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Bounds for Convex Functions of Cebysev Functional
Via Sonin’s Identity with Applications

Silvestru Sever Dragomir

Abstract. Some new bounds for the Cebysev functional in terms of the

Lebesgue norms
1 b
- — t)dt
=52 [ 1

[a,b],p

and the A-seminorms

112 = (/ /ablf(t) *f(S)l”dtds)p

are established. Applications for mid-point and trapezoid inequalities are
provided as well.

1 Introduction

For two Lebesgue integrable functions f,g: [a,b] — R, consider the Cebysev func-
tional

1 b 1 b b
Clr) == [ 10a0at- g [ 0 [ g)ar
In 1935, Griiss 7] showed that

(M —m)(N =n), (1)

B~ =

IC(f,9)] <
provided that there exists the real numbers m, M, n, N such that

m< ft) <M and n<g(t) <N forae.t€]la,b. (2)
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The constant i is best possible in in the sense that it cannot be replaced by a
smaller quantity.

Another, however less known result, even though it was obtained by Cebysev
in 1882 [5], states that

O 9)] < 517 lollg oo (b — ), 3)

provided that f’, g" exist and are continuous on [a, b] and || f'[|cc = supsefq ) [f'(8)]-
The constant % cannot be improved in the general case.

Cebysev inequality also holds if f, g: [a,b] — R are assumed to be absolutely
continuous and f’,¢" € Loo[a, b] while || f'[|oc = esssup;eq ) |f/(2)]-

A mixture between Griiss’ result and Cebysev’s one is the following
inequality obtained by Ostrowski in 1970 :

(b—a)(M =m)|g]l, (4)

ool —

1C(f,9)] <

provided that f is Lebesgue integrable and satisfies while g is absolutely con-
tinuous and ¢’ € Lo [a, b]. The constant £ is best possible in ().

The case of euclidean norms of the derivative was considered by A. Lupas in ﬂgﬂ
in which he proved that

C(9)] < 251 a1l 1206~ ), (5)

provided that f, g are absolutely continuous and f’, g’ € La[a,b]. The constant =
is the best possible.
Recently, Cerone and Dragomir [2] have proved the following results:

’ dt) %, (6)

b

b
10~ 5= [ s

1
< infllg—lq ——
C(f:9)l < 1nf llg = llq b_a(/a

Wherep>1and%+$:10rp:1andq:oo7and

b
bia/ f(s)ds

+

< inf |lg — 7|1 - -
IC(f,g)I_;gRHg gllF! b_aises[ig]pf(t)

)

provided that f € L,la,b] and g € Lgy[a,b] (p > 1, =1;p=1,¢g=o00or
p=o00,q=1).
Notice that for ¢ = 0o, p=1 in @ we obtain

1
q

D=

b
10~ 5 [ ras|ar

1 b
<inf |lg — Voo - ——
ClrI < it o=l 5= [

1 b
< gl - Y a

d¢

b
£ - 5 [ s
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and if g satisfies , then

10 I
Clra)l < i o=l = [ 0= 5= [ #Gs)asae

n+ N 1 /b
g 2 w b—al,

b b
<3 [l -t [ reas

The inequality between the first and the last term in ([7)) has been obtained by Cheng
and Sun in [@] However, the sharpness of the constant %, a generalization for the
abstract Lebesgue integral and the discrete version of it have been obtained in .
For other recent results on the Griiss inequality, see , and and the
references therein.
In this paper, some new bounds for the Cebysev functional in terms of the

Lebesgue norms H f - ﬁ f; f@) dt||[a bp and the A-seminorms are established.

dt

b
10 -5 [ ras

dt. (7)

Applications for mid-point and trapezoid inequalities are provided as well.

2 Some Results Via Sonin’s Identity
The following result for convex functions of CebySev functional holds.

Theorem 1. Let f,g: [a,b] — R be Lebesgue integrable functions on [a,b]. If
®: R — R is convex on R then we have the inequality

BC(f.9)) < —— int b@[(f(x)—b_la /:fu)dt)(g(x)—A)}dx

“ b—aXer J,

< (bfa)zg{%/j /ab@[(f(:c) — f®)) (g(x) - A)} dt dz. (8)

Proof. Start with Sonin’s identity p. 246]

=it [0 [ roa)ew - xa

that holds for any A € R.
If we use Jensen’s integral inequality we have for any A € R

sictol=o[i s [ (105 [ o) ew - al
< bia/ab@[(f(x) - bia/:f(w ) (a(a) )|

- bia /abq{bfa /(f[(f(x) — J(1) (@) - )] dt} dz
< ﬁ /ab /abé[(f@:) — 1(1) (g(x) — )] dtda.

