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ON THE GEOMETRY OF VERTICAL WEIL BUNDLES

IvaN KOLAR

ABSTRACT. We describe some general geometric properties of the fiber pro-
duct preserving bundle functors. Special attention is paid to the vertical
Weil bundles. We discuss namely the flow natural maps and the functorial
prolongation of connections.

The main purpose of the present paper is to describe some geometric properties
of the category FM,, of fibered manifolds with m-dimensional bases and local
fibered morhisms with local diffeomorphisms as base maps. Special attention is
paid to the vertical Weil functors V4.

In Section [I] we present the covariant approach to the Weil functors on the
category M f of all smooth manifolds and all smooth maps. We mention the
fundamental theoretical result that the classical Weil functors T4 coincide with the
product preserving bundle functors on M f. In Section [2] we introduce the Weil fields
as the sections of Weil bundles and we describe their basic properties. Section
is devoted to the concept of flow natural map, that represents a suitable tool for
constructing the flow prolongation of a projectable vector field on a fibered manifold
Y — M. The last section describes the functorial prolongation of connections with
respect to a fiber product preserving bundle functor on FM,,.

Unless otherwise specified, we use the terminology and notation from [6]. All
manifolds and maps are assumed to be infinitely differentiable.

1. FIBER PRODUCT PRESERVING BUNDLE FUNCTORS

We recall that a Weil algebra is a finite dimensional, commutative, associative
and unital algebra of the form A = R x N, where N is the ideal of all nilpotent
elements of A. There exists an integer r such that N"*! = 0, the smallest r with
this property is called the order of A. On the other hand, the dimension wA of the
vector space N/N? is the width of A. We say that a Weil algebra of width k and
order r is a Weil (k, r)-algebra, [5].

The simpliest example of a Weil algebra is

Dy = Rlay, ..., 2] /{21, ..., 26) ! = JH(RF R).
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In particular, D} =: D is the algebra of Study numbers. In [5], we deduced

Lemma 1. Every Weil (k,r)-algebra is a factor algebra of Dj,. If o, o: D}, — A
are two algebra epimorphisms, then there is an algebra isomorphism x: D}, — D},
such that o = o o x.

Definition 1. Two maps 7, §: R¥ — M determine the same A-velocity j4y = 546,
if for every smooth function ¢p: M — R

(1) 0(j6(p o)) = 0(is(pod)).

By Lemma this is independent of the choice of g. One verifies easily, [6], that
the bundle of all A-velocities

(2) TAM = {j*y,7: R* — M}

coincides with the bundle of infinitely near points of type A on M introduced by
A. Weil, [9]. For every smooth map f: M — N, we define TAf: TAM — TAN by

(3) TAf(j%) =34 (f o).
Clearly, TR = A.

We say that (2)) and (3)) represents the covariant approach to Weil bundles. The
following result is a fundamental assertion, see [6] for a survey.

Theorem 1. The product preserving bundle functors on Mf are in bijection with
TA. The natural transformations T4 — T42 are in bijection with the algebra
homomorphisms p: Ay — As.

We write pips: T4 M — T42M for the value of u: A — Ay on M. If Ais a
Weil (k;,r;)-algebra, i = 1,2, then there exists a polynomial map ji: RF? — Rk
such that

(4) pu (i) =% (von), i RM - M.

The iteration 742741 corresponds to the tensor product of A; and A,. The
algebra exchange homomorphism ex: A1 ® Ay — As® A; defines a natural exchange
transformation if/}’Az T4 TA2 N — TA2T41 M. We have T = TP.

The canonical exchange s}y : TATM — TTAM is called flow natural. Indeed,
if FltX is the flow of a vector field X : M — T'M, then the flow prolongation of X
is defined by

(5) TAX = % TAFIX): TAM — TTAM .
0

One deduces easily, [6],

Further, consider a bundle functor F on FM,, that preserves fiber products.
Examples are the r-th jet prolongation J"Y of a fibered manifold p: Y — M,
dim M = m, the vertical A-prolongation VAY = |J T4(Y,), the vertical r-jet

zeM
prolongation |J J&L(M,Y,) and iterations.
xeM
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We say F' is of the base order r, if for two FM,,-morphisms ¢, ¢: Y — Y’
of p: Y — M into p': Y’ — M’ with base maps ¢, : M — M’, jTp = jii and
0| Y, = |Y, imply Fo | F,Y = F¢ | F,Y,z € M. N N

