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Bounds for Convex Functions of Čebyšev Functional
Via Sonin’s Identity with Applications

Silvestru Sever Dragomir

Abstract. Some new bounds for the Čebyšev functional in terms of the
Lebesgue norms ∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

and the ∆-seminorms

‖f‖∆p :=

(∫ b

a

∫ b

a

|f(t)− f(s)|p dt ds

) 1
p

are established. Applications for mid-point and trapezoid inequalities are
provided as well.

1 Introduction
For two Lebesgue integrable functions f, g : [a, b]→ R, consider the Čebyšev func-
tional

C(f, g) :=
1

b− a

∫ b

a

f(t)g(t) dt− 1

(b− a)2

∫ b

a

f(t) dt

∫ b

a

g(t) dt .

In 1935, Grüss [7] showed that

|C(f, g)| ≤ 1

4
(M −m)(N − n) , (1)

provided that there exists the real numbers m,M,n,N such that

m ≤ f(t) ≤M and n ≤ g(t) ≤ N for a.e. t ∈ [a, b] . (2)
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The constant 1
4 is best possible in (1) in the sense that it cannot be replaced by a

smaller quantity.
Another, however less known result, even though it was obtained by Čebyšev

in 1882 [5], states that

|C(f, g)| ≤ 1

12
‖f ′‖∞‖g′‖∞(b− a)2, (3)

provided that f ′, g′ exist and are continuous on [a, b] and ‖f ′‖∞ = supt∈[a,b] |f ′(t)|.
The constant 1

12 cannot be improved in the general case.
Čebyšev inequality (3) also holds if f, g : [a, b]→ R are assumed to be absolutely

continuous and f ′, g′ ∈ L∞[a, b] while ‖f ′‖∞ = ess supt∈[a,b] |f ′(t)|.
A mixture between Grüss’ result (1) and Čebyšev’s one (3) is the following

inequality obtained by Ostrowski in 1970 [12]:

|C(f, g)| ≤ 1

8
(b− a)(M −m)‖g′‖∞, (4)

provided that f is Lebesgue integrable and satisfies (2) while g is absolutely con-
tinuous and g′ ∈ L∞[a, b]. The constant 1

8 is best possible in (4).
The case of euclidean norms of the derivative was considered by A. Lupaş in [9]

in which he proved that

|C(f, g)| ≤ 1

π2
‖f ′‖2‖g′‖2(b− a), (5)

provided that f, g are absolutely continuous and f ′, g′ ∈ L2[a, b]. The constant 1
π2

is the best possible.
Recently, Cerone and Dragomir [2] have proved the following results:

|C(f, g)| ≤ inf
γ∈R
‖g − γ‖q ·

1

b− a

(∫ b

a

∣∣∣∣f(t)− 1

b− a

∫ b

a

f(s) ds

∣∣∣∣p dt

) 1
p

, (6)

where p > 1 and 1
p + 1

q = 1 or p = 1 and q =∞, and

|C(f, g)| ≤ inf
γ∈R
‖g − γ‖1 ·

1

b− a
ess sup
t∈[a,b]

∣∣∣∣f(t)− 1

b− a

∫ b

a

f(s) ds

∣∣∣∣,
provided that f ∈ Lp[a, b] and g ∈ Lq[a, b] (p > 1, 1

p + 1
q = 1; p = 1, q = ∞ or

p =∞, q = 1).
Notice that for q =∞, p = 1 in (6) we obtain

|C(f, g)| ≤ inf
γ∈R
‖g − γ‖∞ ·

1

b− a

∫ b

a

∣∣∣∣f(t)− 1

b− a

∫ b

a

f(s) ds

∣∣∣∣ dt
≤ ‖g‖∞ ·

1

b− a

∫ b

a

∣∣∣∣f(t)− 1

b− a

∫ b

a

f(s) ds

∣∣∣∣dt
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and if g satisfies (2), then

|C(f, g)| ≤ inf
γ∈R
‖g − γ‖∞ ·

1

b− a

∫ b

a

∣∣∣∣f(t)− 1

b− a

∫ b

a

f(s) ds

∣∣∣∣dt
≤
∥∥∥∥g − n+N

2

∥∥∥∥
∞
· 1

b− a

∫ b

a

∣∣∣∣f(t)− 1

b− a

∫ b

a

f(s) ds

∣∣∣∣dt
≤ 1

2
(N − n) · 1

b− a

∫ b

a

∣∣∣∣f(t)− 1

b− a

∫ b

a

f(s) ds

∣∣∣∣dt. (7)

The inequality between the first and the last term in (7) has been obtained by Cheng
and Sun in [6]. However, the sharpness of the constant 1

2 , a generalization for the
abstract Lebesgue integral and the discrete version of it have been obtained in [3].

For other recent results on the Grüss inequality, see [8], [10] and [13] and the
references therein.

In this paper, some new bounds for the Čebyšev functional in terms of the
Lebesgue norms

∥∥f − 1
b−a

∫ b
a
f(t) dt

∥∥
[a,b],p

and the ∆-seminorms are established.
Applications for mid-point and trapezoid inequalities are provided as well.

