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Super Wilson Loops and Holonomy on Supermanifolds

Josua Groeger

Abstract. The classical Wilson loop is the gauge-invariant trace of the par-
allel transport around a closed path with respect to a connection on a vector
bundle over a smooth manifold. We build a precise mathematical model
of the super Wilson loop, an extension introduced by Mason-Skinner and
Caron-Huot, by endowing the objects occurring with auxiliary Graimann
generators coming from S-points. A key feature of our model is a supergeo-
metric parallel transport, which allows for a natural notion of holonomy on
a supermanifold as a Lie group valued functor. Our main results for that
theory comprise an Ambrose-Singer theorem as well as a natural analogon
of the holonomy principle. Finally, we compare our holonomy functor with
the holonomy supergroup introduced by Galaev in the common situation of
a topological point. It turns out that both theories are different, yet related
in a sense made precise.

1 Introduction

Gluon scattering amplitudes have been known to be dual to Wilson loops along
lightlike polygons [1, [2], [7], [L1]. While these quantum expectation values, which
are formally calculated by means of the path integral, remain problematic from a
mathematical point of view, the underlying classical theory has been well under-
stood. In fact, a Wilson line refers to parallel transport with respect to a connection
on a vector bundle along a path in the underlying smooth manifold. In the usual
context of flat spacetime (Minkowski space) with a single global coordinate chart,
the corresponding solution operator can be written in terms of a path-ordered
exponential.

Recently, a similar duality (at weak coupling) between the full superamplitude
of N' = 4 super Yang-Mills theory and two variants of a supersymmetric exten-
sion of the Wilson loop has been claimed. The first approach originates in
momentum twistor space and translates into the integral over a superconnection
in spacetime, while the second @ﬂ attaches to lightlike polygons certain edge and
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vertex operators, whose shape is determined by supersymmetry constraints .
Both approaches agree, in the common domain of definition, up to a term depend-
ing on the equations of motion @ and indeed satisfy the conjectured duality upon
subtracting an anomalous contribution .

The first purpose of the present article is to build a supergeometric model of
super Wilson loops that leads to the same characteristic formulas as summarised
in Section 2.2 of @] The main idea is to give the objects occurring an inner
structure through auxiliary Grafimann generators coming from S-points. While
the resulting additional degrees of freedom come without physical significance, this
approach is well-justified mathematically and has been performed successfully in
modelling other aspects of superfield theory. Notably, consider “maps with flesh”
as introduced by Hélein in [18] as models for superfields including bosons and
fermions. See also , , [19] for the same concept under different terminology
and for their differential calculus.

A key feature of our model is the supergeometric parallel transport introduced
in Section [2| which allows for a natural notion of holonomy at an S-point of a
supermanifold as a Lie group valued functor. A different notion of holonomy on
supermanifolds was introduced by Galaev in by taking a suitable generalisa-
tion of the Ambrose-Singer theorem as the definition of a super Lie algebra and
endowing this to a Harish-Chandra pair, thus obtaining a super Lie group for every
topological point of the manifold. Developing a new holonomy theory by means of
our parallel transport, and comparing it to Galaev’s, is the second objective of this
article.

In Section 3] we establish two main results generalising properties of classical
holonomy. The first is an Ambrose-Singer theorem, which describes the holonomy
Lie algebra in terms of curvature, while the second formulates a natural analogon
of the holonomy principle relating parallel sections to holonomy-invariant vectors.

Our Ambrose-Singer theorem facilitates the comparison of our holonomy functor
with Galaev’s theory, which is the subject matter of Section[d] Since this functor is,
in general, not representable, both theories are different in the common situation
of a topological point. Nevertheless, we show that they are related in that the
generators of Galaev’s holonomy algebra can be extracted as certain coefficients by
considering special S-points. This construction is based on the knowledge of the
geometric significance of the elements and, in this sense, is not algebraic.

2 Super Wilson Loops and Parallel Transport

The super Wilson loop described in @ and is constructed as follows. Consider
n “superpoints” (z;, ;) in chiral superspace, which are symbolic quantities in that
their exact mathematical type is not important, only their calculation rules such
as

A BB B A
Mgk =al o o .95 :,9]@ -0 (1)
These superpoints are connected by “straight lines”

x(t;) = ;i — tii i1, O(t;) = 6; — tib; i1 (2)
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thus yielding a closed “superpath” v parametrised by one bosonic variable ¢, which
enters the Wilson loop via

W, = tr <X s Pexp ( /0 LB dt> [X}) . OB =B (3)

where P exp denotes a path-ordered exponential, and B¢ is a connection one-form
in coordinates £. This connection has a very specific form due to supersymmetry
conditions which, however, is not relevant for our purposes.

As a mathematical model for a more general situation, let M be a supermanifold
of dimension dim M = (dim M)g|(dim M )1 (such as chiral superspace), and let S
be another supermanifold which should be thought of as auxiliary. Throughout, we
employ the definitions of Berezin-Kostant-Leites . A supermanifold M is thus,
in particular, a ringed space M = (My, Opr), and a morphism ¢: M — N consists
of two parts ¢ = (g, p*) with ¢g: My — Ny a smooth map and ¢! a generalised
pullback of superfunctions f € Oy. Modern monographs on the general theory of
supermanifolds include [8] and .

Definition 1. An S-point of M is a morphism = = (x¢,2%): S — M. A (smooth)
S-path ~ connecting S-points z and y is a morphism

v=(0,7"): 8 x[0,1] = M such that evlimoy =2, ev]miyt =9

which we shall denote, by a slight abuse of notation, by v: x — y. It is called
closed (or an S-loop) if x = y.

In the following, we will exclusively consider superpoints

S:RO‘L:({O},/\RL), ARF = ('), LeN.  (4)

Although most of our results should continue to hold accordingly for general S,
this restriction will turn out to suffice for reproducing the characteristic formulas
of super Wilson loops as well as allowing for a powerful holonomy theory. This
significance of superpoints does not come unexpected. According to , an inner
Hom object Hom(M, N) in the category of supermanifolds is determined by its
A\ RE-points

Hom(M, N) ( A ]RL) ~ Homgpan (IR{O‘L x M, N)

in the sense of Molotkov-Sachse theory [22f, . The morphisms on the right are
the aforementioned “maps with flesh” [18§].

Definition 2. Let z,y,z: S — M be S-points and v: z — y and d: y — z be
S-paths. For fixed ¢y € [0, 1], we prescribe

evli=at, 7" to < 1/2,
eV|t:2(t0_%)6u tO Z 1/2

eV]i=ty (0% 7)F = {
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1

This defines an S-point which coincides with x,y,z for to = 0, 3,

Similarly, we define

1, respectively.

b

evli=t, (’fl) ‘S‘V\t=(1—to)’7ﬁ :

Considering all ¢ty € [0,1] at a time, the previous definition yields S-paths
dxvy:x — zand v~ !: y — x, referred to as the concatenation of v and § and the
inverse of v, respectively. The concatenation is, however, only piecewise smooth in
the sense of the following definition.

Definition 3. Let x,y be S-points. A piecewise smooth S-path ~: x — y connect-
ing x with y is a tuple (’}/jt S x [tj,tj+1] — M)é-:() with tg =0, % =1 and t; <tji1
such that ev\t:tj+1’y§ = ev|t:t_7.+1'y§+1 and ev\tzo’yg = 2% and ev|,5:1’ylti = g% and
such that Vj‘Sx[tj,th] is a morphism.