Let M f,, be the category of m-dimensional manifolds and their local dif-
feomorphisms. The construction of product fibered manifolds defines an injec-
tion t: Mfp, x Mf — FMy, (M,N) = (M x N — M), «(f1, f2) = f1 x fa,
fi:M— M, fo: N— N’

W. Mikulski and the author deduced, [7], that the bundle functors ® = F o
on Mf,, x Mf are in bijection with the pairs (A4, H), where A is a Weil al-
gebra and H: G;, — AutA is a group homomorphism of the r-jet group in
dimension m into the group of all automorphisms of A. Since H(g): A — A
is an algebra automorphism for every g € GJ,, we have the induced action
Hn(9) = H(g)n: TAN — TAN of G7, on TAN. Then ®(M,N) is the asso-
ciated fiber bundle P"M[T4N]. For a local diffeomorphism f;: M — M’ and a
smooth map fo: N — N/,

(7) ®(f1, f2) = P" [T fo]: ®(M,N) — &(M',N'),
where P" f1: P"M — P"M’ is the induced local isomorphisms of principal bundles
and T4 fy: TAN — TAN' is a G7, -equivariant map, [5].

Then the functor F' is determined by adding an equivariant algebra homomor-
phism ¢: D), — A, where Aut D], = GJ,,. We have
(8) FY = ({u,Z} € P"M[T*Y ), trp(u) = T*p(Z),u € PIM,Z € TYY),

where tpr: T M — TAM and P*M C T, M. For an FM,,-morphism f:Y — Y’
over f: M — M', Ff is the restriction of ®(f, f) to FY. In the product case
Y =M x N, we have

(9) F(M x N) =P "M[TAN].
If we consider another fibered manifold Y — M over M and f = id 57, we have
(10) Ff({u,2}) = {u, T4 f(2)} .
Further, t induces a natural map
(11) ty: J'Y — FY, {U,Z}H{U,ty(Z)}, we P"M, ZeTY.

Geometrically, we interpret a section s: M — Y as a morphism s: M — Y, where
M = (M M, M) is the “doubled” manifold. Then F's is identified with j”s and
ty (jzs) = (F3)(x).
Remark 1. We remark that W. Mikulski has recently described another construc-
tion of F' = (A, H,t), [8].

2. PROLONGATION OF WEIL FIELDS

Write 74,271 TAM — M for the bundle projection.
Definition 2 ([I]). A section ¢: M — T4M is called an A-field on M.
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Consider another Weil algebra B. Let X € TB(TAM), X = jBp, where ¢: R —
TAM, | = the width of B. Every p(t) € TAM, t € R! is of the form j4(r,t),
7 € R, where ¢ is a map R¥ x R! — M. Hence X = jB(j44(r,t)) and the
exchange diffeomorphism z‘%A: TB(TAM) — TA(TBM) is of the form
(12) i (X) =4 (7 (r ).

Consider the bundle projection 7 papy: TBTAM — TAM and the induced map

TBrar: TBTAM — TBM. One verifies easily that zﬁ’A exchanges the related
projections, i.e.

A .B,A _ .B,A _ mB
(13) T mp Mmooty =Tpram, TarBymOiy =1"TaMm-

Definition 3. Let £: M — T4M be an A-field on M. The A-field iﬁ’AoTsz TBM —
TA(TBM) on TBM will be called the B-prolongation of ¢.

The flow prolongation of a projectable vector field n on a fibered manifold
p: Y — M with respect to F' is defined by a formula analogous to

(14) Fi = %’ F(FI}): FY — TFY .
0

Now we discuss the special case of the vertical Weil bundle VAY — M of a fibered
manifold p: Y — M. Consider the subbundles VZ(T4Y — TAM) C TBTAY and
TAVEY) Cc TATBY.

Lemma 2. ig’A maps VE(TAY — TAM) into TA(VEY).