2 Some Results Via Sonin’s Identity
The following result for convex functions of Čebyšev functional holds.

Theorem 1. Let f, g : [a, b] → R be Lebesgue integrable functions on [a, b]. If
Φ: R→ R is convex on R then we have the inequality

Φ[C(f, g)] ≤ 1

b− a
inf
λ∈R

∫ b

a

Φ

[(
f(x)− 1

b− a

∫ b

a

f(t) dt

)(
g(x)− λ

)]
dx

≤ 1

(b− a)2
inf
λ∈R

∫ b

a

∫ b

a

Φ
[(
f(x)− f(t)

)(
g(x)− λ

)]
dtdx. (8)

Proof. Start with Sonin’s identity [11, p. 246]

C(f, g) =
1

b− a

∫ b

a

(
f(x)− 1

b− a

∫ b

a

f(t) dt

)(
g(x)− λ

)
dx

that holds for any λ ∈ R.
If we use Jensen’s integral inequality we have for any λ ∈ R

Φ[C(f, g)] = Φ

[
1

b− a

∫ b

a

(
f(x)− 1

b− a

∫ b

a

f(t) dt

)(
g(x)− λ

)
dx

]
≤ 1

b− a

∫ b

a

Φ

[(
f(x)− 1

b− a

∫ b

a

f(t) dt

)(
g(x)− λ

)]
dx

=
1

b− a

∫ b

a

Φ

[
1

b− a

∫ b

a

[(
f(x)− f(t)

)(
g(x)− λ

)]
dt

]
dx

≤ 1

(b− a)2

∫ b

a

∫ b

a

Φ
[(
f(x)− f(t)

)(
g(x)− λ

)]
dtdx .

Taking the infimum over λ ∈ R we deduce the desired inequalities (8). �
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Remark 1. If we write inequality (8) for the convex function Φ(x) = |x|p, p ≥ 1,
then we get the inequality

|C(f, g)| ≤ 1

(b− a)1/p
inf
λ∈R

{∫ b

a

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t) dt

∣∣∣∣p∣∣g(x)− λ
∣∣p dx

}1/p

(9)

≤ 1

(b− a)2/p
inf
λ∈R

{∫ b

a

∫ b

a

∣∣f(x)− f(t)
∣∣p∣∣g(x)− λ

∣∣p dtdx

}1/p

.

Utilising Hölder’s integral inequality we have

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]∫ b

a

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t) dt

∣∣∣∣p∣∣g(x)− λ
∣∣p dx

≤ ess sup
x∈[a,b]

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t) dt

∣∣∣∣p ∫ b

a

∣∣g(x)− λ
∣∣p dx

=

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥p
[a,b],∞

‖g − λ‖p[a,b],p ,

b) for f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1∫ b

a

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t) dt

∣∣∣∣p∣∣g(x)− λ
∣∣p dx

≤
(∫ b

a

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t) dt

∣∣∣∣pβ dx

)1/β(∫ b

a

∣∣g(x)− λ
∣∣pα dx

)1/α

=

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥p
[a,b],pβ

‖g − λ‖p[a,b],pα ,

c) for f ∈ Lp[a, b], g ∈ L∞[a, b]∫ b

a

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t) dt

∣∣∣∣p∣∣g(x)− λ
∣∣p dx

≤ ess sup
x∈[a,b]

∣∣g(x)− λ
∣∣p ∫ b

a

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t) dt

∣∣∣∣p dx

=

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥p
[a,b],p

‖g − λ‖p[a,b],∞ .

Utilising (9) we can state the following result.

Theorem 2. Let f, g : [a, b]→ R be Lebesgue measurable functions on [a, b]. Then

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

(b− a)1/p
inf
λ∈R
‖g − λ‖[a,b],p

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

,
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b) for f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

(b− a)1/p
inf
λ∈R
‖g − λ‖[a,b],pα

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

,

c) for f ∈ Lp[a, b], g ∈ L∞[a, b]

|C(f, g)| ≤ 1

(b− a)1/p
inf
λ∈R
‖g − λ‖[a,b],∞

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

.

We have the following particular cases of interest.

Corollary 1. Let f, g : [a, b]→ R be Lebesgue measurable functions on [a, b]. Then

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g− 1

b− a

∫ b

a

g(t) dt

∥∥∥∥
[a,b],p

∥∥∥∥f− 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

,

b) for f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g− 1

b− a

∫ b

a

g(t) dt

∥∥∥∥
[a,b],pα

∥∥∥∥f− 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

,

c) for f ∈ Lp[a, b], g ∈ L∞[a, b]

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g− 1

b− a

∫ b

a

g(t) dt

∥∥∥∥
[a,b],∞

∥∥∥∥f− 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

.

If one function is bounded, then we can state the following result.

Corollary 2. Assume that f, g : [a, b] → R are Lebesgue measurable functions on
[a, b]. If there exist constants n,N such that n ≤ g(t) ≤ N for a.e. t ∈ [a, b], then

a) for f ∈ L∞[a, b]

|C(f, g)| ≤ 1

2
(N − n)

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

,

b) for f ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

2
(N − n)

1

(b− a)1/pβ

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

,
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c) for f ∈ Lp[a, b]

|C(f, g)| ≤ 1

2
(N − n)

1

(b− a)1/p

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

.