Taking the infimum over A € R we deduce the desired inequalities . O
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Remark 1. If we write inequality for the convex function ®(x) = |z|P, p > 1,
then we get the inequality
1 b P
7 - L / F(8)dt
- a

1/p
IC(f,9)] < ﬁ )1\161]1%{ ’g(x) — /\’pdx} (9)

SR

Utilising Holder’s integral inequality we have

a) for f € Looa,b], g € L,a,b]

[ w32 [ o

< ess sup

ssolto) 5 [ 04

el

b) for f € Lyg[a,b], g € Lpala,b, a > 1, L+ 5 =1

[l [ o
S(/abf(x)—l/bf(ﬂdt
ks o]

c) for f € Lpla,b], g € Lla,b]

[ w2 [roal

< ess sup’g
xz€[a,b)

1 b P
7)— L / (1) dt
a b—a a
b P
- — t)dt
fre / (0
Utilising @D we can state the following result.

|g(a:) — )\‘p dz

/ |g )\|pdx

g = AlIT, 1.0 »
(a.b],00 [a,b].p

lg(x) — )\‘p dz

B 1/8 b 1/a
dm) </ lg(z) — )\|pa dx)

g = Al 51 por -
[a,b],pB

lg(x) — )\|pdx

dx

g = Al .00
[a,b],p

Theorem 2. Let f,g: [a,b] = R be Lebesgue measurable functions on [a,b]. Then

a) for f € Lyo[a,b], g € Ly[a,b]
1 b
et RECE

1
IC(f,9)| < (b= a)i/v A2 1nf||9 Mia,1,p||f

la,b],00
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b) for f € Lygla,b], g € Lpala,b], a > 1, %*1
CU1.9)| < gy fntllg = L[ sy
’g = 77 \1/n n g ab 63 - )
(b—a)l/» xe [a,b],p b—a ), bl
¢) for f € Lyla,b], g € Lola, b]
C < 1 f A ! b t)dt
I e R AR\ Ry ICL

We have the following particular cases of interest.

Corollary 1. Let f,g: [a,b] = R be Lebesgue measurable functions on [a,b]. Then

ia/abf(t)dt

a) for f € Ly[a,b], g € Ly[a,b]

1 b
— t)dt
g b_a/ag()

b) for f € Lysla,b], g € Lpaa,b], a>1, 1 + 5 =1

1 b
9— / g(t)dtH
b—a J, (a,b],pa

¢) for f € Lyla,b], g € Lo|a, b]

1 b 1 b
e L [a’waHf—b_a [ s

If one function is bounded, then we can state the following result.

1

|C(fag)‘ < (bfa)l/p

Y

la,b],00

[a,b],p

C(f:9)l <

)

[a,b],pB

f——/f fdt

(b—a)l/p

1

€91 < oy

[a,b],p

Corollary 2. Assume that f,g: [a,b] — R are Lebesgue measurable functions on
[a, b]. If there exist constants n, N such that n < g(t) < N for a.e. t € [a,b], then

1 b
f—m/a f(t)dt

a) for f € Ly[a,b]

(N —n)

)

[a,b],00

1
n) (b— a)l/oP

)

[a,b],pB

- [ o
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c) for f € Lyla, b

| <f7 )l 7(N_n)

/f £) dt

[a,b],p

Proof. We observe that

n+ N b n+ NP \YP
Hg— 5 =</ 9(t) = —5 dt)
[a,b],p a
b P 1/p
N—-n N—-n 1
< = _ /P
(L) o) = Fro-om
n+N b n4 NP\
o= 57, = (L]0 -5% ")
[a,b],pax a
SN_n(b—a)l/pa
and
H n+ N N —n
g9— <
2 la,b],00 2
Utilising Theorem [2] we deduce the desired result of Corollary O

When one function is of bounded variation, then we can state the following
result.

Corollary 3. If f: [a,b] — R is Lebesgue integrable and g: [a,b] — R is of bounded
variation, then

a) for f € Ly[a, b
1 b
ctral< 3V Hf/f £ di

b) forfELp@[a7b],a>1,é+%:1

)

[a;b],00

i

[a,b],pB

1 b
‘fb—a/a f(t)dt

N 1
€U0 =3V O G

c) for f € Lyla, b

?
la,b],p

/f £) dt

b
where \/(g) is the total variation of the function g on the interval [a, b].