Proof. By locality, it suffices to consider a product bundle Y = (M x N) — M.
We have

TAY =TAM x TAN, VB([TAY — TAM) = TAM x TBTAN ,
VBY = M xTBN, TAVPY)=T2M x TATPN .
In this situation, z'g’A is reduced to the exchange diffeomorphism
B4 TBTAN — TATBN. O
The restricted and corestricted map, that will be denoted by
(15) ivy: VE(WVAY - M) - VAVEY - M),
represents the exchange diffeomorphism applied fiberwise. For B = D, we write
(16) sy VIVAY = M) - VAVY — M).

Let 7 be a vertical vector field on Y and V47 be its flow prolongation. Analogously
to @, we obtain

(17) VA =ty o VAL
Remark 2. It is remarkable that we also have a canonical exchange

(18)  J(VAY = M) = VAJ'Y — M), jyjte(rt)— j*jie(rt),
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7€ M, t € R, [5]. Indeed, locally is Y isomorphic to U x N, U C R™. In

such a situation, is reduced to the canonical exchange transformation i[]Di,""A
corresponding to ((12)).

3. THE FLOW NATURAL MAP

In the case of a fiber product preserving bundle functor F' = (A, H,t) on FM,,,
we have the following analogy of the flow natural map from Section [I] Consider a
vector field £ on M. Its flow prolongation P"¢ is a right invariant vector field on
the r-th order frame bundle P"M, whose value at every u € P; M depends on j..¢
only. This defines a map

(19) Vips PPM xp J'TM — TP"M .

For a fibered manifold p: Y — M, we will consider TY as a fibered ma-
nifold TY — M. Then Tp: TY — TM is a base preserving morphism, that
induces FTp: FTY — FTM. Taking into account the natural transformation
trar: J'TM — FTM, we construct the fiber product

(20) J'TM XFTM FTY .

By (§), we have FTY C P"M[TATY]. Consider (X,{u,Z}) in [20), X € JITM,
uw€ P'M, Z = TATY . Write v}, (u, X) = (3/0t)o7(t), v: R — P"M. By Section
54 (Z) € TTAY can be expressed as (9/0t)o&(t), where £: R — TAY satisfies
ty (y(t)) = TAp(&(t)) for all t. So {y(t),£(t)} is a curve on FY and we define

0
(21) o (X, {u,2)) = | {20060}
By right invariancy, this is independent of the choice of u. Hence we obtain a map
(22) Y8 J"TM xpppy FTY — TFEY .

A projectable vector field n on Y over £ on M can be interpreted as a base
preserving morphism 7: Y — TY. Then we construct its functorial prolongation
Fn: FY — FTY as well as the r-th jet prolongation 37¢: M — J"T'M. The values
of 57 Xia ,, F'n with respect to ¥f are in TFY. The proof of the following assertion
can be found in [4].

Proposition 1. The flow prolongation Fn satisfies
(23) Fn =13 (57 Xia Fn)-

In the case of F = VA, the base order of V4 is zero, so that is defined on
the space

(24) TM Xyary VATY = VATY .
For a vertical field n on Y, we have £ = Oy;. By , we rededuce

VA =)y o VA,
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4. FUNCTORIAL PROLONGATION OF CONNECTIONS

It was clarified in several concrete problems that if F' is of base order r, we
need an auxiliarly linear splitting A: TM — J"TM to construct an induced
connection F(T',A): FY xp TM — TFY from a general connection on Y, which
is considered as a lifting map I': Y x5 TM — TY linear in TM, [6], [3]. Consider
a vector field £&: M — TM and its I'-lift I'¢: Y — TY. The flow prolongation
F(E): FY — TFY depends on j"¢ only. This defines FT': J'TM x y FY — TFY
linear in J"T'M. Then F(I',A) = FT o (A Xiq,, id py).

It is useful to describe this construction by using the flow natural map ¥f. In
Section [1} we constructed try: J'TM — FTM. Consider a projectable vector
field n:' Y — TY over £&: M — TM. If we interpret n as an FM,,-morphism
n:Y — TY over id p;, we can construct Fn: FY — FTY. By , we have
Fn=vE (¢ xia,, Fn) for every n. This map is linear in J"T'M. Hence

(25) F(L,A) = F (A(X),v) = FT o (A Xiq,, id py).,
X eT,M,veF,Y.
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