Proof. We observe that∥∥∥∥g − n+N

2

∥∥∥∥
[a,b],p

=

(∫ b

a

∣∣∣∣g(t)− n+N

2

∣∣∣∣p dt

)1/p

≤
(∫ b

a

(
N − n

2

)p
dt

)1/p

=
N − n

2
(b− a)1/p,∥∥∥∥g − n+N

2

∥∥∥∥
[a,b],pα

=

(∫ b

a

∣∣∣∣g(t)− n+N

2

∣∣∣∣pα dt

)1/pα

≤ N − n
2

(b− a)1/pα

and ∥∥∥∥g − n+N

2

∥∥∥∥
[a,b],∞

≤ N − n
2

.

Utilising Theorem 2 we deduce the desired result of Corollary 2. �

When one function is of bounded variation, then we can state the following
result.

Corollary 3. If f : [a, b]→ R is Lebesgue integrable and g : [a, b]→ R is of bounded
variation, then

a) for f ∈ L∞[a, b]

|C(f, g)| ≤ 1

2

b∨
a

(g)

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

,

b) for f ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

2

b∨
a

(g)
1

(b− a)1/pβ

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

,

c) for f ∈ Lp[a, b]

|C(f, g)| ≤ 1

2

b∨
a

(g)
1

(b− a)1/p

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

,

where
b∨
a

(g) is the total variation of the function g on the interval [a, b].
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Proof. Since g : [a, b]→ R is of bounded variation, then for any t ∈ [a, b] we have∣∣∣∣g(t)− g(a) + g(b)

2

∣∣∣∣ =

∣∣∣∣g(t)− g(a) + g(t)− g(b)

2

∣∣∣∣
≤ 1

2

[∣∣g(t)− g(a)
∣∣+
∣∣g(b)− g(t)

∣∣] ≤ 1

2

b∨
a

(g) .

Then ∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],p

=

(∫ b

a

∣∣∣∣g(t)− g(a) + g(b)

2

∣∣∣∣p dt

)1/p

≤
(∫ b

a

(
1

2

b∨
a

(g)

)p
dt

)1/p

=
1

2

b∨
a

(g) (b− a)1/p,

∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],pα

≤ 1

2

b∨
a

(g) (b− a)1/pα,

and ∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],∞

≤ 1

2

b∨
a

(g) .

Utilising Theorem 2 we deduce the desired result of Corollary 3. �

For functions h that are Lipschitzian in the middle point with the constant
L a+b

2
and the exponent q > 0, i.e. satisfying the condition∣∣∣∣h(t)− h

(
a+ b

2

)∣∣∣∣ ≤ L a+b
2

∣∣∣∣t− a+ b

2

∣∣∣∣q
for any t ∈ [a, b], we have the following result as well.

Corollary 4. If f : [a, b]→ R is Lebesgue integrable and g : [a, b]→ R is Lipschitzian
in the middle point with the constant L a+b

2
and the exponent q > 0, then

a) for f ∈ L∞[a, b]

|C(f, g)| ≤ L a+b
2

(b− a)q

2q(qp+ 1)
1/p

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

, (10)

b) for f ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ L a+b
2

(b− a)q−1/pβ

2q(qpα+ 1)
1/pα

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

, (11)
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c) for f ∈ Lp[a, b]

|C(f, g)| ≤ L a+b
2

(b− a)q−1/p

2q

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

. (12)

Proof. We have∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],p

=

(∫ b

a

∣∣∣∣g(t)− g
(
a+ b

2

)∣∣∣∣p dt

)1/p

(13)

≤
(∫ b

a

Lpa+b
2

∣∣∣∣t− a+ b

2

∣∣∣∣qp dt

)1/p

= L a+b
2

(∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣qp dt

)1/p

.

Observe that

(∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣qp dt

)1/p

=

(∫ a+b
2

a

(
a+ b

2
− t
)qp

dt+

∫ b

a+b
2

(
t− a+ b

2

)qp
dt

)1/p

=

(
2

∫ b

a+b
2

(
t− a+ b

2

)qp
dt

)1/p

=

(
2

(
t− a+b

2

)qp+1

qp+ 1

∣∣∣∣b
a+b
2

)1/p

=

(
2

(
b−a

2

)qp+1

qp+ 1

)1/p

=

(
(b− a)qp+1

2qp(qp+ 1)

)1/p

=
(b− a)q+1/p

2q(qp+ 1)
1/p

.

Then by (13) we have

∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],p

≤ L a+b
2

(b− a)q+1/p

2q(qp+ 1)
1/p

.

Also ∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],pα

≤ L a+b
2

(b− a)q+1/pα

2q(qpα+ 1)
1/pα

and ∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],∞

≤ L a+b
2

(b− a)q

2q
.
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Utilising Theorem 2 we obtain

a) for f ∈ L∞[a, b]

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],p

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

≤ 1

(b− a)1/p
L a+b

2

(b− a)q+1/p

2q(qp+ 1)
1/p

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

= L a+b
2

(b− a)q

2q(qp+ 1)
1/p

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

,

b) for f ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],pα

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

≤ 1

(b− a)1/p
L a+b

2

(b− a)q+1/pα

2q(qpα+ 1)
1/pα

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

= L a+b
2

(b− a)q−1/pβ

2q(qpα+ 1)
1/pα

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

,

c) and for f ∈ Lp[a, b]

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],∞

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

≤ 1

(b− a)1/p
L a+b

2

(b− a)q

2q

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

= L a+b
2

(b− a)q−1/p

2q

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

.