1\ 1
‘ (fv Siy —(Z)l/p
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Proof. Since g: [a,b] — R is of bounded variation, then for any ¢ € [a, ] we have

o - 20290 _ |50~ ot0) o) = o)
2 2
1 1.°
< 5 |l9®) = 9@+ 9v) = 9(1)]| < 5V (9)
Then
g(a) + g(b) b g(a) + g(b) p 1/p
Hg - 2 [a,8],p N </a 9() = 2 dt)
b b D 1/p b
([ () 0)” oo
b
Hg ~9(a) -2|—g(b) . < ;\a/(g) (b— a)L/Pe
and
b
Hg—g(a);g(b) . < %\/(9)
Utilising Theorem [2] we deduce the desired result of Corollary (]

For functions h that are Lipschitzian in the middle point with the constant
Latv and the exponent g > 0, i.e. satisfying the condition
2

o-o(e5) sk

for any t € [a, b], we have the following result as well.

q

a+b

t—
2

Corollary 4. If f: [a,b] — R is Lebesgue integrable and g: [a,b] — R is Lipschitzian
in the middle point with the constant L o and the exponent q > 0, then

a) for f € Ly[a, b

(b—a)? 1 b
[C(f,9)] < Loy f= ft)dt , (10)
2 2‘1(qp+ 1)1/1) b—a a [a,b],oo
b) for f € L,gla,b], a > 1, é—k%:l
b—q)e1/p8 1 b
Clrl < Lo 0Pl [
(gpa+1) a la.8],p8
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c) for f € Lyla, b

09 < s OO [ s (12)
a [a,b],p
Proof. We have
o) () oo
<( Lh., [t “+bqut)1/p
L. ( et qut)l/p.

Observe that

1 ap b ap 1/p
[ (e 222
a 2 a+b 2

[ () ) (G
a+tb 2 - qp+1 aTer
LRI (o oy

2% (qp + 1) 29(gp + 1)1/17.

Then by we have

ey

(b— a)q+1/p

[a,b],p > 29 gp+1)P

Also

b h— q)4t1/pe

Hgg(a+ > SF A ULt

2/l pa = 2%(gpar+ 1)1/7
and

a+b (b—a)?
- <L(l
Hg g( 2 ) [a’b],oo_ %b 2‘1
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Utilising Theorem [2] we obtain
a) for f € Loa, b

1 a+b
Cth.9) < o o - 9( 5 f——/f £t
(b_a)l/p 2 la,b],p la,b],
1 (b— a)q+1/p / oy
- (b_a)l/P afb QQ(qp+1)1/p [a,b],
b—a 1 b
LTQ"(( +1))1/” fﬁb—a/ fib) di ’
qp a [a,b],00
b) for f € Lysla,b], a > 1, L +4 =
1 a+b 1 b
Ct.9) < Gmss o - 9( 25 - [
(b — a)l/P 2 [a,b],pa b —a J, [a,b],pﬁ
1 (b —a)ati/re 1 /b
< agb f=— ] flt)dt
(b—a)/? "= 99 (gpa + 1)1/P b—aJq [a,b],p8
b— q)a—1/pB 1 b
B Gl |1 f - f(t)dt :
> 2%(gpa + 1)1/ b=ala [a,),p8
c) and for f € L,[a,b]
1 a+b 1 b
ctal < oo -o(50)|  |r-its [ s
(b— a)l/p 2 [a,b],00 b—a/, [a,b],p
1 (b—a)d 1 /b
< Layy f(t)dt
(b—a)l/l’ 2 b—a a la,b],p
_g)a—1/p 1 b
= Low b ;21 a/ F(t)dt
- a [a,b],p
Thus the inequalities f are proved. O

Remark 2. If the function ¢ is Lipschitzian with the constant L > 0, then
a) for f € Lo[a,b]

b—a 1 '
. -1 t) dt 14
IC(f,9)] < 2(p + 1)1/17 ! b—a /a 1) [a,b],oo’ .
b) for f € Lygla,b], o > 1, é—'—%:l
(b— a)lfl/pﬂ 1 /b
St < L t)dt : 15
1C(f,9)] < 2(pa + 1)i/re b—a /), 7@ [a,b].pB )
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c) for f € Lyla,b]

(b—a)t—1/p
2

F s [0 (16)

3 A-Seminorms and Related Inequalities
For f € Ly[a,b], p € [1,00), we can define the functional (see [1] and [4])

112 = (/ /ablf(t) - f(s)lpdtdsf

and for f € Lo[a,b], we can define

1% == esssup |f(t) — f(s)]-

(t,s)€la,b]?

