ( [ttt >||>dr)q # Lo [ el as|

( / Gilry w2l d)

If

where ¢; = q1G2 . - - ¢i—1¢i+1 - - - ¢m-. Using the integral mean value theorem we obtain

t

l=@®) < a+ar / ([l dr + az / wa([[2]lc, )7 ds

m—+2

+Zaz/ wi(||lz(7)])e dr

for some constants a, a;, j =1,2,...,m+ 2. Let a be so large that |®|¢c, < a

Let g(t) be the right-hand side of the above inequality. Then

lell = _max Jllz(t+O) < max{||<1>|

This yields
t
le@®)] < gt) <a+ A / wlg(s))ds, ¢ 30,
0

where
m+2
wv) = 3 wi(v'/7)

i=1
Let v q

n

Q(’U)Z/ —, v > 0.
Vo w(n)

From the Bihari inequality it follows that

Qllz(®)]1) < Qg(1)) < Qa) + AL, 1

WV
o

e sup 2]} < g(t)".
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Thus we have

le®I” g7 = g
thI} Q(||lz(t)]|?) = hm/ T :/ T

- o w(T)
o~ lda 1)
_— = Wo = Vo q.
wo ZZ”J{Q%( )? 7

However lim [Q(a) + At] = Q(a) + AT < oo and this is a contradiction. O

t—T—
Example 31. Let m =1, ¢ = ¢ > 1, a1 = a € (0,1), pla = 1) +1 > 0,
p+1/g=1, wi(v) = (1/2)Y%, wy(v) = (1/2)" %, w3(v) = [In(v? + 2)]'/9. Then

> =1 dg ° —ldg
/0 w1 (o) + wa(0)? +w3(o)? /0 09+ 1n(c?+2)
1 /°° ds
== —_— = 0.
qJy s+In(s+2)
This equality follows from the following lemma by A. Constantin [3].

Lemma 3.1. If w € C(R4,[0,00)) is a continuous positive nondecreasing func-

/ooo wd(i) 7

/ * ds

_ " %
o s+tw(s)

Therefore the conditions (H1), (H2) and (H3) are satisfied and by Theorem 3.1 the
initial value problem (1.4), (1.5) does not have blowing-up solutions for any ¢ € C,..

tion and

then
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