Thus the inequalities (10)–(12) are proved. �

Remark 2. If the function g is Lipschitzian with the constant L > 0, then

a) for f ∈ L∞[a, b]

|C(f, g)| ≤ L b− a
2(p+ 1)1/p

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],∞

, (14)

b) for f ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ L (b− a)1−1/pβ

2(pα+ 1)1/pα

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],pβ

, (15)
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c) for f ∈ Lp[a, b]

|C(f, g)| ≤ L (b− a)1−1/p

2

∥∥∥∥f − 1

b− a

∫ b

a

f(t) dt

∥∥∥∥
[a,b],p

. (16)

3 ∆-Seminorms and Related Inequalities
For f ∈ Lp[a, b], p ∈ [1,∞), we can define the functional (see [1] and [4])

‖f‖∆p :=

(∫ b

a

∫ b

a

∣∣f(t)− f(s)
∣∣p dtds

) 1
p

and for f ∈ L∞[a, b], we can define

‖f‖∆∞ := ess sup
(t,s)∈[a,b]2

∣∣f(t)− f(s)
∣∣.

If we consider f∆ : [a, b]2 → R,

f∆(t, s) = f(t)− f(s),

then obviously
‖f‖∆p = ‖f∆‖p, p ∈ [1,∞],

where ‖·‖p are the usual Lebesgue p-norms on [a, b]2.
Using the properties of the Lebesgue p-norms, we may deduce the following

seminorm properties for ‖·‖∆p :

(i) ‖f‖∆p ≥ 0 for f ∈ Lp[a, b] and ‖f‖∆p = 0 implies that f = c (c is a constant)
a.e. in [a, b] ,

(ii) ‖f + g‖∆p ≤ ‖f‖∆p + ‖g‖∆p if f, g ∈ Lp[a, b] ,

(iii) ‖αf‖∆p = |α| ‖f‖∆p .

We call ‖·‖∆p as ∆-seminorms.
We note that if p = 2, then

‖f‖∆2 =

(∫ b

a

∫ b

a

(
f(t)− f(s)

)2
dtds

) 1
2

=
√

2

(
(b− a)‖f‖22 −

(∫ b

a

f(t) dt

)2) 1
2

.

Using the inequalities (1), (3) and (5), we obtain the following estimate for ‖·‖∆2 :

a) for m ≤ f ≤M

‖f‖∆2 ≤
√

2

2
(M −m)(b− a) ,
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b) for f ′ ∈ L∞[a, b]

‖f‖∆2 ≤
√

2

2
√

3
‖f ′‖∞(b− a)2 ,

c) for f ′ ∈ L2[a, b]

‖f‖∆2 ≤
√

2

π
‖f ′‖2(b− a)

3
2 ,

since
‖f‖∆2 =

√
2(b− a)[C(f, f)]

1
2 .

If f : [a, b]→ R is absolutely continuous on [a, b], then we can point out the following
bounds for ‖f‖∆p in terms of ‖f ′‖p.

Theorem 3. Assume that f : [a, b]→ R is absolutely continuous on [a, b].

(i) If p ∈ [1,∞), then we have the inequality

a) for f ′ ∈ L∞[a, b]

‖f‖∆p ≤
2

1
p (b− a)1+ 2

p[
(p+ 1)(p+ 2)

] 1
p

‖f ′‖∞ ,

b) for f ′ ∈ Lα[a, b], α > 1, 1
α + 1

β = 1

‖f‖∆p ≤
(2β2)

1
p (b− a)

1
β+ 2

p[
(p+ β)(p+ 2β)

] 1
p

‖f ′‖α ,

c) for f ′ ∈ L1[a, b]

‖f‖∆p ≤ (b− a)
2
p ‖f ′‖1 .

(ii) If p =∞, then we have the inequality

a) for f ′ ∈ L∞[a, b]

‖f‖∆∞ ≤ (b− a)‖f ′‖∞ ,

b) for f ′ ∈ Lα[a, b], α > 1, 1
α + 1

β = 1

‖f‖∆∞ ≤ (b− a)
1
β ‖f ′‖α ,

c) for f ′ ∈ L1[a, b]

‖f‖∆∞ ≤ ‖f ′‖1 .

The following result of Grüss type holds, see [4].
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Theorem 4. Let f, g : [a, b] → R be measurable on [a, b]. Then we have the in-
equality

|C(f, g)| ≤ 1

2(b− a)2
‖f‖∆p ‖g‖∆q ,

where p = 1, q = ∞, or p > 1, 1
p + 1

q = 1, or q = 1, p = ∞, provided all integrals
involved exist.
The inequality is sharp in the sense that if we take f(x) = g(x) = sgn(x − α)

with α = a+b
2 , then the equality results.

Making use of the double integral inequality

|C(f, g)| ≤ 1

(b− a)2/p
inf
λ∈R

{∫ b

a

∫ b

a

∣∣f(x)− f(t)
∣∣p∣∣g(x)− λ

∣∣p dtdx

}1/p

,

obtained in (9) we can state the following result as well.