IC(f,9)] <L
[a,b],p

If we consider fa: [a,b]? — R,
fa(t,s) = f(t) — f(s),

then obviously
”fHﬁ = ”fAHP’ pE [1700]’

where |-||,, are the usual Lebesgue p-norms on [a, b]?.
Using the properties of the Lebesgue p-norms, we may deduce the following
seminorm properties for ||| ﬁ:

(i) IIfI5 > 0 for f € Lya,b] and | f||3* = 0 implies that f = ¢ (c is a constant)
a.e. in [a,b],

@) If +glly < IF17 + gl if £,9 € Lpla, ],
(i) [lf I3 = lof /15

We call [|-[|3* as A-seminorms.
We note that if p = 2, then

1713 = (/b /ab(f(t) f(s)fdtds)é
—va( (-l - (/abf(t)dtf)é-

Using the inequalities , and , we obtain the following estimate for |-||£:

a) form< f<M
118 < 201~ m)p—a).
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b) for f' € Ly[a,b]

118 < ;{/igllf'lloo(b a2,

c) for f' € Ly[a,b]

2 3
115 < 2116 - of

since

IFI8 = V2(b — a)[C (£, f)]*.

If f: [a,b] — R is absolutely continuous on [a, b], then we can point out the following
bounds for || f||5* in terms of || /||,

Theorem 3. Assume that f: [a,b] — R is absolutely continuous on [a, b].
(i) If p € [1,00), then we have the inequality
a) for f' € Lyla, b

25 (b—a)'ts

1712 < 1 e
[(p+1)(p+2)]”
b) for f' € Ly[a,b], a > 1, §+%:1
1f1a < OG-y
[(p+B)(p+28)]*

c) for f' € Li[a,b]
£ < (b —a)? || f]s-

(ii) If p = oo, then we have the inequality

a) for f' € Ly|a,b]
1712 < (b= a)llf'lle,

1,1 _
b) for f' € Lyla,b], a > 1, stg=1
1715 < &= a)7 ([ la

c) for f' € Li[a,b]
£ < 11

The following result of Griiss type holds, see [4].
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Theorem 4. Let f,g: [a,b] — R be measurable on [a,b]. Then we have the in-
equality

C(f,9)] < 30— )QIIfH o lgllg

where p =1, ¢ = 0o, or p > 1, 5+ % =1, or ¢ =1, p = oo, provided all integrals
involved exist.
The inequality is sharp in the sense that if we take f(z) = g(x) = sgn(z — «)

with o = “TH’, then the equality results.

Making use of the double integral inequality

s [ [ 150 - sl - ava}

obtained in @ we can state the following result as well.

C(f:9)l <

Theorem 5. Let f,g: [a,b] — R be Lebesgue measurable functions on [a,b]. Then

a) for f € Lyo[a,b], g € Ly[a,b]

1
C(f.9)l < Wknfﬂg Mia1ol FlI5 (17)
b) for f € Lygla,b], g € Lyala,b] > 1, L + % =1
1
IC(f,9)] < WWAGR Spallfllps (18)
c) for f € Lyla,b], g € Lo[a, b]
1 A
C(f,9)] < a2 12 inf || = Alfa.b],00ll FII;" - (19)

Proof. Utilising Holder’s inequality for double integrals, we have

a) for f € Looa,b], g € L,la,b]

b b
/ /|f(3:)—f(t)}p|g( /\’pdtdx< ess sup ’fx —f()|

(z,t)E€la,b]?