The concatenation (§ ) and inverse y~! of piecewise smooth paths § and ~y
are defined analogously. The construction is such that the underlying path (6 x~)o
is the classical concatenation of dy and vy, and (7~ 1)g = (7o) L.

Example 1. Comparing with the objects in @, we state the following diction-
nary. Let (z*,0%4) denote (global) coordinates on M = R™™ (using space-
time indices p rather than spinor indices o). Then a superpoint is an S-point
€= (&,€h: S — M, identified with (£#(z#), £4(6°4)) € (O5)™™. The latter tuple
is then abbreviated (z,6) = (z*,0%4), for which is satisfied. The straight line
connecting superpoints (x;, ;) and (z;41,6;+1) is the S-path & ;11: S x[0,1] - M
defined as follows.

(£§,i+1(xu)v§§,i+l(0aA))
= (5?(37#) - t(gg(x“) - €§+1($#))’ d(eaA) - t(gf(ecm) - §§+1(9aA)))
€ (Osxp,1)"™

In this sense, we can understand . The last line is &, 0. Concatenation thus
yields a loop.

2.1 Super Vector Bundles and Connections

A super vector bundle £ over a supermanifold M is a sheaf of locally free Oy, super-
modules on M. We shall denote its even and odd parts by & and &7, respectively.
An important example is the super tangent bundle SM := Der(O)y), which is the
sheaf of Oys-superderivations. £(U) is, for U C M sufficiently small, by definition
isomorphic to O (U)™¢ with rk & = (rk €)g|(rk €)1 the rank of £. Let (T7)}%§ be
an adapted local basis such that X € £(U) is identified with the tuple (X7)I%§ of
functions X7 € Oy (U) with respect to right coefficients X = T7 - X7 (sum con-
vention). In general, it is preferable to consider right coordinates on supermodules
over supercommutative superalgebras, for then superlinear maps can be identified
with matrices. For example, the matrix of the differential dp[X] := X o of for
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X = O¢r - X¥ € SM of amap p: M — N with respect to coordinates (¢7) and (¢7)
is given by

k i i I .
dgt,, == (—1)U€ IFI¢D I '8%5(5 ) st dp[X] =) (wﬂ o 8?) -ty - XP
(5)

Lemma 1 (Chain Rule). Let ¢: M — N and ¢p: N — P be morphisms. Then
d(y o p)[X] = (w” ofo (,;) -y - dity, - X"
with (7!) coordinates on P and indices k, i referring to (unlabelled) coordinates
on M and N, respectively.
Proof. This is proved by a straightforward calculation in local coordinates. O
Definition 4. For a super vector bundle £, and S as in , we define
Es = E®oy Osxu -
An S-connection on M is an even R-linear sheaf morphism
V:€s > SMSR0s.y €, V(fe)=df Qog e+ f-Ve for feOsxm.

In particular, £ can be considered as a super vector bundle on S x M and,
in this sense, V is an ordinary superconnection. The local picture is as follows.
Let & = (x,0) be coordinates on M and (77) be an E-basis. Then X € £g can be
expaned as X = T7 - X7 with X7 € Ogx ({0} x U), and

Vo X = (- ITNTIg, (X7) + Tu[17) - X7, Ta[179]:=Vy,T7  (6)
where T'¢i € Mat,y g xrk e (Osxar ({0} x U)), which has an expansion

ng = Z 91 . (ng)[ , (ng)[ S MatrkfxrkS(OSxMo({O} X U))

Example 2. Consider the trivial vector bundle £ := su(N) ®@g Oy with N € N of
rank rk €& = dim su(N)|0 over flat superspace with global coordinates £ = (z#,0°4).
Define A,, :=I'y» and Foa = I'paa. With this notation, the f-expansion assumes
the form

Au = ('AM)O + QBB(A/A),BB + eﬁBavc(Au)ﬂBvC +...
]:aA = (]:aA)O + QBB(]:-QA)ﬁB + GBBGVC(‘FQA)[?BWC + ...

Since V is, by definition, even it follows that A, and F, 4 are even respectively odd.
The parity of the 6-coefficients in the expansion is thus alternating. This is the
situation considered in @ In case of a plain connection on &, the odd coefficients
in the A,-expansion would be missing, and analogous for F 4.
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Let £ — N be a super vector bundle over N and ¢: M — N be a morphism of
supermanifolds. The pullback of £ under ¢ is defined as

¢ E(U) = Om(U) @y (p5€)(U), U< My open. (7)

Here, ¢5& is the pullback of the sheaf £ under the continuous map ¢o which, in
terms of its sheaf space, is the bundle of stalks £, (,) attached to x € M. In this
context, one can define the pullback pjX € i€ of X € £. indeed yields a
super vector bundle on M of rank rk £. For details, consult and .

A local frame (T*) of £ gives rise to a local frame (¢3T") of pi€ and a local
frame (¢*T* := 1 ®, pyT*) of ©*E such that, locally, every section X € p*E can
be written X = ¢*T% - X* with X*¥ € Oy (U). For Y = T*Y* € £, we find

Y = " (TFYF) = o*TF - 1 (Y'F).

Definition 5. In the following, we shall identify maps ¢: S x M — N with maps
p: S x M — S x N by composing ¢ with the canonical inclusion N — § x N.

In particular, we will use this identification for S-points x: S — M and S-paths
v: 8 x[0,1] - M. In terms of generators r/ as in , the construction is such

that f (/) = 7/,
Lemma 2. Let p: S x M — N and &€ — N be a super vector bundle. Then
P EXprEs.

Locally, this isomorphism is such that X = (p*T*)-X* € $*Es is identified with
X = p*Tk. X* € p*£. We define the pullback of X € £ under ¢: S x M — N by

X =" X € p*Es 2 p*E. (8)

Similarly, an endomorphism E € Endop,, y(€s) is pulled back under ¢ to an endo-
morphism along ¢ as follows.

E, € Endos, , (9°s),  Ep(¢™Y) = ¢ E(Y) (9)

and analogous for other tensors.

Let V be a connection on &€ — N and ¢: M — N be a morphism. There are
two types of pullback connections. With respect to coordinates (¢¥) of M, we write
X = (¢p*0i) - X" € ¢*SN and prescribe

(¥"V): p6€ = (9"SN)* @0, 7€ (10)
(" V) (o xi (97 2) = (~1)X X" 5%V, Z)
The local representations glue together to a well-defined object satisfying a Leibniz
rule. For the second, more common, pullback note that X € ¢*SN acts naturally
on sections f € Oy as the superderivation X (f) := (—1)'I1/1(¢f 0 9e)(f) - X7
along ¢. We define
(p*V): " - SM™ ®0,, ¢*& (11)
k
(" V)x (" T*)Z%) == (=1)X TN T*) - X(Z%) + (0" V) agix) T - 2
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using and for the second summand. Again, this prescription is independent
of coordinates and £-bases and yields a connection on ¢*€ — M.