Theorem 5. Let f, g : [a, b]→ R be Lebesgue measurable functions on [a, b]. Then

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

(b− a)1/p
inf
λ∈R
‖g − λ‖[a,b],p‖f‖∆∞ , (17)

b) for f ∈ Lpβ [a, b], g ∈ Lpα[a, b] α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

(b− a)1/p+1/pβ
inf
λ∈R
‖g − λ‖[a,b],pα‖f‖∆pβ , (18)

c) for f ∈ Lp[a, b], g ∈ L∞[a, b]

|C(f, g)| ≤ 1

(b− a)2/p
inf
λ∈R
‖g − λ‖[a,b],∞‖f‖∆p . (19)

Proof. Utilising Hölder’s inequality for double integrals, we have

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]∫ b

a

∫ b

a

∣∣f(x)− f(t)
∣∣p∣∣g(x)− λ

∣∣p dtdx ≤ ess sup
(x,t)∈[a,b]2

∣∣f(x)− f(t)
∣∣p

×
∫ b

a

∫ b

a

∣∣g(x)− λ
∣∣p dtdx

=
(
‖f‖∆∞

)p
(b− a)‖g − λ‖p[a,b],p .

Then

|C(f, g)|p ≤ 1

(b− a)2

(
‖f‖∆∞

)p
(b− a)‖g − λ‖p[a,b],p

=
1

b− a
(
‖f‖∆∞

)p‖g − λ‖p[a,b],p .
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b) For f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1, we have

∫ b

a

∫ b

a

∣∣f(x)− f(t)
∣∣p∣∣g(x)− λ

∣∣p dtdx ≤
(∫ b

a

∫ b

a

∣∣f(x)− f(t)
∣∣pβ dtdx

)1/β

×
(∫ b

a

∫ b

a

∣∣g(x)− λ
∣∣pα dtdx

)1/α

=
(
‖f‖∆pβ

)p
(b− a)1/α‖g − λ‖p[a,b],pα .

Then

|C(f, g)|p ≤ 1

(b− a)2

(
‖f‖∆pβ

)p
(b− a)1/α‖g − λ‖p[a,b],pα

=
1

(b− a)1+1/β

(
‖f‖∆pβ

)p‖g − λ‖p[a,b],pα .
c) For f ∈ Lp[a, b], g ∈ L∞[a, b] we have∫ b

a

∫ b

a

∣∣f(x)− f(t)
∣∣p∣∣g(x)− λ

∣∣p dtdx ≤ ess sup
x∈[a,b]

∣∣g(x)− λ
∣∣p

×
∫ b

a

∫ b

a

∣∣f(x)− f(t)
∣∣p dtdx

= ‖g − λ‖p[a,b],∞
(
‖f‖∆p

)p
.

Then

|C(f, g)|p ≤ 1

(b− a)2
‖g − λ‖p[a,b],∞

(
‖f‖∆p

)p
.

Taking the power 1
p and then the infimum over λ ∈ R, we get the desired results.

�

Some particular cases of interest are as follows.

Corollary 5. Let f, g : [a, b]→ R be Lebesgue measurable functions on [a, b]. Then

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g − 1

b− a

∫ b

a

g(t) dt

∥∥∥∥
[a,b],p

‖f‖∆∞ ,

b) for f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

(b− a)1/p+1/pβ

∥∥∥∥g − 1

b− a

∫ b

a

g(t) dt

∥∥∥∥
[a,b],pα

‖f‖∆pβ
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c) for f ∈ Lp[a, b], g ∈ L∞[a, b]

|C(f, g)| ≤ 1

(b− a)2/p

∥∥∥∥g − 1

b− a

∫ b

a

g(t) dt

∥∥∥∥
[a,b],∞

‖f‖∆p .

The case when one function is bounded is as follows.

Corollary 6. Assume that f, g : [a, b] → R are Lebesgue integrable functions on
[a, b]. If there exist constants n,N such that n ≤ g(t) ≤ N for a.e. t ∈ [a, b], then

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

2
(N − n)‖f‖∆∞ , (20)

b) for f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

2
(N − n)

1

(b− a)2/pβ
‖f‖∆pβ (21)

c) for f ∈ Lp[a, b], g ∈ L∞[a, b]

|C(f, g)| ≤ 1

2
(N − n)

1

(b− a)2/p
‖f‖∆p . (22)

Proof. From (17)–(19) we have

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g − N + n

2

∥∥∥∥
[a,b],p

‖f‖∆∞ . (23)

Since ∥∥∥∥g − n+N

2

∥∥∥∥
[a,b],p

≤ N − n
2

(b− a)1/p

then by (23) we get (20).

b) For f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1, we have

|C(f, g)| ≤ 1

(b− a)1/p+1/pβ

∥∥∥∥g − N + n

2

∥∥∥∥
[a,b],pα

‖f‖∆pβ . (24)

Since ∥∥∥∥g − n+N

2

∥∥∥∥
[a,b],pα

≤ N − n
2

(b− a)1/pα

then by (24) we get (21).
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c) For f ∈ Lp[a, b], g ∈ L∞[a, b] we have

|C(f, g)| ≤ 1

(b− a)2/p

∥∥∥∥g − N + n

2

∥∥∥∥
[a,b],∞

‖f‖∆p . (25)

Since ∥∥∥∥g − n+N

2

∥∥∥∥
[a,b],∞

≤ N − n
2

,

then by (25) we get (22).
�

The case when one function is of bounded variation, is as follows.