X/ / ’g(x)—)\’pdtdx
= (IF1%)" (0 = a)llg = AlE, 41, -
Then

CU0 < Gz (M12) 0= a)la =,

1
= == (17127 lg = Al -
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b) For f € Lyg[a,b], g € Lyala,b], @ > 1, & + § =1, we have

Lééﬂf@)_fwfw( A|&dm<</‘/|f d“m)na
(/ / lg(x) = A" dtdx)l/a

= (IF1p)" (0 = a)/*llg = Allf, 1} b -
Then
IC(f, 9P < 0o )2(Hf||p/3)( —a)Ylg = Al 41
1
( )1_;,_1/,3 (”f”p ) ||g )\H[ab

c) For f € L,la,b], g € L[a,b] we have

b b
//‘f(:v)—f(t)|p|g(x)—)\|pdtdm§esssup|g(m)—)\’p

z€la,b]
b b
x/ / |f(x) — f()|" dtdz
AP
= llg — M2, 4o (IF12)" -
Then

1 p
IC(f,9)" < m”g - )‘HI[)a,b],oo(”fH;?) :

Taking the power ]% and then the infimum over A € R, we get the desired results.
O

Some particular cases of interest are as follows.

Corollary 5. Let f,g: [a,b] = R be Lebesgue measurable functions on [a,b]. Then

a) for f € Lyo[a,b], g € Ly[a,b]

1 1 b
C(f.9) < g- /’mwa 1714
(b—a)l/P b—a /, (a,b].p
b) for f € Lygla,b], g € Lyala,b], a > 1, = +%—
1 1P A
IC(f,9) < PR g(t)dt - [Falbv
a a,b],pa
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c) for f € Lyla,b], g € Lo[a, b]

1
(b—a)2/r

1 b
— t)dt
1- 5= | st

The case when one function is bounded is as follows.

Kl

la,b],00

IC(f,9)] <

Corollary 6. Assume that f,g: [a,b] — R are Lebesgue integrable functions on
[a, b]. If there exist constants n, N such that n < g(t) < N for a.e. t € [a,b], then

a) for f € Lyo[a,b], g € Ly[a,b]

1
|C(f,g)|§§(N*n)||f||oAm (20)
b) for f € Lygla,b], g € Lpala,b], a > 1, i—|— % =1
1 1 A
|C(f,9)| < §(N - n)m”f”pﬁ (21)
c) for f € Lyla,b], g € Lo[a, b]
1 1 A
|C(f,9)| < §(N—n)m||f||p . (22)
Proof. From (17)-(19) we have
a) for f € Looa,b], g € L,a,b]
1 N+n A
IC(f,9)| < 9- £115 - (23)
(b —a)t/p 2 (bl
Since
Hg—“+N <N gy
2 [a,b],p 2

then by we get .
b) For f € Lygla,b], g € Lpala,b], a > 1, %Jr % =1, we have

1
IC(f,9)l < (b— a)/p+1/pB

1£1155 - (24)

g—
2 [a,b],pa

‘ N +n

Since
< —N;"(b—a)”p‘”‘

_n+N
977

[a,b],por

then by we get .
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c) For f € L,la,b], g € Ly|a,b] we have

1

A
CU-9) < G—eszrs |9~ 1712 (25)
[a,b],
Since
Hg _n+N < N — n’
2 la,b],00 2
then by we get .
O

The case when one function is of bounded variation, is as follows.

Corollary 7. If f: [a,b] — R is Lebesgue integrable and g: [a,b] — R is of bounded
variation, then

a) for f € Lyola,b], g € Ly[a,b]

[\)

K
<5V Ifl2
b) for f € Lysla,b], g € Lpa[a,b], a>1, 1 + % =1

b
\/ 2/p6||f||p5a

w\»—‘

¢) for f € Lyla,b], g € Lo[a, b]

b 1

1 A
|C<f7g)| S 5 \a/(g) (b _ a)g/p ||f||p :
Proof. From (17)—(19) we have

a) for f € Looa,b], g € L,a,b]

1

(a) + 9(0)
I ] A

2

1115 - (26)

[a,b],p

g—

Since

g(a) +g(b)
2

b
R R T

[a,b],p

then by we get the desired result.
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b) For f € Lyg[a,b], g € Lyala,b], @ > 1, & + 4 =1, we have

1 g(a) +g(b) A
Clf)| < o I£1%. @
(b— a)l/p+1/p8 2 (o] pex pB
Since ,
g(a) 4+ g(b) 1 1/
_ A T I < = _ pa
S R G
0], pcx a
then by we get the desired result.
c) For f € L,[a,b], g € Lo[a,b] we have
1 g(a) +g(b) A
IC(f.9)] < 9- 115 - (28)
(b —a)?/P 2 (a,5],00 p
Since ,
g(a) +g(b) 1
e It
H 2 [a,b],00 2 a
then by we get the desired result.
O