Let now V be an S-connection on £ over N and ¢: S x M — N. We may
consider V as an ordinary connection over S x N and apply to obtain

(@"V): $5Es = ($7S(S X N))” @050 P"Es -

Concatenating this with the adjoint of the inclusion SNg C S(S x N), and using
P6€s = i€ ® Og as well as p*SNg = p*SN, we yield the first pullback, denoted

(©*V): o€ ® O5 = (9"SN)* ®0g,0, 7€ - (12)
The second pullback is the connection
(p*V): "€ = SMG R@0g,y ¢E (13)
defined verbatim to by means of The local picture is as follows.
(¢"V)xZ = ()X TH X (Z%) + X (0" ())@" (Vo T - 24 (14)

2.2 Parallel Transport
Definition 6. A section X € ~*& is called parallel if (7*V)5, X = 0.

The local form is as follows. As above, we write X = (v*T%) - X*, thus identi-
fying X with the t-dependent column vector X (¢) € (Og)™¢. We further use the
notation I'jf - T™ := 't [T*] with Te as in @ By , the parallelness condition
in local coordinates reads

QX(t) = —B(t) X(t),  Bt)", = (—1)T" 0T 00, (y*(eh) - 34 (T) - (15)
with B(t) € Endog (’)/*5)6 = Matrkgxrkg(os)a.

Example 3. In the situation of Example [2| the matrix B(t) can be written in the
form

B(t) = " (t) A, + 0°4(t) Foa -
This is equation (17) of [6].
The next result follows from standard facts on ODEs applied to .

Lemma 3. Let X, € z*E be a section along an S-point x: S — M, and 7 be a
piecewise smooth S-path with ev|;—oy* = a¥. Then there exists a unique parallel
section X € v*€ along 7y such that ev|;—oX = X,.

Definition 7. Let v: z — y be a smooth S-path and let X, € 2*E be a vector field
along x: S — M. We define the parallel transport

P,:2x*8 = y*€&, P,(X,) =evim X

where X € v*& denotes the parallel vector field such that ev,—g X = X,.
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For smooth S-paths v: x — y and d: y — z, we define parallel transport of the
concatenation by Fj.. := Ps o P,. If § x happens to be smooth, this definition
agrees with the one from Definition [7] by the following lemma.

Lemma 4. Let a < b < c andy: S X [a,c] = M be a smooth S-path. Then

P

Vsxb,el

oP

Ysxlap) —

P, .

Proof. Let X, € z*£. We define X € v*€ by setting

X(t) = Pyjg 0 Xel  (t€a,b]),
X(t) = P’Y|5x[b,f,] °© PW\Sx[a,b] [(Xa] (te[bc]).

Then X (¢t) satisfies (7*V)y, X = 0 for every t € [a,c] and has the initial condi-
tion X(0) = X,. By uniqueness of the solution, we thus conclude that X (t) =
P [X,]. O

Ysxia,

Lemma 5. P, is even (i.e. parity-preserving), Og-superlinear and invertible such
that (P,)™' = P,-1.

Y

Proof. This is shown by standard ODE arguments as follows. Parallel transport is
even since the matrix B(t) in is even. From the same equation, Og-linearity
is clear. It is invertible since both P, and P,-: satisfy the same equation at t
and 1 — ¢, respectively. O

By restriction, an S-connection V on g induces a connection
VE: €= SM* ®0,, £.
By further restriction, we obtain a classical connection
VY I(E) = I(TM) @ T'(E)

on the vector bundle £ := ¢ s €« — Mo (denoted V in ) Let Py, : Ey0) —
E., 1) denote parallel transport along a path 7: [0,1] — My (denoted 7 in [12]).
On the other hand, let (P,)": E, ) = Ey,1) denote the restriction of V-parallel
transport along v: S x [0,1] — M.

Lemma 6. Let v: © — y be an S-path. Then (P,)" = P,,.

Proof. This follows immediately from . Note that 9;(v*(¢!)) is odd, for & an
odd coordinate, and thus projected to zero, leaving only even indices [ in v*(T'J}).
U

By Lemma [5, P, is an isomorphism from z*& to y*E£. With respect to local
bases (T*) and (T*) of £ around 70(0) and (1), respectively, it can thus be
identified with a matrix in GLkg(Og).
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Lemma 7. The solution to is given by

where X, € 2*€ and x* = ev|;—o7".

Proof. By assumption, 7y takes values in Uy C My such that both M|y, and &|y,
are trivial. We may thus identify (as vector spaces), for every ¢t € [0,1], ev|:y*E
with R™€ @ ARL =2 RM for some M € N. With this identification, the R-linear
operator B(t) becomes a matrix in Mat(M x M,R), and 9; X (t) = —B(¢) - X(t)
can be considered as a classical first order linear ordinary differential equation. It
remains to show that the series stated converges absolutely in the Banach space
C([0,1],Mat(M x M,R)). Then, differentiating termwise, it follows that it is
indeed the solution operator. These steps are standard. See Lemma 2.6.7 of |4] for
a similar treatment. O
Remark 1. Redefining @ as Tgi[T7] = éVaEiTj , we get the parallelness equation
i X (t) = igB(t) - X (t), and thus the solution operator

¢
X(t) =Pexp (zg/ B(T)dT) [X.]
0
o0 i t T2
= (ig)’ / drj .. / dnB(7;) - ... B(m1) X,
s 0 0
as in . This convention is more usual in the physical literature.

An important property of the Wilson loop is its gauge-invariance. We close this
chapter showing that the trace of parallel transport around an S-loop is gauge-
-invariant, thus qualifying as a model for the super Wilson loop. We restrict at-
tention to local gauge transformations in a coordinate chart U C M, which is
sufficient for the situation M = R™™ considered in @ and avoids the theory of
super principal bundles.

Definition 8. A (local) gauge transformation is a morphism of supermanifolds

V:SxU— GLuxe identified with  (V#(¢*)), ) € GLue (Osxm(U))

where ¢* denote the global standard coordinates of the super Lie group GL,i¢. It
acts on sections ¢ € £5(U) and connections V via

Y=V, Teo s Vole V= (0 V)V

where I'¢: is as in @
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Consider an S-path v: S x [0,1] — U and the concatenation
Vy=Vo#4:8x[0,1] = GLyke.

Let B(t) be as in with respect to the original connection V (and +) and B(t)
be its gauge transformed counterpart. Then

B(t) = 0,(3"(€) 7" (VTaV ™! = (0aV)V )
=V, B(t) -V, = (8V,) - V!
It follows that
(’Y*@)at(v"/ - X) = (at + V- B(t) - V771 - (atv'y) ) V«;l) Vi X =V, (v*V)a, X

In particular, X € v*£ is V-parallel if and only if V,, - X € v*€ is V-parallel.

Now let X, € z*&, and let v: * — y connect the S-points = and y. Then,
V, - X, with V,, := V o & is moved by V-parallel transport to Vy times V-parallel
transport of X,. We thus arrive at the following result.

Proposition 1. Let ~15 denote parallel transport with respect to the gauge trans-
formed connection V. Then P =V, - P- V', In particular, if v: x — x is closed,

P=V,.-P-v!
and the trace tr P = tr P is a gauge invariant quantity.

By now, we have achieved the first aim of this article of constructing a mathe-
matical model of super Wilson loops. Superpoints are S-points, and a super Wilson
loop is the gauge-invariant trace of parallel transport around an S-loop. The exact
choice of S = R’ is not important, except that L should be sufficiently large to
make calculations consistent. By means of S, the super Wilson loop acquires an
(unphysical) inner structure.

3 The Holonomy of an S-Point

Let &€ continue to denote a super vector bundle over a supermanifold M and V be
an S-connection on £¢ with S a superpoint . In this section, we define the
holonomy group of an S-point x: S — M and prove an analogon of the Ambrose-
-Singer theorem. After endowing the holonomy group to a functor, we establish
a holonomy principle in this context, whose proof makes use of at least (dim M)y
additional Grafimann generators.