Corollary 7. If f : [a, b]→ R is Lebesgue integrable and g : [a, b]→ R is of bounded
variation, then

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

2

b∨
a

(g) ‖f‖∆∞ ,

b) for f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

2

b∨
a

(g)
1

(b− a)2/pβ
‖f‖∆pβ ,

c) for f ∈ Lp[a, b], g ∈ L∞[a, b]

|C(f, g)| ≤ 1

2

b∨
a

(g)
1

(b− a)2/p
‖f‖∆p .

Proof. From (17)–(19) we have

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],p

‖f‖∆∞ . (26)

Since ∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],p

≤ 1

2

b∨
a

(g) (b− a)1/p ,

then by (26) we get the desired result.
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b) For f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1, we have

|C(f, g)| ≤ 1

(b− a)1/p+1/pβ

∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],pα

‖f‖∆pβ . (27)

Since ∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],pα

≤ 1

2

b∨
a

(g) (b− a)1/pα ,

then by (27) we get the desired result.

c) For f ∈ Lp[a, b], g ∈ L∞[a, b] we have

|C(f, g)| ≤ 1

(b− a)2/p

∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],∞

‖f‖∆p . (28)

Since ∥∥∥∥g − g(a) + g(b)

2

∥∥∥∥
[a,b],∞

≤ 1

2

b∨
a

(g) ,

then by (28) we get the desired result.
�

Corollary 8. If f : [a, b]→ R is Lebesgue integrable and g : [a, b]→ R is Lipschitzian
in the middle point with the constant L a+b

2
and the exponent q > 0, then

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

2q
L a+b

2

(b− a)q

(qp+ 1)1/p
‖f‖∆∞ ,

b) for f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

2q
L a+b

2

(b− a)q−2/pβ

(qpα+ 1)1/pα
‖f‖∆pβ ,

c) for f ∈ Lp[a, b], g ∈ L∞[a, b]

|C(f, g)| ≤ 1

2q
L a+b

2
(b− a)q−2/p‖f‖∆p .

Proof. From (17)–(19) we have

a) for f ∈ L∞[a, b], g ∈ Lp[a, b]

|C(f, g)| ≤ 1

(b− a)1/p

∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],p

‖f‖∆∞ . (29)

Since ∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],p

≤ L a+b
2

(b− a)q+1/p

2q(qp+ 1)1/p
,

then from (29) we deduce the desired result.
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b) For f ∈ Lpβ [a, b], g ∈ Lpα[a, b], α > 1, 1
α + 1

β = 1, we have

|C(f, g)| ≤ 1

(b− a)1/p+1/pβ

∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],pα

‖f‖∆pβ . (30)

Since ∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],α

≤ L a+b
2

(b− a)q+1/pα

2q(qpα+ 1)1/pα
,

then from (30) we deduce the desired result.

c) For f ∈ Lp[a, b], g ∈ L∞[a, b] we have

|C(f, g)| ≤ 1

(b− a)2/p

∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],∞

‖f‖∆p . (31)

Since ∥∥∥∥g − g(a+ b

2

)∥∥∥∥
[a,b],∞

≤ L a+b
2

(b− a)q

2q
,

then from (31) we deduce the desired result.
�

Remark 3. If the function g is Lipshitzian with the constant L > 0, then

a) for f ∈ L∞[a, b]

|C(f, g)| ≤ 1

2
L

b− a
(p+ 1)1/p

‖f‖∆∞ ,

b) for f ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1

|C(f, g)| ≤ 1

2
L

(b− a)1−2/pβ

(pα+ 1)1/pα
‖f‖∆pβ ,

c) for f ∈ Lp[a, b]
|C(f, g)| ≤ 1

2
L(b− a)1−2/p‖f‖∆p .

4 Applications for Mid-point Inequalities
Consider absolutely continuous function h : [a, b]→ R. We have the following well
known representation

h

(
a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt =
1

b− a

∫ b

a

K(t)h′(t) dt,

where the kernel K : [a, b]→ R is defined by

K(t) :=

{
t− a if t ∈

[
a, a+b

2

]
,

t− b if t ∈
(
a+b

2 , b
]
.
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Since
∫ b
a
K(t) dt = 0, then

1

b− a

∫ b

a

K(t)h′(t) dt = C(K,h′).

Utilising Corollary 1 we have

a) for h′ ∈ L∞[a, b]∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

(b− a)1/p
‖K‖[a,b],p

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],∞

, (32)

b) for h′ ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

(b− a)1/p
‖K‖[a,b],pα

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],pβ

, (33)

c) for h′ ∈ Lp[a, b]∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

(b− a)1/p
‖K‖[a,b],∞

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],p

. (34)

Observe that for q > 0 we have

‖K‖[a,b],q =

[∫ b

a

|K(t)|q dt

]1/q

=

[∫ a+b
2

a

(t− a)q dt+

∫ b

a+b
2

(b− t)q dt

]1/q

=

[
(t− a)q+1

q + 1

∣∣∣∣ a+b2

a

− (b− t)q+1

q + 1

∣∣∣∣b
a+b
2

]1/q

=

[(
b−a

2

)q+1

q + 1
+

(
b−a

2

)q+1

q + 1

]1/q

=
(b− a)1+1/q

2(q + 1)1/q
.