Corollary 8. If f: [a,b] — R is Lebesgue integrable and g: [a,b] — R is Lipschitzian
in the middle point with the constant L.+» and the exponent q > 0, then
2

a) for f € Lyla,b], g € Ly[a,b]

C(frg) < =

b—
|_ 2qLa,+ ( )

P

b) for f € Lygla,b], g € Lyala,b], «>1, L + % =

| < w” fl1A
— 2q 2 (qpa+1)1/pa pB

1C(f,9)

¢) for f € Lyla,b], g € Lo[a, b]

1 _
IC(f, 9] < 5gLage(b—a)f e Vil

2

Proof. From f we have
a) for f € Looa,b], g € L,la,b]

1% - (29)

[a,b],p

IC(f.9)] <

1 _ (a+bd
b—a/r|? I\ 2
b b—q)etl/p
Hgg<a+ M. <ot sy
2 [a,b],p 2 (qp + 1) p

then from we deduce the desired result.

Since
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b) For f € Lyg[a,b], g € Lyala,b], @ > 1, & + § =1, we have

b-o(*3)

<1 (b— a)q+1/pa
[abla 5 2% (gpa + 1)1/pa

1
C(f 9l < = (b—a)l/pt1/oB

_ a+b
g—4g B)

then from we deduce the desired result.

1£1155 - (30)

[a,b],p

Since

b

c) For f € L,la,b], g € Lo[a, b] we have

1 a+b A

C(f, <—— llg—gl —= . 31

CU9)| < g g< 2) g (31)
Since . (b v

a+ —a
o), s
la,b],00
then from we deduce the desired result.
O

Remark 3. If the function g is Lipshitzian with the constant L > 0, then

a) for f € Lo[a, D]
_b—a

1

IC(f,9) <
b) for f € Lygla,b], a > 1, L + 1 =1

(b—a)t—2/P8

1
5 Wllﬂ\pﬂ,

c) for f € Ly[a,b]
CU9)] < 510 = ) /7| f]3

4 Applications for Mid-point Inequalities

Consider absolutely continuous function h: [a,b] — R. We have the following well
known representation

h(“;b) - bia/abh(t)dt: bia/abK(t)h’(t)du

where the kernel K': [a,b] — R is defined by

t—a ifte[a,%*b],
K(t) = ] "
t—b ifte (%520




124 Silvestru Sever Dragomir

Since f; K(t)dt =0, then

/TK HR () dt = C(K, 1.

—a
Utilising Corollary [T we have
a) for b’ € Lyla, b

a+b 1P 1 h(b) — h(a)
h — h(t)dt| < ——||K h' — 2
) R AL B L
b) for ' € Lygla,b], a >1, 1 + % =1
a+b 1 h 1 h(b) — h(a)
h - h(t)dt| < ——————||K h' — 33
’ ( 2 > b*a/a ( ) ‘ - (b_a)l/pH ||[a,b],p0& b*a [a,b],pﬁ7 ( )
c) for ' € L,|a,b]
a+b h(b) — h(a)
K o — 4
P(55) -5 [ 0] s gmistens 1G]
Observe that for ¢ > 0 we have
rorb 1/q
Ko = | [ 110
: (L~2¢»b b 1/q
= / (t—a)th+/ (b—t)th]
a+b
LS a 5
[(t— )t |5 (b pyett P La
B g+1 a a g+1 atb
[ (b—a)dt+l _q\q+171/a
N _ (b—a)ttt/e
qg+1 g+1 2(q+1)Ya
Then
(b— a)1+1/p (b— a)1+1/pa
o= o K i gpn =
2(p+1)VP 2(pa+1)1/P
We also have 1
Making use of f we get
a) for b’ € Lyla, b
b p— p—
L a+b) 1 /h()dti b—a o h(b) — h(a) ’
2 b—a /, 2(p+1)1/p b—a (a,b],00



Bounds for Convex Functions of Ceby$ev Functional 125

b) for h' € Lygla,b], « > 1, L + %:1

b 1-1/pp _
b a+b) 1 / h(t) di| < (b—a) h,_h(b) h(a) 7
2 b—a/, 2(pa + 1)1/pe b—a (a.b],p8
c) for b’ € L,a,b]
a+b 1 1 1 h(b) — h(a)
h —~ h(t)dt| < =(b— /P\In!
‘ < 2 ) b—a/a © ' 20 b—a g,
For p = 1 we get the simpler inequalities
a) for h' € Lyla,b]
I -
p( el ——/ hyae| < Lo — oy|p = MO =1(0) :
2 b—a/, a [a,b],00
b) for b’ € Li]a,b]
b _
‘h(“”’) L / h(t)dt'gl(ba) pr— 10 = hla) .
2 b—a /, 2 —a (a,8],1