Definition 9. A piecewise smooth S-homotopy is a map
2: S x 0,1\ {to,...,t;} x[0,1] = M
such that, denoting the real coordinates by ¢ and s, respectively,

(i) the prescription Ego i= ev|s—gs, =" yields a piecewise smooth S-path =, for
every so € [0, 1], and
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(ii) Z*(f) is smooth in s for every f € Oyy.

Z is called proper if ev, ;—o=* = pf and ev, ;—1=f = ¢* for all s € [0, 1] and S-points
p and q.

Definition 10 (S-Holonomy). Let : S — M be an S-point. We set

Hol, := {P, | v: ¢ — x piecewise smooth} C Endo, (z*&)

Hol? := {P, ’ v: x — x piecewise smooth and contractible}

with contractible in the sense that there exists a piecewise smooth proper homo-
topy = such that Zg = z and =, = ~.

By Lemma [f] Hol, is a group which can be identified with a subgroup of
G Ly £(Og) with respect to a local basis (T%) of £&. By Theorem [1| below, it is
indeed a Lie group. For S = R it follows by Lemma@that Hol, = Holyo(z(0))
is the holonomy group with respect to the underlying connection V°.

We call M path-connected if, for any two S-points z, y, there is an S-path
v: x — y. By the following result this, as well as contractability, is determined
by the classical counterparts such that, in particular, Hol, does not depend on the
restriction of M to any connected component of M different from that of x¢(0).

Lemma 8. M is path-connected if and only if My is. Moreover, a piecewise smooth
S-loop v: x — x is contractible to x if and only if 7y is contractible to xg.

Proof. 1t is clear that path-connectedness of M implies that of M. Conversely,
let z,y: S — M and 7p: 20(0) — 30(0) be a connecting classical path. Let
t; € [0,1] be such that 7|, ,] is smooth and its image is contained in the
open set Ug for a coordinate chart U C M with coordinates (£¥). Any (smooth)
morphism 77: S X [tj,tj+1] — U can be identified with (dim M)z + (dim M)
smooth maps v/#(¢¥): [t;,t;11] — ARL or, equivalently, with a single smooth map
A9 [tj tj+1) — RM for some M € N. An S-path v:  — y with underlying path 7o
can then be constructed by glueing together suitable maps 47. The details are stan-
dard and thus omitted. The proof of the second statement is similar.

O

3.1 An Ambrose-Singer Theorem

The classical Ambrose-Singer theorem characterises the holonomy Lie algebra in
terms of the curvature of the connection considered. In this section, we show that
this theorem continues to hold in the more general situation of S-holonomy in the
sense of Definition[I0] Our proof is modelled on a classical proof due to Levi-Civita
as presented in . We define the curvature of V as usual by

R(X,Y)Z:=VxVyZ - (-1)*VIVyVxZ - Vx yv|Z

for X,Y € SMg and Z € &g, where [X, Y] := XY — (=1)XIVY X is the super-
commutator. This definition is such that

R e Homost (SMS ROsxm SMg ROsxm 55, 55)5 .
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The curvature is skew-symmetric
R(Y, X) = —(-)*WIR (X, Y)

which is inherited to the pullback. Let ¢: S x N — M be a supermanifold mor-
phism. Then

Ry (A, B) = —(-1)"IPIR, (B, 4) (16)

for A, B € ¢o*SM. This is shown by a straightforward calculation in coordinates,
writing A = (¢*0gx) - AF etc.

Definition 11. Let 2: S — M be an S-point. Let g, denote the Lie subalgebra of
(gl s (ARE))g which is generated by the following set of endomorphisms.

{P;1 oR, (u, v)o P, ‘ y: S — M, ~v: x — y piecewise smooth, u,v € (y*SM)g}

Hol, is contained in G' Ly ¢ (/A RY). By the following lemma, this is a Lie group.
In general, every Lie subalgebra of the Lie algebra of a Lie group is the Lie algebra
of a unique immersed connected Lie subgroup (see Chapter 2 of ) Let G, C
G Ly s (A\R¥) denote this Lie subgroup corresponding to g, C (gl «(ARY))5.

Lemma 9. GL,,,(AR") is a real Lie group with Lie algebra (gl,,,(\R"))g.

Proof. M € (gl (A RE)) is invertible if and only if its image under the canonical
projection to gl,,,,,(R) is (Lemma 3.6.1 in ) Therefore

GLyjm (/\ RL) = (GLn(R) x GLy(R)) & (g[n|m (/\(RL)nilpotent>>6

which is open in (gl,,,, (A RE))7 and as such a submanifold with a group structure
such that the tangent space at 1 can be identified with (gl,,, (/A RL))5. Writing
the matrix entries of a product M - L in terms of real coefficients of odd generators,
it is clear that multiplication is smooth, and similar for inversion. One further
shows that the Lie algebra commutator coincides with the commutator [X, Y] =
XY -YX. O

Theorem 1 (Ambrose-Singer Theorem). The Lie groups G, = Hol coincide. In
particular, Hol, is a Lie group with identity component Holg and Lie algebra
hol, = g,.

We defer the proof of the theorem to the end of the present section. It is based
on Proposition [2] and Proposition [3] below. The following two lemmas are needed
in the proof of the first proposition.

Lemma 10. Let f: S X [a,b] x [b,c] = M be a morphism and X € f*E be a section
along f. Then

(f*V)a,(f*V)a, X = (f*V)a,(f*V)a, X = Ry (df 0], df[0:]) X

where (s,t) denote the standard coordinates on [a,b] X [b, c].
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Proof. This is shown by a direct calculation in local coordinates (¢¥) of M and a
trivialisation (T%) of £, writing X = (¢*T") - X! with X! € O(S x [a,b] x [b,¢c]). O

Let x,: S — M and v: x — y. A tuple (e!,...,e*) of sections ¢/ € v*€ is a
basis of v*£ if and only if (ev|i—sel, ..., ev]i—e") is a basis of ev],—;,v*E for every
to € [0,1]. Tt is called parallel if all ¢! are parallel. Such a basis is determined by
its evaluation at t = 0 via ev|j—, e’ = Pyis o0 (ev|t=oe?). In particular, a parallel

basis, as used in the proof of the following lemma, exists.

Lemma 11. Let X € v*E be a section along ~. Let P, := P! be the parallel

Vs 0,4
displacement from ev|;v* to z* = ev|;—o7*. Then

Piev|i(v* V)9, X = 0:Pi(ev|: X) € *E

Proof. Let (¢7) be a parallel basis along . Writing X = e'- X* with X’ € Osx[0.1]s
it follows that P;(ev|;X) = evi—ge’ - ev|; X, and

D:Py(ev]: X) = ev]i—oe’ - ev|;(9: X ")
On the other hand, (7*V)s, X = e’ - 9;(X?) implies
Priev]i (7" V), X = Py(ev]ie’ - ev|1(0: X)) = ev]i—oe’ - ev]:(0; X ")
such that both sides agree. O

For the following proposition note that, for a proper S-homotopy =, we may
identify ev];—o=* and ev|,—1 =¥ with single S-points z,y: S — M, respectively.