Then

‖K‖[a,b],p =
(b− a)1+1/p

2(p+ 1)1/p
, ‖K‖[a,b],pα =

(b− a)1+1/pα

2(pα+ 1)1/pα
.

We also have

‖K‖[a,b],∞ =
1

2
(b− a).

Making use of (32)–(34) we get

a) for h′ ∈ L∞[a, b]∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ b− a
2(p+ 1)1/p

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],∞

,



Bounds for Convex Functions of Čebyšev Functional 125

b) for h′ ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ (b− a)1−1/pβ

2(pα+ 1)1/pα

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],pβ

,

c) for h′ ∈ Lp[a, b]∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(b− a)1−1/p

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],p

.

For p = 1 we get the simpler inequalities

a) for h′ ∈ L∞[a, b]∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

4
(b− a)

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],∞

,

b) for h′ ∈ L1[a, b]∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(b− a)

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],1

.

Utilising Corollary 2 we have

a) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(Γ− γ)‖K‖[a,b],∞ ,

b) for α > 1, 1
α + 1

β = 1∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(Γ− γ)

1

(b− a)1/pβ
‖K‖[a,b],pβ ,

c) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(Γ− γ)

1

(b− a)1/p
‖K‖[a,b],p ,

provided that γ ≤ h′(t) ≤ Γ for a.e. t ∈ [a, b].
Utilising the above calculations we then have

a) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ (Γ− γ)(b− a) , (35)

b) for α > 1, 1
α + 1

β = 1∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(Γ− γ)

(b− a)1+1/pα−1/pβ

2(pα+ 1)1/pα
, (36)
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c) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(Γ− γ)

b− a
2(p+ 1)1/p

, (37)

provided that γ ≤ h′(t) ≤ Γ for a.e. t ∈ [a, b].
In particular, for p = 1 in (37) we have∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

8
(Γ− γ)(b− a) ,

which is the best inequality one can get from (35)–(37).
If we use Corollary 3 and assume that h′ is of bounded variation on [a, b], then

a) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ b∨
a

(h′) (b− a) ,

b) for α > 1, 1
α + 1

β = 1

∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2

b∨
a

(h′)
(b− a)1+1/pα−1/pβ

2(pα+ 1)1/pα
,

c) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2

b∨
a

(h′)
b− a

2(p+ 1)1/p
. (38)

From (38) for p = 1 we get∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

8
(b− a)

b∨
a

(h′).

If we use inequalities (14)–(16) and assume that h′ is Lipschitzian with the constant
U > 0, namely ∣∣h′(t)− h′(s)∣∣ ≤ U |t− s| for t, s ∈ (a, b),

then

a) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ U 1

4

(b− a)2

(p+ 1)1/p
,

b) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ U 1

4

(b− a)2−1/pβ+1/pα

(pα+ 1)2/pα
,
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c) ∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ U 1

4

(b− a)2

(p+ 1)1/p
.

In particular, we get for p = 1∣∣∣∣h(a+ b

2

)
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

8
(b− a)2U.

5 Applications for Trapezoid Inequalities
Consider absolutely continuous function h : [a, b]→ R. We have the following well
known representation

h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt =
1

b− a

∫ b

a

V (t)h′(t) dt

where the kernel V : [a, b]→ R is defined by

V (t) := t− a+ b

2
.

Since
∫ b
a
V (t) dt = 0, then

1

b− a

∫ b

a

V (t)h′(t) dt = C(V, h′).

Utilising Corollary 1 we have

a) for h′ ∈ L∞[a, b]∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

(b− a)1/p
‖V ‖[a,b],p

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],∞

, (39)

b) for h′ ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

(b− a)1/p
‖V ‖[a,b],pα

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],pβ

, (40)

c) for h′ ∈ Lp[a, b]∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

(b− a)1/p
‖V ‖[a,b],∞

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],p

. (41)

Observe that, for q > 0 we have

‖V ‖[a,b],q =

[∫ b

a

|V (t)|q dt

]1/q

=

[∫ a+b
2

a

(
a+ b

2
− t
)q

dt+

∫ b

a+b
2

(
t− a+ b

2

)q
dt

]1/q

=

[
2

∫ b

a+b
2

(
t− a+ b

2

)q
dt

]1/q

=

[
2
(
b−a

2

)q+1

q + 1

]1/q

=
(b− a)1+1/q

2(q + 1)1/q
.
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Then

‖V ‖[a,b],p =
(b− a)1+1/p

2(p+ 1)1/p
, ‖V ‖[a,b],pα =

(b− a)1+1/pα

2(pα+ 1)1/pα
.

We also have

‖V ‖[a,b],∞ =
1

2
(b− a).

Making use of (39)–(41) we get

a) for h′ ∈ L∞[a, b]∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ b− a
2(p+ 1)1/p

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],∞

,

b) for h′ ∈ Lpβ [a, b], α > 1, 1
α + 1

β = 1∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ (b− a)1−1/pβ

2(pα+ 1)1/pα

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],pβ

,

c) for h′ ∈ Lp[a, b]∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(b− a)1−1/p

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],p

.