Utilising Corollary [2] we have

Y [

1

(T = DK a,5),00 »

l\D\»—~

b) fora>1,é+%:

a+b I 1 1
h — ht)dt| < =(T' —v)———|| K
n(550) - 5 [ 0] < 40 ) K .

a+b 1 b 1 1

provided that v < h/(t) <T for a.e. t € [a, b].
Utilising the above calculations we then have

a)
‘h(‘”f) —b_la/abh(t)dt‘ < (T =7)(b—a), (35)
b) foroz>1,é+%:1

a+b 1 b
JE <
H(5) - [ o

(b— a)'tl/pa—1/pB
2(pa + 1)1/pex

I'=)

)
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a+b 1 b 1 b—a
- < —(T" — [ —
‘h( 5 ) —a . h(t)dt’ < 2( ) ) (37)

provided that v < h/(t) <T for a.e. ¢t € [a, b].
In particular, for p =1 in we have

P(”*ﬂ ! lﬂum4s;wwww,

2 b—a

which is the best inequality one can get from f.
If we use Corollary [3| and assume that A’ is of bounded variation on [a, b], then

a) )

‘h(“‘;b> - bia/abh(t)dt‘ <\/() (b—a),

b) fora>1,é+%:1

a+b 1t 1\’ (b — a)l+1/pa—1/pp
h — h(t)dt| < = \/ (K
’( 2) = ()’2V() 2pa T D)/

a+b
h _
From (38)) for p = 1 we get

‘h(“;b> - b_la/abh(t)dt‘ < 1(b—a)\:/(h’).

b—a

1t 1\,
b_a/a h(t)dt‘gQ\a/(h)W. (38)

0|

If we use inequalities f and assume that A’ is Lipschitzian with the constant

U > 0, namely
|W'(t) — h'(s)| < Ut — s| for t, s € (a,b),

then
a)
’h(a;b> - bia/abh(t)dt‘ < Uim7
b)

b— a)271/pﬁ+1/p0¢

i

a+b 1 b 1(
h - — h(t)dt| < U=
‘ ( > b—aJ, © ‘_U‘l (pav + 1)2/pex
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’h(“;b> bia/abh(t)dt‘ gUim.

In particular, we get for p =1

(22t [

5 Applications for Trapezoid Inequalities

Consider absolutely continuous function h: [a,b] — R. We have the following well
known representation

h(b) + h(a) 1 /bh(t)dt 1 /bV(t)h’(t)dt

(b—a)?U.

oo \

2 b—a b—a
where the kernel V': [a,b] — R is defined by

a+b
2

V() :=t—

Since f(f V(t)dt = 0, then

1
b—a

/ﬂq)()a CV. 1),

Utilising Corollary [T we have
a) for h' € Lyla,b]

h(b —I—ha 1 b 1 hb)—h(a)
’ )2 ( )_b—a/ h“)dt’ < o a1V lasip |0 = (bia e’ (39)
“ a,b],
b) for ' € Lpsla,b], a > 1, T + % —1
h(b) + h(b) — ha
‘ ( ) / h dt‘ 1/p||V|| la,b],pc — % , (40)
) @ Nap)p8
c) for ' € L,|a,b]
hb) + Ma) _ 1 /b ‘ ! ,_ h(b) = h(a)
- h(t) dt| < Z— V0 b0 | — —7— (41)
‘ 2 b—al, (b—ayt/r " T b—a |,

Observe that, for ¢ > 0 we have

b 1/q ath q b ¢ e
> (a+b a+b
1Vl ab),q = [/ |V(t)|¢Idt] = [/ ( 5 —t> dt+[M (t— 5 ) dt}

_ 2/b MRS S R G M R R0
I 2 Tl g+1 C 2(g+ 1)V
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Then
(b—a)tt1/p

(b o a)1+1/pa
W7 HV”[a,b],pa =

1Vllia,p).0 = 2(pa + 1)/pa”

We also have 1
IVllashoe = 50— a)