Proposition 2. Let = be a proper S-homotopy, and let Py, := Pe s denote
parallel transport along the restriction of the S-path Zg to S x [t,1]. Then

1
85PS70 = (/ Rs,tdt) Ps,O S HomOSx[O,l] (Z‘*g, y*g)
0

with Ry := Py sev|, Rz (d=[0,], d2[0,]) Py}

Proof. Let Z € Z*E. For = proper, the term 9,(Z%(¢!)) in vanishes for t = 0
as well as t = 1, such that

6V|S$t:0(E*V)aSZ = 3Sev|syt:0Z s ev\sytzl(E*V)gsZ = 856V|5’t:12

Consider Z such that the first term vanishes and, moreover, (2*V)y,Z = 0. By
Lemma [T1] and Lemma [T0] we yield

8tps7teV|s,t(E*V)85Z = Ps7t€Vs,t(E*V)at (E*V)QQZ
= Ps,tev‘s,tRE (dE[at]a dE[a«S]) Zz

= Rs,tevs,tzlz



198 Josua Groeger

since ev, 2 = Psftlevsytle by assumption. This, together with the assumptions
on Z and P;; = id, implies the following.

asPs,OeV|s,tZOZ = asev|s,t:12
= Ps,lev|s,t:1(E*V)BSZ — PS706V|5,1§:0(E*V)[~)SZ

1
= / at (Psytevsyt(E*V)as Z) dt
0
1

= (/ Rs,tdt) Ps,OeV|s,t=OZ
0

Let Z, € *E .Then, setting Z(s,t) := Pz |o 00 Zas defines a section Z € Z*& that
satisfies the assumptions made in the beginning of the proof as well as ev|; ;=0 Z =
Z, such that the equation to be proved holds applied to Z,. Since Z, was arbitrary,
it holds in general. O

Let a: S — M be an S-point and u,v € (a*SM);. With respect to local
coordinates (£%) on U C M around ag(0), we write u = (a*0¢:) - u’ with v’ € Og
and likewise for v. Let (x,y) denote standard coordinates of R?. Then the map

FiSxRESU, A = a (€) + (D) a4 ()€ -y
is such that

ev](ey=00f = d*, ev|(0,0)df [0z] = ., ev|(0,0)df[0y] = v (17)

Consider also the following piecewise smooth homotopy g: S x [0,1] x [0,1] — R2.

(4st,0) 0<t<1/4
(5.4 i= ) (=) TA<ES12 0 gha) = gi(a)
gol (s(3—4t),5) 1/2<t<3/4°  gy)=gi(y)
(0,4s(1—¢)) 3/4<t<1

Proposition 3. Let a: S — M be an S-point and u,v € (a*SM)g. Let f be such
that , and let P; denote parallel translation along =, for

Ei=fo0g:5%x][0,1] x[0,1] 2 UCM
Then
ev]s—00sPs =0, ev|s=00s0s Ps = 2R, (v, u)

Proof. By Lemma we have d=[0;] = (2*0;)g* (df',)0rg* (x°) where x' runs over x
and y. For ¢t < 1/4,

Rz (dE[0)], dE[0y]) = R= ((E*0)¢*(df',)4s, (E*0p) g (df™,)4t) = 0

vanishes by skew-symmetry , and analogous for ¢t > 3/4. For 1/4 <t < 3/4,
we find

Rz (dE[0y], dE[04]) = —R= ((E*0)g*(df',), (E*0m)g*(df™,)) - 4s.
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Using , we further calculate, for 1/4 <t < 3/4,

Rs,t = Ps,tev|s,tRE (dE[at]7 dE[ag]) sttl
=4s- P, iev|s 1 R= ((E*al)gﬁ(dfly)a (E*am)gﬁ(dfmz)) PSTtl
=45 - Ps,tRa ((a*al)vl7 (a*am)um) P;tl .

Proposition [2] now yields

3

asPs =4s </4 Ps,tRa (1}, U) Ps,ldt> Ps

ST

which vanishes for s — 0. Likewise

3
evs—00s(0sPs) = lim (145 (/ Ps Ry (v, u) Psldt> PS> =2R, (v, u). O
S 1 ’
4

s—0

Proof. [Proof of Theorem |1] Let v: x — = be piecewise smooth and contractible.
We choose a piecewise smooth proper homotopy = such that Z¢ = z and =; =
v, and let Py := Pz, € GLye(/\RF) denote parallel translation along =,. By
Proposition [2] it satisfies the differential equation

b
asPs = g(S) . PS 5 g(S) = </ Rs,tdt> €9z

By standard Lie group theory (cf. Chapter 2 of ), we conclude that Ps; € G,
and, in particular, P, = P; € G,. Therefore, Holg C G, is a path-connected
subgroup. By a theorem of Yamabe , it is a Lie subgroup.

Let a be an S-point, v: ¢ — aand u, v € (a*SM)g. Let = be asin Proposition
and let P, € Holg denote parallel translation along g, = vxEg*x7y L. Then

831:)3‘3:0 = P’yOasPEsls=OOPfy71 =0
9505 Pylo = Py 0 0,0,Pz, g0 Py = 2P, o R (v, u) o P!

by Proposition Holg can be identified with a submanifold of some RM. By
the vanishing of the first derivative we can thus conclude that 0,05Ps|o € hol, =
T,(Hol?). Therefore, all generators of g, are contained in hol,. It follows that
g, = hol, and Hol’ = G,. O

3.2 The Holonomy Group Functor

So far, we have considered a fixed superpoint S = R%* along with an S-connection
V on an S-bundle £s. In Section [2 it was argued that having S-connections
(compared to plain connections in £) is necessary to model superconnections as
in @], whereas the exact value of L cannot have any physical significance. But also
for purely mathematical reasons, it is desirable to allow for extending the number of
auxiliary Gralmann generators, as will become clear in the proof of the holonomy
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principle (Theorem [2]) below. This extension results in a categorical theory to be
described next.

Let V be an S-connection on £ with respect to S = RX, and let T = ROIL
be another superpoint. By /\RL/-linear extension, V can be considered as an
S X T-connection on Egxp. Similarly, an S-point x: S — M canonically induces
an S x T-point zp: S x T — M by composing x with the canonical projection
S x T — S. For the next proposition, note that a morphism ¢: T — T” can be
identified with a Gramann algebra morphism ¢* and as such acts naturally on
GLyg(O1).

Proposition 4. The assignment
T + Hol,(T) := Hol,,. , (p: T —T'") = (L ¢*(L), Hol,,, — Hol,, )
defines a group-valued functor.

In the following, we will denote both the holonomy with respect to z and the
induced holonomy functor by Hol,. We will also use the notation hol, (7") := hol,.,..

Proof. Let L € Hol,,,. We must show that the pullback ©*(L) is indeed contained
in Hol,,.. Then the induced map Hol,,, — Holy, is clearly a group homomorphism.
Let «v: x7+ — 27 be such that L = P,, and prescribe

Ty ;:xT/O(idsxgo):SXT—)M,
Yo ;:fyogp::'yo(idsX(pxid[o’l]):mwﬁwv.

It is clear that x, = x7 independent of . Let B(t) be as in with respect to 7.
It follows that the local parallelness condition with respect to -y, reads

QX (t) = —(¢*B(t)) - X(¢).