For p = 1 we get the simpler inequalities

a) for h′ ∈ L∞[a, b]∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

4
(b− a)

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],∞

,

b) for h′ ∈ L1[a, b]∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(b− a)

∥∥∥∥h′ − h(b)− h(a)

b− a

∥∥∥∥
[a,b],p

.

Since the p-norms of the kernel V are the same as of K, then we can state the
following results as well.

If γ ≤ h′(t) ≤ Γ for a.e. t ∈ [a, b], then we have

a) ∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ (Γ− γ)(b− a) , (42)

b) for α > 1, 1
α + 1

β = 1∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(Γ− γ)

(b− a)1+1/pα−1/pβ

2(pα+ 1)1/pα
, (43)
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c) ∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2
(Γ− γ)

b− a
2(p+ 1)1/p

. (44)

In particular, for p = 1 in (44) we have∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

8
(Γ− γ)(b− a),

which is the best inequality one can get from (42)–(44).
If h′ is of bounded variation on [a, b], then

a) ∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ b∨
a

(h′) (b− a) ,

b) for α > 1, 1
α + 1

β = 1∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2

b∨
a

(h′)
(b− a)1+1/pα−1/pβ

2(pα+ 1)1/pα
,

c) ∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

2

b∨
a

(h′)
b− a

2(p+ 1)1/p
.

From (38) for p = 1 we get∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

8
(b− a)

b∨
a

(h′).

Assume that h′ is Lipschitzian with the constant U > 0 then

a) ∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ U 1

4

(b− a)2

(p+ 1)1/p
,

b) ∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ U 1

4

(b− a)2−1/pβ+1/pα

(pα+ 1)2/pα
,

c) ∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ U 1

4

(b− a)2

(p+ 1)1/p
.

In particular, we get for p = 1∣∣∣∣h(b) + h(a)

2
− 1

b− a

∫ b

a

h(t) dt

∣∣∣∣ ≤ 1

8
(b− a)2U.

Some similar inequalities may be stated in terms of the ∆-seminorms. However
the details are omitted.
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6 Some Exponential Inequalities
We can state the following result.

Theorem 6. Let f, g : [a, b] → R be Lebesgue integrable functions on [a, b]. If
Φ: R→ R is convex and monotonic nondecreasing on R then we have the inequality

Φ[C(f, g)] ≤ 1

b− a
inf
µ∈R

∫ b

a

Φ

[(
f(x) + g(x)

2
− µ

)2 ]
dx. (45)

Proof. From Theorem 1 we have

Φ[C(f, g)]

≤ 1

b− a

∫ b

a

Φ

[(
f(x)− 1

b− a

∫ b

a

f(t) dt

)(
g(x)− 2µ+

1

b− a

∫ b

a

f(t) dt

)]
dx

for any µ ∈ R.
Utilising the elementary inequality

αβ ≤
(
α+ β

2

)2

that holds for any α, β ∈ R, we have(
f(x)− 1

b− a

∫ b

a

f(t) dt

)(
g(x)− 2µ+

1

b− a

∫ b

a

f(t) dt

)
≤
(
f(x) + g(x)

2
− µ

)2

for any x ∈ [a, b].
Since Φ: R→ R is monotonic nondecreasing on R then

Φ

[(
f(x)− 1

b− a

∫ b

a

f(t) dt

)(
g(x)− 2µ+

1

b− a

∫ b

a

f(t) dt

)]
≤ Φ

[(
f(x) + g(x)

2
− µ

)2 ]
(46)

for any x ∈ [a, b].
Integrating (46) over x in [a, b] and taking the infimum over µ ∈ R, we deduce

the desired result (45). �

Remark 4. Writing the inequality (45) for Φ: R→ R, Φ(x) = expx we have

exp[C(f, g)] ≤ 1

b− a
inf
µ∈R

∫ b

a

exp

[(
f(x) + g(x)

2
− µ

)2 ]
dx. (47)

This inequality can provide some exponential inequalities as follows.
Assume that f : [a, b]→ R is Lipschitzian with constant L > 0 and g : [a, b]→ R

is Lipschitzian with constant K > 0. Then by taking

µ =
f
(
a+b

2

)
+ g
(
a+b

2

)
2
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we have(
f(x) + g(x)

2
−
f
(
a+b

2

)
+ g
(
a+b

2

)
2

)2

≤
(
L+K

2

)2(
x− a+ b

2

)2

and by (47) we have

exp[C(f, g)] ≤ 1

b− a

∫ b

a

exp

[(
L+K

2

)2(
x− a+ b

2

)2 ]
dx .
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prises entre les même limites. Proc. Math. Soc. Charkov 2 (1882) 93–98.

[6] X.-L. Cheng, J. Sun: Note on the perturbed trapezoid inequality. J. Ineq. Pure & Appl.
Math. 3 (2) (2002). Art. 29. [online http://jipam.vu.edu.au/article.php?sid=181]

[7] G. Grüss: Über das Maximum des absoluten Betrages von
1

b−a

∫ b
a f(x)g(x) dx− 1

(b−a)2

∫ b
a f(x) dx

∫ b
a g(x) dx. Math. Z. 39 (1935) 215–226.

[8] X. Li, R.N. Mohapatra, R.S. Rodriguez: Grüss-type inequalities. J. Math. Anal. Appl.
267 (2) (2002) 434–443.
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