Making use of 7 we get
a) for h' € Lyla,b]

h(b) + h(a) 1 /bh(t) gl < _b-a . h(b) — h(a)
2 b—al, ~2p+1)r b—a [a,b],oo’
b) for 1’ € Lygla,bl, « > 1, & + % =1
\h@“h@ ! /"h@)dt‘ L (o=@ ()~ h(a)
? b-ala 2ot 1) b—a [a,b],p8 7
c) for b’ € L,a,b]
b
2 b—a a 2 b—a (o]
a,b],p
For p = 1 we get the simpler inequalities
a) for ' € Lyla, b
b —
h(b) + h(a) 1l/h@mt§;wia)57@@LJgQ |
2 b—a /, 4 b—a bl
b) for b’ € Li]a,b]
1 b 1 _
hb) Thia) / hydt] < 2o — o - MO = (@)
2 b—a J, 2 b—a bl

Since the p-norms of the kernel V' are the same as of K, then we can state the
following results as well.

If v < K(t) <T for a.e. t € [a,b], then we have

a)

b
(“wg“@—biaéhﬂm4§“‘”“‘”7 (42)

b) fora>1,é+%:1

a b — g)lt+1/pa—1/pB
\MMZM)biaLhum4s;ww“ )

S (43)
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1 b—a
i(F*V)W~ (44)

’h(b)‘;h(a)bia/abh(t)dtlg

In particular, for p =1 in we have

b
’h(b);h@ e h(t)dt’ < S0 a)

which is the best inequality one can get from —.
If 4/ is of bounded variation on [a, b], then

a)

a b ’
’hw);h( >_bia/a h(t)dt‘<\a/(h')(b_a)v

b) fora>1,é+%:1
b (b — q)'+1/pa=1/pB

h(b) + h(a) 1t 1 /
‘ 2 B b—a/a ht) dt‘ = \/(h 2(pa + 1)1/p

~—

)

a

a b b —a
h(b)—;h( )bial h(t)dt §1Y(h/)2(b

From for p =1 we get

b b
h(b);rh(a) _ bia/a h(t) dt| < ;(b—a)\a/(h')-

Assume that b’ is Lipschitzian with the constant U > 0 then

h(b) + h(a) 1P 1 (b—a)?
2 _b—a/ah(t)dt‘<U4(p+1)1/p’

’h(b);h(a)_bia/abh(t)dtlgUi

(b — a)2~1/pB+1/pa
(por + 1)2/pe

)

h(b) + h(a) 1 b 1 (b—a)?
’ > ‘ba/ah“)df’f%ml)w-

In particular, we get for p =1
h(b) + h(a) 1 1 )
— <-(b- .
’ 5 b_a/ah(t)dt _8(b a)°U.

Some similar inequalities may be stated in terms of the A-seminorms. However
the details are omitted.
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6 Some Exponential Inequalities
We can state the following result.

Theorem 6. Let f,g: [a,b] — R be Lebesgue integrable functions on [a,b]. If
®: R — R is convex and monotonic nondecreasing on R then we have the inequality

et <yt [ (P ) ae (45)

Proof. From Theorem [I] we have

[C(f,9)]

< bf@/f@[(f@)—b_la/abfu)dt) (g(x)—2u+b_1a/abf(t)dt>] da

for any pu € R.
Utilising the elementary inequality

2
s (3)

that holds for any «, 8 € R, we have

(f(z)bia/abf(t)dt) (g(x)2“+bia/abf(t)dt) . <W H)Q

for any x € [a, b].
Since ®: R — R is monotonic nondecreasing on R then

<I>Kf(x) - b_lajabf@)dt) (gm ot b_la/abf dt)]

(t)
()] o

for any x € [a, b].
Integrating over x in [a,b] and taking the infimum over p € R, we deduce
the desired result . O

Remark 4. Writing the inequality for ®: R — R, ®(z) = expx we have

xplC(f,9)) < 5 it / eXp[(W —uﬂ dr. (1)

This inequality can provide some exponential inequalities as follows.
Assume that f: [a,b] — R is Lipschitzian with constant L > 0 and g: [a,b] — R
is Lipschitzian with constant K > 0. Then by taking

F(450) +g(“52)
2

M:
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we have

(f(x) +g)  f() Jrg(“;b)>2 _ <M>2<x— a+b>2

2 2 2 2

and by we have

explC(f,g) <b_la/:exp[(“f)z(x—C‘;”)Q]dx.
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