We can, therefore, conclude that X € 4*& parallel along v implies that ¢* X € 75&
is parallel along . Therefore

" (Py[Xep]) = Py, [¢%(Xs,,)] forall X, , €ap&
and ¢*(L) = ¢*P, = P, € Hol,,. O

The Molotkov-Sachse theory defines a supermanifold to be a certain functor
from the category Gr of GraBmann algebras to that of smooth manifolds ,
such that, in the finite-dimensional case, the resulting category is equivalent to
that of Berezin-Kostant-Leites supermanifolds. It is thus natural to conjecture
that Hol, is representable in that it defines such a supermanifold. If this was true,
a neighbourhood of 1 in Hol,(T) would be isomorphic to (V ® AR )5 for a fixed
finite-dimensional super vector space V. It would follow that

hol, (T) 2 T, (Hol,(T)) = (V@ \R" )5

such that, in particular, hol,(AR°) = V5. The following example shows that the
holonomy functor is, in general, not representable.
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Example 4. Consider S := R and M := R with the (S-)connection defined
by Va,00 = 009 on Eg := SMg = SM such that R (9, 0p) Op = 20y. Let 0 denote
the unique S-point corresponding to 0 € RY. By Theorem 1}, holy(T') is generated
by P;' o Ry (u, v)o Py for y: T — M, v: & = y and u,v € (y*SM);. We write
u = (y*0p)-u’ with u® € (Or); and analogous for v. Let w € y*SM. Then a short
calculation yields

P o Ry (u, v) Py[w] = —2ub? .
For T =R, 4% and v’ vanish, such that holy = {0} is trivial, while
holo(T) = gl(0]1) & ((Or)7)* € gH(0]1) & (Or)g = (gH(0]1) @ Or)g

for T = RO I/ > 2. By the preceding paragraph, the functor Holy(T) is thus
not representable.

By the holonomy principle, to be established next, a parallel section X € &g
is uniquely determined by its Hol,(7T')-invariant pullback z*X € z*£ as defined
in , where the number L’ of additional generators must be sufficiently large.

Theorem 2 (Holonomy Principle). Let M be connected. Let V be an S-connection
on E, x: S — M be an S-point and T = RF" with L' > (dim M)7. Then the
following holds true.

(i) Let X € Es be a parallel section VX = 0 and define X, := 2*X € z*&.
Then, for ally: S xT — M and v: x — y, it holds y*X = P,[X,], where X,
is identified with a section of «%.£. In particular, X, is holonomy invariant
Hol.(T) - X, = X,

(ii) Conversely, let X, € x*E be a section such that Hol,(T) - X, = X,. Then
there exists a unique section X € Eg with x*X = X,, which is parallel
VX =0.

Proof. Let v: z — y be a piecewise smooth S-path. The assumption VX = 0
implies Vg, (7*X) = 0. Parallel transport along  is thus

Py[X,] = evho1y" X = X

which proves the first assertion.

Conversely, let X, € 2*& be such that Hol,(T) - X, = X,. For a superpoint
y: S x T — M, we define X, := P,[X,] where v: ¢ — y is an § x T-path.
Since X, is Hol,(T')-invariant, X, is well-defined independent of the choice of
7. We aim at constructing X out of the set of X, inductively over the degree
of Og-monomials. Without loss of generality, we may assume that M = R"™
has global coordinates £ = (x,6). For, assume that the statement is true for M
replaced by a neighbourhood U C M of x((0), thus resulting in a parallel section
X € E5(U). Then, by the first part of the theorem, X satisfies Hol, (T') - X, = X,
for all y: S xT — U. Repeating the local construction in a neighbourhood V. C M
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of 0(0) yields a parallel section X € £g(V) which, by uniqueness, agrees with X
on the intersection Uy N V. Without loss of generality, we may further assume that
£ is trivial with a global adapted basis (T7). We expand

XZ/ :Xy|'r71 '77[ :Tj 'XZ|771 '77]7 X:X|’r71 '771 :Tj'Xj"r]I '77[

for multiindices I = (i1,...,4)7) with 1 < 4; < L, such that Xg|,71 € R and
X7|,1 € Oy and X[, € €. Similarly, V is characterised by I‘fj = (I‘fj) lyr -

In the first step, we construct X° € €. Letting q := yo(0), we define its value
at ¢ by X°(q) := Xy|y0 = (Py[X,])|,o. By Lemmal6] it arises by classical parallel
transport along vp. It is thus independent of y such that ¢ = y0(0), and X°(q)
depends smoothly on ¢q. By (16) of [12] applied to the induced connection V¢ on &,
X%(q) extends to a section XY € & such that 0 = Vgej X% = (Va,; XO)|;p. By
construction, X° satisfies (y*X°)|,0 = X°(q) = (P[X,])|;0. Again by Lemma [f]
we further note that (VX?)|go,0 = 0.

In the second step, we consider multiindices I = (i1, ...,47) with 1 < d; <
L + (dim M)z, such that n’ € Ogyxr. Assume, by induction, that we have con-
structed X~ € &g for N € N such that

Onx X has an expansion XV = 2in<n Xy -n! such that X|,r = 0 whenever
there is i; € I with i; > L + 1.

Inv (XN = (Py[X )], = Xy, for every y: S x T — M, v: 2 — y and
[I] < N.

2N (VaerN)|,71 =0 for all |I| < N.

38 (Vo ,XN)|gays = 0 for all A,B such that |A] + [B] < N, where A =
(a1,...,ap4)) with 1 < a; < (dim M)y.

Condition 1x41 is equivalent to 1y together with
! * * *
Xylps = (X = y5 (X)) + (" XY)|yr for [J|=N+1
We are thus led to define the value of X/, at ¢ by
X,y (q) = Xyl — (y*XN)|,»  for|J|=N+1 (18)
This prescription is independent of y: S x T" — M such that yo(0) = ¢. Indeed,

let y',5% be two such S x T-points and v"2: 2 — y'2 be connecting S-paths.
Moreover, let 6: y' — 32 be such that dy(t) = q.
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Since X, is holonomy invariant, we have X,» = Ps[X,:]. We calculate, using ,
Oy (X§|77J — ((5*XN)|,7J) = (8tP5|[07t] [Xyl} — 8t5*XN)|17']
_ (_(_1)|Tm‘(‘Tn|+1)(6*Tm)at(6*<£l)) . 5*( ;2> . P5|[0,t] [Xyl]n

— 010" (£)(6" 0 ) (X))

nJ

By assumption, the term d;(6*(¢')) is nilpotent such that, using induction assump-
tion 1y, we may replace Ps|[,4[X,1]" by (6*XN)n = §* XN ", Therefore, the right
hand side equals
((5*Tm)at(6*(€l))5* (7(71)|Tm‘(|Tn‘+l)FZ;XNn 7 8£IXN m)) ’ ,
n

= — (@ T™)2,(57(61)8" (Vo X))

77J

By 2y and 3y (and nilpotency of 9;(8* (¢'))), this expression vanishes, thus showing
that X;|,s — (6*X™)|,s is constant, which proves that is well-defined.
We next endow X|,s(q) to a section X|,s € £ such that

XN = N X!
|JI<N+1

satisfies 2y41. 2y implies that (Vg,, XV )]s = 0 with [I| < N for any such
XN+ Under this induction hypothesis, 21 is thus equivalent to (Vg,,, XV T1)],s =
0 for |J| = N + 1 which, in turn, is equivalent to

(8@7' . aglang‘j|nJ) —(71)‘Tj|(|T1|+1) (891, . 891 (anZX’L N+1))

|90 - 1960
for all r < (dim M)7. Similar to the construction of X° € £ above, these equations
uniquely determine X|,, for [J| = N + 1, by X¥ and X|,s(¢), such that 2y,
holds. If any index I; € J satisfies [; > L, the right hand side of vanishes upon
considering y: S — M, such that Oy, is satisfied. By construction, also 1n1
holds.

We show that XV +1 further satisfies 3y41. 1n41 implies that (z* XV 1)[,; =

Ps[X,]|,r for all z and 6: y — z and |I| < N + 1. In particular, we let ¢ € My and

define y and § as follows.
yH(ah) = q* (@) = ¢*, yH(0") := 0" (e Or),
6ﬁ(mk) — qk +t(5kko, 5ﬁ(9k> — nL+k

This is such that ev|;—od* = y*. We thus yield
0= ((6"V)a, (0" X)) | = 6" (Vo ., XV,
Writing Vo XN+ = NABgApB with n® € Og, we conclude that

0=§" (Vo , XN )|y = (N4 (q) - iy*n®) |
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with Aj; arising from the multiindex A by shifting all indices by L, such that
nAL € Op. For |A|+|B| = |Ar|+|B| = |I| < N +1, this implies that N4Z(q) = 0.

Proceeding inductively yields a section X := Xt = XLH(dimM)r ¢ g4 such
that the induction hypotheses hold with respect to L + (dim M)y. X is, therefore,
parallel. Concerning uniqueness, assume that X € &g is a second such section.
Then y*(X — X’) =0forally: SxT — M such that X — X = 0 by an argument
analogous to that in the previous proof of 3n41. (]

4 Comparison with Galaev’s Holonomy Theory

Considering S = R%°, let V be a connection on a super vector bundle £ — M and
x € My be a (topological) point. In this chapter, we will compare the functor Hol,
with Galaev’s holonomy super Lie group Holsal, which was introduced in by
means of a certain Harish-Chandra pair built around the super Lie algebra holgcjal
generated by endomorphisms

P lo (ﬁ;ywle)y (Y, Z)o Py,: "€ — x*&

Yo

withy € My, vo: ¢ =y, r>0and Yq,...,Y,. Y. Z € y*"SM, and where ﬁrym._ﬂle
denotes the r-fold covariant derivative of the curvature R with respect to V and
some auxiliary connection V on SM in a neighbourhood of 3. This derivative is
defined analogous to the classical (non-super) case with appropriate signs. For
r = 1,2, it reads as follows.

Definition 12. Let
R e HOIHOSXM (SMS ROgyar SMS ROgyar gs, SS) s
and u,v € SMg. For X, Y € SMg, we define

VxR (u, v):=VxoR(u,v)— (1) EIXIR (Vxu, v)
(1) XIRR D R (4, T o)
(L) XIRIHH9D B (4 ) 0 W
ﬁ;yR(u, v) = Vx (ﬁyR) (u, v) — Veo,y © R (u, v)
(1) IXFYDIR R (T, o)
(1) (XFYDURMID R (o, T v)

+ (= 1)IXHIYDARIHu D R (4, ) o Vo.y
’ X
According to Example [d] the functor Hol, is, in general, not representable such
that Galaev’s holonomy theory is a priori different from ours. Nevertheless, we will
show that the generators of holfal can be extracted in a geometric way, in a sense
to be made precise.
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4.1 Parallel Transport and Covariant Derivatives

The aforementioned extraction of generators of holgcc;al is based on the following

observation. Consider again the more general situation of an S-connection V on
Eg for S =R and z: S — M an S-point. As shown next, the pullback connection
x*V — along with its induced connections on tensors as well as higher covariant
derivatives — arises by means of infinitesimal parallel transport. We will not treat
the most general situation here but content ourselves with the following. First,
we consider only even vector fields to be differentiated along. The general case is
expected to work along the lines of the flow of vector bundles developed in [23].
Second, we consider tensors of the following type: sections, endomorphisms and
curvature-type. The general case should be analogous. Third, we consider covariant
derivatives up to second order. Analogous results for higher order derivatives are
expected to be obtainable by an inductive proof.

For X € SSand Z € z*&, the pullback (z*V) x Z € z*€ was defined in (L3). Let
also Y € 8§ and V be an S-connection on SMg. We define the second covariant
derivative of Z, with respect to V and V, as follows.

**2 * * *
@V )xyZ = (@"V)x (@' V)yZ — (@"V) (-5 (a2 Z

The corresponding first and second covariant derivatives of endomorphisms and
tensors of curvature type are defined likewise.

Definition 13. Let E € Ende,, ,,(£s) be an endomorphism and E, its pullback
under x as in @D For X,Y € §S, we define

(*V)x By i= (2*V)x 0 By — (=1)XIEIE, o (2*V)x € Endp, (2*E)
(V) xy By = (2*V)x (2V)y Ey)
~ (@) (@ 9)x daly)) © B
+ (~)PIXHYDE, 0 (27V) (o9 s faay)

Definition 14. Let
R e HomOSXM (SMS Q0sxm SMS Q0sxm 657 SS) )
and u,v € £*SM. For X,Y € §S, we define
(#*V)x Ry (u, v) := (z*V) x 0 Ry (u, v) — (=1)FIXIR, ((2*V) x (u), v)
— (—1)XI(EHD R (u, (2*V)x (v))
_ (,I)IX\(\RHIuIHvI)Rz (u, v) o (*V)x
**2 E A wa E A wa *
(*V ) x,yRe (u, v) := (2*V)x ((z*V)y Ry) (u, v) — (z V)(2+%) x [az]v]) © e (u, v)
+ (1) XHDIRR, (@9) o) gy (0 0)
+ () XHDIRD R, (u, (79) o) 4 gy ()
+ (~IXHIYDIRIE R R (4, 0) 0 (2°V) 09 ¢ asiy]
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Our next lemma ensures existence of an S-path as occurring in the subsequent
proposition concerning first covariant derivatives.

Lemma 12. Let z: S — M be an S-point and § € (z*SM)g. We write (in coordi-
nates around xp) £ = (2*0;) - £ and assume that every £ € Og is nilpotent. Then
there is an S-path « (connecting x to some other S-point y) such that ev|od;oy* = €.

Proof. Through Deﬁnition and setting % (¢) := ¢, we extend = to amap z: SxR —
S x M x R. In this sense, we define

g g

Every £'0; is, by assumption, even and nilpotent such that there are no ordering
problems and the sum is finite. Such < is indeed a morphism by the derivation
property of > .(t£'0;) as shown analogous as in the proof of Lemma 1.1 in [17].
A straightforward calculation shows, moreover, that v indeed satisfies the required
initial condition. (|

Proposition 5. Let x: S — M be an S-point, Y € £g and £ € (z*SM)g. Let v be
an S-path (connecting = to some y) such that ev|gd; o v* = ¢. Then

d — * * *
2o (PRl (7)) = @ Ve(y)
In particular, for ¢ = X o 2* = dz[X] with X € (SS)g, we find

;t’ (P |[0t( *Y)) = (z"V)x(z"Y)

Similarly, the first covariant derivatives of FE, and R,, with F and R as in Defini-
tion [13] and Definition arise from parallel transport as

d - *
%’o (P'Y|[O,1t] o By Opv\[o,t]) = (z"V)xE

d — -
(), Palioa(0) © Polog) = (") x Re (u, v)

dt‘ (P‘[Ot]OR (Py

Proof. Let (T7) be an &-basis in a neighbourhood of z((0) € My. For ¢ sufficiently
small, we identify P’v\[o,t] and its inverse with a matrix with respect to bases (z*T7)

and (v;T7). By (L5), we find that

eV|t:0P’Y|[o,t]

:ld, at‘opw[n_’t] - *B(O) B 3t\0 'Y‘Ot :B(O)

where the sign in the last equation is due to replacing ¢ by 1 — ¢ in v~ ! within
the definition of B(t). The first statement is shown by the following calculation,

writing Y = TFY*.

%L) (Pwlﬁ)}ﬂ (’Y*Y)) = B(0) - (z°Y) + (&*T*)0s oy Y* = (2*V)e(2*Y)
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For the second statement note that, by @, the matrix of F, is the pullback under ~y
of the matrix of E. For Y € *&, we thus yield

L1 (Pl o By o Prliog) (V) = (BO)E. + o, ~ EB0)) (¥)
= BO)E[Y] + X(B.Y) ~ B[X(Y)] - EBO)]Y]
=((z*V)x o E, —E, o (2*V)x) (Y)

Finally, the third statement is established by an analogous calculation. O

We now come to second covariant derivatives. Let X,Y € (8S5)5 and consider
amap v: S x[0,1] x [0,1] — M such that
eVl(O,O)at o ’V* =Xouz" ’ eV|s:Oas o ’Yﬁ = F’Ys:(ﬂ[o,t] (Y ° xﬁ) =: Yl—f (19)
such that Yy = Y o 2. Such a homotopy indeed exists. First, by Lemma there
is 4: S x [0,1] — M (parameter t) such that the first condition in is satisfied.
Now fix t. For this ¢, there is, by the same lemma, an S-path v;: S x [0,1] —» M
@arameter s) such that also the second condition holds true with parallel transport
P5|[0,4 on the right hand side. By construction, v; depends smoothly on ¢ and s,
thus yielding v as required.

Proposition 6. Let Z € £s and E € Endo,, (£). Then

%IOCT‘ (Pe) (v 2) = (x*vQ)X,Y(JU*Z)

dt‘ods’()( ) o Ly OPSQt) :(x*v2)X,YEm
2

Lol (P27 0 By (Phtu), Pa)) o P2,) = () R v)
with

°© P%:ol[o,n]

oP.

Ys=0l[0,4]

P2, :=P.

—92 —
Ytl0,5] Psxt =P

Ytl0,5]

Proof. Using Proposition and |V} = |dz[Y]'] = |Y (2*(£))] = |€'], we calculate

Dslodt1o(Py,_yj0.0) " (Pruo) 1" 2)
= 0tlo(Py_yj0.) " 0sl0(Pyy) " (7 2)
) (o ) mZ))
(Pyolion) 29 (Vo 2) - dz[Y )+ (—1) 1215 (V 5, 2)84]o VY

_at|0( Ys=0l[0,]
= (- )\5 1219,

Now we use 9¢|o(Py,_0.) "~ ¥ (Vo Z) = (2*V)x(2*V5, Z) and
OeloYy = —B¥ (s = 0)da[Y] = —(=1)"dz[Y]"dz[X](€)z" (Vo Den)

to yield the first statement after a straightforward calculation.
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The left hand side of the second equation is treated as follows.

d _
LHS = 2, (P10 0090 (Pl © By 0 Prlejos) © Prloogou)

d * *
= 2o (P00 (7 V)vi 0 By, = By 0 (57 V)y,) 0 Pyloc, o,ﬂ)
= (@"V)x ((@"V)y Ez) = (2"V) (%) g [azpy)) © e T Eo © (V) (%) ¢ (a2 y]]

Here, the second equation follows from Proposition [5| applied to the second condi-
tion in . For the third equation, we use again Proposition |5 to obtain the first
term and find, in addition, two derivative terms with respect to (v;V)y, which are
obtained as in the previous calculation.

Similarly we yield, for the left hand side of the last equation to be shown,

LHS = dt|o = o[oﬂ((V*V)Ytont (P ls=0,0.61 (1), Prls=0,0,61(v))
— Ry, (% V)y, (P |é 0,00, (1)), Prls=0,0,4(v))
)

— Ry, (Py|s=o 0,4 (u ( V)v: (Pyls=0,0, (v

= By, (Pylszo,01(0); Prlmooa(v)) © (% V)v: ) Polao oy

Analogously to the previous calculation for the second statement, Proposition
together with derivative terms from the first calculation yields the right hand side
as claimed. O

4.2 Reconstruction of Galaev’s Holonomy Algebra

By means of the previously established relation between covariant derivatives and
parallel transport, we will now make contact with Galaev’s holonomy algebra

holf’al. Let S = RY° ¥V be a connection on & — M, and x € My be a topological

point identified with an S-point. We aim at gaining generating elements of holfal

as coefficients of special elements of hol,(T) for T = RO with L' > (dim M)y.
Let ¢ € My, and define the (Sx)T-point y by prescribing

y(ab) =g (@) =¢",  JHO) =7 (20)

with respect to coordinates £ = (x,0) around ¢. Then, a straightforward calculation

using shows that

For the curvature terms, it follows that

Ry (y 0,y 0e) = 5" (R (Jer, es))
(0o, Ry) ("0, v"0es) = 5" (Vo R) (9, 0er)) (21)

()00, By ) (00, 57 06) = 5 (V.00 B) (P, 06))
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Lemma 13. Let y be the T-point , v:x — y be a connecting T-path and
I, denote a multiindex of parity |¢*| such that n'* € Op. Then

nin'k2 - P oy (R (9gra, Ogry)) © Py € holy(T)

nittan’s - Pl oy (Vg ) (9, 9g) ) o Py € hol,(T)

athtanlags P70y (93, 5 R) (9, 0gis) ) o Py € ol (T)
Proof. By Theorem [I] the first term

n™in'k2 - P o y* (R (O, Ok,)) © Py
=P o Ry (n'2 - (y* 0 0ky), n™ - (y* 0 Ok,)) o Py

is clearly contained in hol, (7). For the second, let § be an S-path connecting y to
some S-point z such that ev|od;06* = ¢ := dy [nlks . 8,7k3]. Using , followed by
Propositionapplied toy, &, § as well as u := n'*2 - (y*0dy,) and v := nlk1-(y*od, ),
we yield

' plenles . Pl o y* (Vgry R) (Okys Oky)) 0 Py
=P o ((y*V)n1k3'8nk3 Ry) ("= - (y" 0 Or,), ™1 - (y* 0 O,)) 0 Py
=P, odio (stli),lt] o Rs (Pslio,0 (u), Psljo.(v)) © P5|[0’ﬂ) o Py
= 0o (P{l o P5|[T)}t] o Rs (Psljo,6(w), Psljo.q(v)) o Pslo. 0 P")

By Theorem (1], the term in parentheses lies, for every ¢ € [0, 1], in hol, ("), which
is a vector space. Therefore, the differential is also contained in hol, (7).
The second covariant derivative term is treated analogous. O

Consider the zero-derivative term in Lemma For generic choice of n'*1 and
n'k2 | we find that

<8n1k1 (9n1k2 (nlkl T]Ik2 P,;l oy* (R (3£k2, 8§k1 )) o P,Y))O
= Pv_ol 0 Ry, (Jgras gy ) © Py € hol&®!

and analogous for the first and second derivative terms and, by conjecture, for all
higher derivative terms. The generating elements of holgal can thus be extracted
out of hol,(7T) as certain coefficients of special elements in the way made precise
by Lemma [I3] This construction is based on the knowledge of the geometric
significance of the elements. It remains an open question whether holS’al can be
obtained from hol, (7) in a purely algebraic way.
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